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PREFACE 


Tus book is an attempt to supply a systematic discussion of gyrostatic 
action and rotational motion which may be of use both to students of 
dynamics and to practical men. To many engineers the gyrostatic action of 
machinery is more or less a mystery, while to the student gyrostatics is an 
affair of certain formal equations by means of which, as by a kind of “hocus 
pocus,” certain well-known elementary results can be obtained. These results 
seem to have been erected into a code of dogmata to be quoted and applied 
in all manner of circumstances. This has been especially notable in the 
history of invention during the war. In attempts to construct devices which 
should operate by gyrostatic action, inventors have often tried to combine 
mutually exclusive conditions, a fact which shows that the criteria of fulfil- 
ment of any specified conditions have not been clearly understood. And if 
inventors have been deficient in clear perception of the conditions of success 
in the construction of gyrostatic devices, it cannot be said that judges and 
critics of such appliances have been conspicuously more successful. 

All this is no doubt to a considerable extent the result of the fact that 
as a rule the discussion of dynamical and especially of gyrostatic problems 
in the lecture-room and in text-books has either been restricted to one or 
two simple special cases, or, when more comprehensive, been far too much an 
affair of Euler's or Lagrange’s equations, which, by providing a walled in path 
along which the mind can travel, withdraw its attention from the incidents, 
often exceedingly instructive, which attend its progress. This process may 
“pay” as a preparation for the academic puzzles of the examination room, 
but, as a training for dealing at once and from first principles with the 
practical scientific questions which arise in the course of a great European 
war, it is sadly deficient. What is required is a training in the analytical 
and numerical discussion of problems of actual apparatus, accompanied 
by the practical study of gyrostatic devices, This training can be best 
obtained in the lecture-room, laboratory, and workshop of a physical 
institute where real dynamics is made an important subject. 

In the present work my aim has been to refer, as far as possible, each 
gyrostatic problem directly to first principles, and to derive the solutions 
by steps which could be interpreted at every stage of progress. In this 
way light is thrown on the formal processes, which, when their results 
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are seen to be the outcome of a few simple primary considerations, acquire 
a freshness and life which as mere rules they do not possess. A large 
number of problems of all kinds have been thus dealt with, and in a final 
chapter of the present volume a considerable number of others have been 
collected, and solved either fully in detail or in a summary of steps with 
their results. Some of these problems were rather famous in the early 
history of the subject and were solved sixty or seventy years ago by Bour, 
Lottner, and others, using the formal equations; the remainder are those, 
many of them of great physical interest, which have presented themselves 
in the later history of the subject. 

As a rule the method employed has been one of calculating rates of 
growth of angular momentum for different axes, which amounts to a 
reduction to practice of vector ideas, and which I devised nearly twenty 
years ago for use in my own teaching and dynamical work. At the 
foundation it is really only the simple notion that the velocity (in its fullest 
sense) of the outer extremity of the vector of resultant angular momentum 
represents in direction and magnitude the moment of the resultant applied 
couple, as given by the couple-axis. This notion, mutatis mutandis, can 
of course be applied to any vector quantity and its rate of change. 

It has been stated that all such methods merely amount in substance to 
the formal equations given in all the usual treatises, and no doubt that is 
true in a certain sense. Nevertheless the criticism is pointless. There is a 
very important sense in which every process of a vector nature (whether 
it follow the notation of a vector analysis or not) differs from the usual 
equations: the former declares interpretations at every step to those 
who can read them, the latter does not. Thus, insight into mechanical 
action is fostered; a continual appeal to first principles accustoms the 
mind of the user to the application of fundamental ideas to all kinds of 
contrivances andin all circumstances. The perception of the action of more 
or less complicated gyrostatic or other dynamical devices becomes, in time 
and with the continual exercise of thought, intuitive when the processes 
are fundamental and interpretative; on the other hand, the traditional and 
scholastic method fosters the habit of reliance on the operation of a kind of 
machine of which the solver of the problem merely turns the handle. How 
to arrange the machine, what to feed into it and what to leave out, puzzles 
him at every change of application and environment. 

Free use has been made of mathematical analysis, though only as a means 
of obtaining and explaining results of physical interest, and of preparing 
these for numerical computation, and, further, of placing students in a 
position to make progress in the discussion of new problems or of carrying 
old problems to a further stage of development. 

It is impossible to enumerate here all the cases in which I am indebted 
to original researches or to dynamical literature, but in the proper place I 
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have always tried to make due acknowledgment. As was to be expected, 
I am under special obligation to the writings of Sir George Greenhill. His 
Report on Gyrostatic Theory will long form the chief digest of learning and 
research on the applications of Elliptic Functions to Dynamics, but besides 
my indebtedness to that important work I owe much stimulation and help 
to our correspondence from time to time on matters gyrostatie. 

As regards the reading of proofs, I have been helped in the earlier part of 
the book by my colleagues Professor G. A. Gibson, who read the first 250 
pages with much care and gave me much valuable advice, and Dr. R. A. 
Houstoun. But the exigencies of teaching and work in great University 
departments, with their staffs depleted by the demands of the war, rendered 
the continuance of such help impossible, and latterly I have had mainly 
to depend on my own unaided scrutiny of the proofs. Hence many slips 
may have escaped observation. A few sheets were, however, very kindly 
looked over by Sir George Greenhill, while my old colleague Dr. G. B. 
Mathews has come also to my assistance from time to time. 

I must also acknowledge the great care which the compositors and readers 
of the Glasgow University Press have bestowed on every detail of type- 
setting and printing, and their patience in meeting all the troubles which 
arose in carrying through a very difficult piece of work. 

It was originally intended to include in the volume an account of a 
variety of gyrostatic devices which are of use in naval and military affairs 
and in engineering. Any such account, written on lines permissible at 
present, would however be more or less fragmentary, and therefore unsatis- 
factory ; and it is proposed to issue, if that is possible and convenient, a 
supplementary Second Part after the war has come to an end. That will 
also include, besides a series of diagrams of the motion of tops, various 
numerical results illustrative of some interesting parts of the elliptic 
function theory. 

In the discussion of practical applications I hope to have the assistance of 
my son Dr. J. G. Gray, who for several years at Glasgow, where the subject 
is traditional, has made gyrostatics his main scientific work. 


ANDREW GRAY. 


“ For as whipped tops or bandied balls, 
The learned hold are animals ; 
So horses they affirm to be 
Mere engines made by geometry.” 
Hudibras. 


“. , . Stupet inscia supra 


Impubesque manus, mirata volubile buxum.” 
VERG, Hn. vil, 381-2. 
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CHAPTER I 


INTRODUCTORY* 


1. Gyroscopes and gyrostats. A gyroscope is generally regarded as a 
toy, the behaviour of which is mysterious and unnatural. It consists of a 
flywheel, generally in the form of a disk with a massive rim, mounted in 
an open frame, which may be supported in various ways, for example as 
shown in the adjoining diagram. But the flywheel may be enclosed in a 


case which completely conceals it, as when, in the music-hall entertainment, 
a cheese-shaped body is set up on edge and successfully resists the efforts 
of a strong man to turn it down flat. The concealment of the rapidly 
‘rotating flywheel in this case gives an additional element of mystery. 
When the flywheel is thus concealed we have what Lord Kelvin called 
a gyrostat, because, in virtue of the rotation of the flywheel, the arrangement 
stands with any of the edges of the case resting on a hard smooth table. 
The arrangements of the apparatus shown in the diagram above allow 


* In this chapter a general account of gyrostatic phenomena and of a number of experiments 
is given ; full explanations of all these wi! be found in later chapters of the book. 
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some remarkable facts to be verified. In diagram (a) of the figure the 
flywheel is shown with its axis CD held by a ring, which can turn about 
bearings E, F at right angles to CD. These bearings are at the extremities 
of a vertical fork carried by an upright stem, which we shall suppose is 
free to turn in a vertical socket carried by a massive base-piece resting on 
the table. The bearings E, F are so arranged that the ring and flywheel 
can be readily removed from the fork and securely replaced when desired. 
For the present we suppose that there is no weight applied at D, and that. 
the axis EF passes through the centre of gravity of the wheel and frame, 
which coincides with the centre of the wheel. 


2. Experiment showing permanence of direction of axis of rotation. 
Action of torpedo. Now let the following experiment be tried. The 
flywheel being at rest and the arrangement in equilibrium, the base-piece is 


turned round on the table. The upright stem with its fork is carried 
round by friction in the socket, and so the flywheel is also carried round, 
and its axis changes direction in space. The ring with the flywheel is now 
removed from the fork EF, and placed so that the axle of the wheel rests 
on the rubber edge of a disk, carried on the overhanging end of the spindle 
of an electric motor [see figure]. By means of a starting resistance the 
motor is run slowly at first, and its speed gradually increased to its utmost 
value. The operator presses the spindle on the disk, the flywheel gets 
into motion, and runs faster and faster, as the speed of rotation of the 
spinner increases. Slip between the spindle and disk is avoided. The ring 
is now replaced on the bearings EF with the axle CD in any convenient 
inclined position. It is found now that the behaviour ‘of the apparatus is 
entirely changed. i 

First it is seen that when the base-piece is turned round on the table the 
vertical stem is no longer carried round, but remains apparently fixed, so 
that the axis CD points in a constant direction. No matter how the 
base-piece is turned round or shifted on the table, the direction of the axis 
of the wheel remains practically unchanged. The wheel has now acquired 
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the property of resisting any action tending to produce alteration of the 
direction of its axis of rotation. 

The reader will now be able to divine the explanation of the music-hall 
experiment. A massive flywheel revolves within the cheese-shaped body, 
with its axis along the axis of symmetry of the outward shape of the body. 
When an attempt to throw the body down flat is made, the flywheel 
powerfully resists any change in the direction of its spin axis, and the 
attempt is unavailing. For the frontal attack on the body must be 
substituted what is literally a “flank movement,’ which may perhaps be 
inferred from what follows. 

This permanence of direction of axis of spin explains the stability and 
precision of a rifle bullet. It is also utilised in the torpedo to maintain the 
projectile in the direction in which it started. The hollow body of the 
torpedo contains a gyrostat placed with its axis of spin along the axis of 


the “cigar,” and this gyrostat is started by the release of a powerful 
spring at the moment of firing. If the “cigar” swerves a little from the 
initial direction the two axes diverge at a small angle, since the axis of 
spin preserves its direction. In consequence of, this angle a motor is 
called into play to actuate a rudder in such a way as to annul the deflec- 
tion. Thus the gyrostat acts as if it had both a nervous and a muscular 
system. It detects the swerve and calls into play the forces required to 
correct it. 


3. Motor-driven gyrostats. For various purposes a motor-driven gyrostat 
is very convenient, for example a combination of gyrostats can be much 
more readily adjusted and controlled if the gyrostatic elements are motor 
driven. Dr. J. G. Gray and Mr. George Burnside have constructed a very 
compact arrangement in which the flywheel of the gyrostat is the rotor of 
a continuous-current electric motor. The parts are shown in the diagram. 
The armature of the rotor is a Gramme ring wound on a ring of malleable 
cast-iron, with radial iron projections between the segments of the winding. 
The field is supplied by a small electro-magnet, of which the cone and 
pole pieces are shown on the right at the bottom of the diagram. This 
magnet forms the stator: it carries two windings, one on each side of 
the shaft. 

The armature ring is supported centrally from the shaft, which is 
stationary, by means of two magnalium disks perforated to allow the 
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armature and field magnet to be cooled by circulation of air. The disks 
are recessed near their outer edges to fit tightly into the inner periphery of 
the armature ring, and have gun-metal bushes. The magnalium is very 
light, and so practically the whole 
mass of the rotating system is con- 
tained in the ring. The commutator 
is mounted on one of the disks: the 
brushes make contact with phosphor- 
bronze studs projecting inward from 
the magnalium disk which carries the 
armature ring. 

The case is made in halves, pro- 
vided with flanges to enable them 
to be screwed together after they are 
placed over the motor. 

The form of gyrostat with open 
frame, shown in the preceding diagram 
as being spun on the motor-driven 
disk apparatus, has however been 
improved so much by Dr. Gray and 
Messrs. Griffin as regards balance, 
management of bearings, and lubri- 

KRONE ier SS cation that it can be used for all 

l kinds of purposes without danger of 

derangement, spun many times with one oiling, and will continue to 

spin for from -10 to 40 minutes according to circumstances. Thus for 

a large number of ordinary experiments this type is perfectly convenient, 

and its cost is necessarily considerably less than that of the motor 
instrument. 


4. Effect of couple applied by weight hung on one side. Let the 
weight be hung on at D, as shown in the diagram (a),in 1. If the flywheel 
were not turning on its axis the effect would be simply to turn the ring 
and wheel about EF, and the weight would descend until it came into 
contact with the supporting stem. But with the wheel rotating rapidly 
the result is widely different. A very slight downward motion of the 
point D can be detected as the immediate effect, but as soon as the least 
such deflection has taken place the whole system begins to turn round, 
so that the point D moves sideways, or, with reference to the diagram (a), 
p. 1, at right angles to the paper. This motion goes on, and presently, 
as far as the eye can detect, a steady motion of the stem, fork, ring and 
flywheel (all as if they composed a rigid body) about the vertical has been 
set up. The point D of the axis does not appear to descend further, and 
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the axis CD remains at a constant inclination to the horizontal while its 
azimuth changes, that is the vertical plane containing CD turns steadily 
round the vertical. If there were no friction between the moving parts, 
what would be seen would be that the axis CD alternately rose and fell 
through a small range, so that on the average the apparatus turned steadily 
round as just described. i 


5. Experiment of gyrostat supported by cord attached at point in line 
of axis. As shown in diagram (b), in 1, let the ring and flywheel be removed 
from the fork and hung by a string attached to a knob projecting from 
the ring. The wheel is steadied until the axis of rotation is horizontal and 
the arrangement is left to itself. It is supposed that the wheel is rotating 
rapidly about its axis. Again a downward deflection, so slight as to be 
hardly observable, takes place, and a sideways motion is set up, sò that the 
axis of spin of the flywheel turns round in a horizontal plane. Strictly 
speaking, the gyroscope does not turn about the string as a vertical 
axis, for the string is not exactly vertical. If the point at which it is 
gripped by the hand remains fixed, the string is inclined so that its lower 
end is a little displaced from the vertical towards the supported gyroscope, 
for upon the gyroscope moving as a whole round the vertical through the 
point of support—the upper end of the string—the string must exert an 
inward component of pull. But this displacement is slight, and we may 
say, with a considerable approach to accuracy, that the axle of the flywheel 
turns steadily round in a horizontal plane while the string remains vertical. 
In reality the string describes a narrow cone about a vertical axis. 


6. Behaviour of gyroscope dynamical but apparently unnatural. The 
ordinary undynamical observer who knows a little of the facts, but prac- 
tically nothing of the reasons, of the behaviour of ordinary non-rotating 
bodies, immediately asks the question, “ Why does the gyroscope not fall 
down?” The question is a natural one, for the behaviour of the gyroscope 
appears to him to be most unnatural. He does not pause to consider that if 
it did fall down the planes of rotation -of the matter of a massive wheel 
would have to be quickly changed, and that such a change may possibly be 
difficult or impossible to effect by a direct overturning action applied to the 
wheel. His attitude is just that of the ordinary music-hall spectator of the 
unoverturnable “cheese.” 

The idea that suggests itself to those who, without any dynamical 
knowledge, try to think out causes, is the erroneous one that gravity 
is neutralised in some way by the rotation. On this supposed neutralisa- 
tion of gravity has been based a proposal (perhaps several proposals) for 
the construction of a flying machine. Such observers fail to note the 
significant fact that the gyroscope, when its axis remains horizontal 
in this apparently paradoxical manner, is turning round in azimuth, 
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and that if this turning is checked by a resistance applied to the 
turning axle, the wheel at once begins to descend in the “natural” way. 
But here another puzzling result is obtained. If, instead of trying to 
impede the motion of the axle in azimuth (the precessional motion, as it is 
called), the observer tries to assist it, the outer end of the axle rises, that is 
to say the centre of gravity of the gyroscope is raised. 


7. Elementary phenomena and their dynamical explanation. The 
dynamical theory of rotational motion and of gyrostatic action is fully 
discussed in the chapters which follow; but at the risk of some repetition 
an indication of the principles of gyro- 
statics is given here for the sake of 
general readers. 

We consider the case of steady pre- 
cessional motion. It is supposed to be 
mysterious, but it is really very simple. 
It is illustrated by the pedestal gyrostat 
shown in the first figure, or by the 
motor-driven pedestal gyrostat shown in 
the adjoining figure. The curved arrow- 
head shows the direction of rotation, the 
projecting arrow the axis of spin, the 
arrow pointing down can be turned so as 
to show the direction of the axis of any 
applied couple, that is moment about YY’ 
of any applied forces. It is maintained 
by a spring washer in any position in 
which it may be placed. At the other end 

> of the axis a weight balancing all these 
GRIFFIN, LORDOM- rods is hung, so that the centre of gravity 
may remain at the centre of the wheel. 

Let then the arrow last specified be turned so that it points horizontally 
to the right. It represents now a couple which would turn the spin axis 
down, if the flywheel were not rotating. It is at right angles to the parallel 
planes in which, in obedience to the couple, particles of the body would 
move, if there were no rotation; and it is drawn towards the observer if the 
turning due to the couple, looked at from a point beyond the arrow-head, is in 
the counter-clock direction. The length is made equal to the moment, and 
thus the line (which is called the axis of the couple) represents the couple in 
all respects. [The phrase “spin axis” means the axis of the flywheel. ] 

A couple may be applied by pushing down the front of the case by 
hand or otherwise: it is found that the spin axis turns, as far as can 
well be observed, in a horizontal plane, in the direction in which it follows 
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the couple axis. The two axes turn together since they are rigidly con- 
nected, but the spin axis is at each instant turning towards the position 
which the couple axis has at that instant, that is, towards the right. 

If the back of the case is pushed down, the horizontal turning of the 
spin axis is towards the left. But as the couple is reversed in sign from its 
former value, the pointer, to represent it, should be turned towards the left, 
so that the general rule that the spin axis follows the eouple axis again holds. 

This turning is due to the fact that as the spin axis, with the angular 
momentum Cn about it, turns towards the couple axis with angular speed w, 
there is a rate of production of angular momentum measured by Cnw about 
the latter axis. Thus, when there is steady turning, the rate of production of 
angular momentum about the couple axis, equal numerically to the moment 
of the couple, is supplied by the motion of the body. 

If it should happen that there is turning of the spin axis (OX in the 
diagram) towards a direction, OY say, at right angles, about which no 
couple acts, then the body will begin turning about the second axis OY in 
the direction to neutralise the rate of production Cnw of angular momentum 
due to the motion of the spin axis. [This in general will cause turning about 
OZ, which we do not now discuss.] If the consequent displacement brings 
into play a couple about OY sufficient to account for this Cnw, we may have 
steady motion set up. The configuration then remains unchanged, the spin 
axis chases, so to speak, the couple axis round, and we have a state of relative 
equilibrium with constant precession (as it is called) of angular speed w. 

If however the neutralising motion about OY referred to above is, as it 
may be, in the direction to call into play a moment of forces, or couple, in 
the opposite direction about OY to that required to account for Cnw, there 
will be instability, the deflection will go on indefinitely increasing. We 
have an example in the gyrostat with axis vertical and carried round on a 
tray in azimuth in a direction opposed to that of the rotation of the flywheel, 
the experiment described in 20, below. 

Next we observe that when it is attempted to retard the precessional 
motion, by applying force in the “natural” way to effect this result, the 
axis descends, if it is in like manner attempted to accelerate the precession 
the axis rises. This experiment shows that the horizontality of the axis 
depends on the freedom of the gyrostat to precess at a certain definite rate. 
This rate, as we shall see presently, depends, in the case of the hanging 
gyrostat described above, on the couple applied by the weight of the gyro- 
stat acting downward in one vertical line, and the string pulling upward in 
another line nearly vertical, and on the angular momentum of the flywheel. 

We look at the thing now in this way. The axis of rotation round 
which the flywheel bas angular momentum is turning towards the axis A 
of the couple, with angular speed, w say. Now, and this is the point 
not recognised as a rule, this motion itself creates a rate of production of 


8 GYROSTATICS CHAP. 


angular momentum about the axis A of the couple. For when an axis Ol 
with which is associated a directed quantity, L say, is turning towards a 
fixed direction Om at right angles to it with angular speed w, there is a 
time-rate of production of the quantity of 
the same kind associated with the latter 
direction measured by the product Lw.* 
Now the flywheel is revolving with angular 
speed n, so that if its moment of inertia is C, 
it has angular momentum Cn about the axis 
of rotation Ol; but with angular speed w the 
pra axis Ol is turning towards the instantaneous 
position of the axis Om, a fixed direction to 
which O} is at the moment perpendicular, 
and, in consequence of this turning, a rate of production of angular 
momentum Cnw exists about Om. [See 12, II below.] 

Now for the steady motion of the gyrostat, that is steady turning in 
azimuth without rising or falling of the axis, it is only necessary that this 
rate should be equal to the moment of the couple about Om, G let us say. 
Thus we get Cnw =G, which gives w=G/Cn. 

If the precession is hurried by a little impulse applied to the wheel, and 
the gyrostat is then left to itself, the hurried motion, if it continued after- 
wards in the horizontal plane, would result in a more rapid generation of 
angular momentum about Om than there is moment of couple to account for, 
and the gyrostat would begin to turn about Om, in the direction to cause the 
angular momentum to be produced at the proper rate, that is the axis 
would begin to rise. In the same way an impulse towards delaying the 
precession would cause the axis to begin to descend. In each case the 
result would be a succession of alternate rises and descents; but the subject 
of vibrations about steady motion is too difficult to discuss here, and will 
be found treated later in the book. 


m 


E 
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8. Two possible precessions in general case. In any case of steady 
motion there are two possible precessional motions for the same spin and 
the same inclination of the axis of spin to the vertical, which are given 
in the theory as the roots of a certain quadratic equation [see 18, II]. One 
is great, the other small. The former to the first approximation does not 


* For example, a particle of mass m is moving at any point P along a curve, that is along the 
tangent to the curve at P, and therefore the direction of motion is changing at P with angular 
speed v/r, where r is the radius of curvature at P. We may regard the tangent as an axis 
with which is associated the momentum mw, and which turns round with angular speed v/r, as 
the point of contact advances along the curve. Thus along the direction towards the centre 
of curvature at P, which direction is fixed for P, and towards which the tangent at P is 
turning, there is a rate of growth of momentum measured by mvw=mv. vjr=mi?°/r, a very 
well-known result. The same process holds for any directed quantity (momentum, angular 
velocity, angular momentum, etc., associated with an axis). 
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depend on applied forces, the other does. Lord Kelvin called the former 
“adynamie,” the other “precessional.” But in strictness both involve the 
forces, and they appear as the roots of a certain equation. One of these is 
at once approximately realised when the wheel is spun fast, the gyrostat 
set on the plate at rest, and left to itself. The motion is one of small 
oscillation about the steady motion, which is characterised by slow preces- 
sion, given very nearly, but not quite exactly, by the same formula as 
before. The other motion of the axis in the same cone is one of much 
greater precessional angular speed, which is given by a slightly more 
complicated formula [see 18, IT]. 

In strictness we must regard this second precessional motion as character- 
istic also of the gyrostat when its axis is horizontal, but in that case the 
precessional angular speed is infinite, and only the slow motion is realisable. 

The rule often stated that hurrying a gyrostat in its precession causes 
tilting up of the axis, and delaying the precession causes tilting downward, 
is true only of the slower more usual precession. For the faster precession 
exactly the reverse rule holds good. This fact does not seem to be generally 
known, as the rule is often stated absolutely. 

It is important to notice that if the centre of gravity of the gyrostat is 
above the point of support, supposed on the line of the axis, the two pre- 
cessional motions are in the same direction; if on the other hand the centre 
of gravity be below the point of support, the precessional motions are in 
opposite directions. The faster motion changes sign in passing through an 
infinite value, when the axis is horizontal. 

By the effect of hurrying or retarding the precession is explained the 
rising and falling of a top spinning on a rounded peg in contact with a 
rough floor along which the top can move. At first the spin is fast and the 
slipping is such as to produce a hurrying friction couple which causes 
the erection of the top. After the spin has fallen off the slipping is the 
other way and a couple which produces the reverse effect results, and the 
top falls. But the action is complex, and requires mathematical discussion : 
it will be dealt with in a later chapter. 


9. Bessemer’s gyrostatically controlled saloon. The idea occurred to 
Bessemer of taking advantage of the resistance which a rapidly spinning 
flywheel offers to change of its plane of motion for the construction of a 
ship’s saloon, the floor of which should be kept, by gyrostatic control, 
fixed in direction as the ship rolled or pitched. The idea was quite 
reasonable, and justified an attempt to realise the saloon. So a cabin 
weighing 180 tons was suspended from a fore and aft axis [see The 
Engineer, 1875], and a gyroscope with axis of spin vertical, for the ship at 
rest on even keel, was provided to control it. But in doing so the designers 
and constructors ignored the fact that, as in the experiment described above, 
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gyrostatic resistance to change of direction of the axis of rotation is bound 
up with freedom of the gyroscope to turn as a whole with precessional 
motion. This freedom of precession (about an axis athwart the ship) was 
not provided for in the construction of the saloon, and so the experiment 
was unsuccessful so far as mitigation of rolling was concerned. The 
arrangement however was such as to modify the pitching motion, though 
that fact does not seem to have been perceived by the designers or their 
critics. The same idea has been revived in recent years and realised with — 
fair success in the Schlick apparatus, described in Chapter VIII below, for 
controlling the rolling of a ship. 


10. Gyroscope or gyrostat is merely a spinning top. The earth is 
a spinning top. Spinning of an ordinary top. The gyroscope is how- 
ever merely a glorified spinning top, and the person who asks why the 
gyroscope hung by a cord, and pre- 
cessing with the axis of rotation of 
the flywheel horizontal, does not fall 
down, seldom seems to notice anything 
remarkable in the fact that a top 
spinning upright on its peg stands up 
stably, and when its spin has died 
away lies down on its side on the 
ground, and will not stand up without 
spin. Top spinning is practised by all 
small boys, and the behaviour of a 
top is taken as a matter of course. 
“Familiarity breeds contempt,” says 

DG, the proverb; that familiarity with 

scientific devices which consists merely 
in their daily use, or in seeing them frequently, produces indifference. 
When however the top is elaborated a little into a gyroscope, and new 
experiments are made with it, such as that described above of making it 
hang on one side of a nearly vertical string, many people, who accept 
without question the ordinary top, and its quite as wonderful properties, 
ask at once the question discussed in 6. Only a very few ordinary ob- 
servers grasp all the essential facts of what they see. And comparatively 
few realise that the earth is merely an ordinary top, which spins about 
its axis of figure at the rate of one turn in about four minutes less. than a 
solar day. If an ordinary top is spun by the usual process of throwing 
it from the hand, so that it alights on its peg just after a string has 
been quickly unwound from the body of the top, its axis is usually at 
first inclined at a somewhat large angle to the vertical, and sways round 
with a conical motion. Gradually, by the action of frictional forces which 


I INTRODUCTORY 11 


has been referred to in 8, the angle of inclination of the axis to the vertical 
becomes smaller and smaller, and the centre of gravity rises until the axis 
is vertical and the top “sleeps.” 

This conical motion is indicated in the last diagram. The circles, round 
the vertical and the axis of the top, there shown, indicate the conical 
motion as produced by the rolling of a cone, axis OC, fixed in the body, 
round a cone, axis OZ, fixed in space, in the manner further described below 
in connection with astronomical precession. 

After a little as the spin falls off, mainly in consequence of air friction, 
the rotation becomes too slow for maintenance of the vertical position, and 
the axis of figure becomes again inclined to the vertical: the conical motion 
is resumed and goes on with increasing inclination until the top has fallen. 

As will be shown later, a certain limiting angular speed of spin is neces- 
sary that the top may be in stable equilibrium with its axis in the upright 
position. Also it will be proved that, when the axis has fallen away from 
the vertical, the conical motion of the axis—the precession of the top—is 
due to the action of gravity on the inclined over body, that same action 
which in the case of the gyroscope makes the instrument turn round in 
azimuth, and which, according to the undynamical observer, ought to bring 
the centre of gravity down at once to the lowest possible position. But if 
the falling off of rapidity of spin could be stopped by withdrawing: all 
resistance to the spinning motion, while the axis is left inclined over and 
moving properly sideways, the conical motion would continue indefinitely 
and the inclination of the axis to the vertical would remain unchanged. 


11. The earth’s precessional motion. The earth has, besides the rotation 
about its axis of figure, a precisely analogous conical motion of its axis, or, 
to be more exact, its axis would move in a cone if its translational motion 
in space were annulled. This conical motion is due to the gravitational 
action of the sun and of the moon on that belt of matter round the earth’s 
equator, which may be regarded as constituting the deviation of the earth’s 
mass from a spherical distribution. The earth’s centre moves, with very slight 
deviations, in a certain plane round the sun, the plane of the ecliptic, as it is 
called, to which the plane of the earth’s equator is inclined at an angle of 
23° 27° 8” (the so-called “ obliquity of the ecliptic”), so that the axis of spin 
of the earth, that is the line joining the poles, is inclined to the ecliptic at 
the complementary angle 66° 32’ 52”. The “falling down” of the earth 
which this gravitational action would by analogy “naturally” produce, is a 
turning of the plane of the equator into coincidence with the ecliptic, 
so that the earth’s axis should set itself at right angles to the ecliptic. If 
this were to happen there would be a disappearance of the succession of 
seasons; only the slight variation caused by the eccentricity of the earth’s 
orbit would be left, and a practically unvarying climate would prevail in 
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each zone of the earth’s surface. Instead of undergoing any such catastrophic 
change in position, the earth’s axis moves round slowly in the conical path 
referred to above, and the angles of inclination of the equator and of the axis 
of spin to the ecliptic remain unaltered. Thus the direction of the earth’s 
axis in space undergoes a great, though slowly proceeding, periodic change. 
The position of the north or south pole on the 


at ee 
Mes! l “`>. celestial sphere moves slowly round in a circle, 
A n . the angular diameter of which subtended at 
nes ' ie the earth’s centre is twice the obliquity, or 
a nyse 46° 54’ 16”, and completes, a circuit in 25,800 
NS F years. The fixed stars are so distant—the 
eta ‘IN 13600 nearest is About 275,000 times as far from the 
Be al) earth as the sun is—that the translational 

a4 motion of the earth in its nearly circular orbit 

Ne of about 186,000,000 miles in diameter has 


hardly an observable effect on the apparent 
path of the pole among the fixed stars. About 12,000 years hence the, 
pole will point nearly to the star a Lyrae; about 4,000 years ago, when 
the Pyramids of Egypt were built, the pole star was the star a Draconis. 
The sloping passages in the Pyramids seem to have been constructed so 
as to be used for the observation of that star. 


12. Conical motion of axis produced by rolling of body cone on space 
cone. This conical motion may be regarded as due to the rolling of a 
narrow cone fixed in the earth (and there- 
fore moving with the earth), having its 
axis coincident with the earth’s axis, upon 
a cone fixed in space, the axis of which is 
at right angles to the ecliptic, and the semi- 
angle of which is 23° 27’ 8”. This is illus- 
trated by the diagram, which shows a model 
of the earth mounted so as to show the 
precessional motion. The former is called 
the body cone, the latter the space cone. 
The upper surface of the flat ring round 
the stand is the plane of the ecliptic, the 
dark line NE is part of the equator, PN is 
a meridian drawn from the pole P to the intersection N of the equator 
with the ecliptic. The point N represents one of the equinoxes or “nodal 
points” at which the sun in its apparent motion among the stars passes 
from one side of the plane of the equator to the other. Lines drawn from 
the-centre (not shown) of the globe to points on the ring shown as situated 
parallel to the ecliptic at the top of the model, give the space cone. The 
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body cone is represented by its upper end P, which is a rod of brass resting 
on the inner surface of the ring. This rod is a very narrow cone with its 
apex also at the centre of the globe, and its axis of figure is that of the 
globe. With the rod resting on the ring the globe is set spinning about P 
in the counter-clock direction as seen from above. It will be seen that, 
while for the ordinary top as shown in the diagram in 10, the body cone 
rolls on the outside of the space cone, the body cone here rolls on the inside 
of the space cone. 

The cone P then rolls round the ring, of which it makes one circuit in the 
time T. D/d, where F is the time of one turn of the globe on its axis and D/d 
the ratio of the diameter of the ring to the diameter of the cone at P. 
[Strictly speaking, the ratio should be (D—d)/d, but d is very small in com- 
parison with D.] As the cone rolls round the meridian NP travels with it, 
and the equinoctial point N moves round along the ecliptic. Thus we have 
the precession of the equinoxes. 


13. “ Diameter of earth's axis.” We can now solve an interesting problem 
which was sometimes proposed to the students of the Natural Philosophy 
Class of the University of Glasgow. Supposing the polar radius of the 
earth to be 4000 miles and the precessional period to be 25,800 years, find 
the diameter of the earth’s axis! This problem puzzled most students at 
first sight, as its statement seemed to imply the possession by the earth of 
an actual material axle, but an inspection of the model globe, of which the 
diagram above is a picture, made the question into an interesting exercise, 
both on the geometry of motion and on an important question of physical 
astronomy. ‘The time T is one sidereal day, and the time TD/d [strictly, 
T(D—d)/d] is 25,800 equinoctial years of 366} sidereal days each. Thus 
we have approximately 25800 x 3664=D/d. But 

D=2 x 4000 x sin (28° 27’ 8”). 
Hence we get, in feet, 
2 x 4000 x 5280 x sin 23° 27’ 8” 
25800 x 366} 


The answer to the question is therefore 21 inches. 


d= Hi fen 


14. Free vibrational motion of atop. Free and forced vibrations. The 
motion of the terrestrial top in the gravitational field of force, due mainly 
to the sun and moon acting on the equatorial belt of matter, is so far as 
we have gone analogous to that of a child’s top spinning in the field of 
force due to the earth’s attraction on bodies at its surface. But the analogy 
can be traced into further details of the motion. The child’s top, in the 
early part of its spin, rises till its axis is vertical and then sleeps. If there 
were no frictional forces acting to raise the axis to the vertical, in the 
manner referred to in 8, it would continue spinning steadily about its 
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axis while the conical motion, due to the deviation of the axis from the 
vertical and the consequent couple about a horizontal axis, would con- 
tinue without alteration of rate or of the inclination of the axis to the 
vertical. But as it is any little inequality of the pavement, encountered 
by the peg, produces a little disturbance, and the top “wobbles.” This 
wobble is soon extinguished by the frictional forces acting, but if these 
did not exist there would be a periodically repeated disturbance of the 
motion. This would be seen by a small vibrational motion of the axis of 
the top about the motion which it had before the disturbance arose. 

The vibration has a period which depends on the system of forces under 
which the ordinary undisturbed motion takes place, on the distribution of 
matter in the top, and on the inclination of the axis to the vertical in that 
motion. This period is called a “natural” or free period of vibration of 
the top. 

The period arising from a single small disturbance must not be confused 
with the periodic motion which would be produced by a periodically 
occurring disturbance. In this case what is called a “forced vibration” 
would be produced in the périod of the disturbance, not in any natural 
period of the body, unless a natural period and the forced period happened 
to agree, in which case a large disturbance might quickly grow up. 

A good illustration of this is found in the rolling of a ship. If the ship 
is inclined over, in otherwise still water, and left to herself, she will then 
roll in a period which depends on the ship alone, and is a natural or free 
period. If, however, she steams in a seaway, in such a direction that waves 
pass under her transversely, she rolls in the period in which she encounters 
the successive waves, that is she performs transverse oscillations in a forced 
period. 

In the same way the earth-top is subject to periodic alterations of the 
forces applied by the sun and moon, as the system of bodies ‘periodically 
change their relative position, and so we have forced vibrational variations 
of precession, and those changes of inclination of the axis to the ecliptic 
which are called nutation. But, comparatively recently, the question has. 
been asked, Is the motion of the earth-top affected by any free period 
oscillation? We can calculate the period of a free oscillation of the axis 
about the mean position, and the calculation is given in X below. It 
comes out 306 days approximately. 


15. Periodic changes of latitude. The next question is how such a free 
oscillation of the earth-top would disclose itself. It is clear from what has 
been stated above that the axis of figure, remaining fixed in the body, 
would vibrate about its mean direction in space. This mean direction 
would be, as we shall see later, that of the axis OK, say, of resultant 
angular momentum of the earth, due to its spin and the precessional motion 


I INTRODUCTORY 15 


combined. This axis, nearly coinciding with the axis of figure, we may, 
for the consideration of the motion of the axis of figure, take as at rest, 
though as a matter of fact it is displaced in consequence of the forced 
precession and nutation. Hence, as the earth turns, OK, thus fixed 
directionally in space, describes a cone in the earth, and the pole of the 
earth moves round among the stars in a circular path about the intersection 
of OK with the celestial sphere, in the period of free vibration. But the 
usual way of determining the latitude of a place is by observing the 
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Albrecht, Astr. Nachr. No. 3489; Nature, May 12, 1898. 


apparent altitude of a star at an interval of 12 hours, and therefore, 
since the pole moves round a fixed point on the celestial sphere, a periodic 
alteration of latitude will be noticed if the observational apparatus is 
sufficiently delicate. 

It is found (see loc. cit. below) that if the moment of inertia of the 
earth about the axis of figure be C, and the mean value of that about an 
equatorial diameter be A, the period of a free oscillational variation is 
A/(C—A) times the period of rotation. Now A/(C—A) is about 304, so 
that the natural period for a rigid earth is about 304 sidereal days. 

A careful scrutiny of observations of latitude, which was made by 
Mr. S. C. Chandler of Cambridge (U.S.), has disclosed two periodic dis- 
turbances, one in a yearly period and another in a period of about 428 
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days. The former, a motion of the invariable line OK with reference to 
the earth, is a narrow ellipse, about 30 feet long at the North Pole, and 
is no doubt due to the periodic deposit and melting of snow and ice in the 
polar regions, which must alter the action producing precession. Accordingly 
this is a forced oscillation. 

The latter however is a motion in a circle at the pole of about 26 feet in 
diameter in the fourteen months’ period stated. In the chart on p. 15, the 
path of the north pole of the earth for five years from 1890 to 1895 is 
pictured. It will be seen that the curve is apparently very irregular: 
this is due to the variation in position of the ellipse giving the yearly 
motion. This is confirmed by the results of later observations, notably by 
the chart for the seven years 1906-1912, which is given in Chap. XI below. 

The discrepancy between 428 days and 304 days was at first puzzling, 
but it was pointed out by the American astronomer Simon Newcomb that 
any elastic yielding of the earth, or change of distribution of matter due to 
mobility of surface water, that might accompany the vibrational motion, 
would increase the period. For, clearly, such yielding would diminish the 
forces called into play by the vibrational displacements, and the period 
would be increased. The exact amount of the increase of period due to this 
cause cannot well be estimated [see however Chap. XI]. 


16. Egg-shaped solid body stable with long axis vertical when spinning 
“ Liquid gyrostats.’ The question of the behaviour of a spheroidal shell 
filled with a liquid and made to spin is an interesting one. We take a 
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spheroidal piece of wood, a nearly egg-shaped piece, as shown in the 
diagram, and laying it with its long axis horizontal, apply two horizontal 
forces in opposite directions at its ends with the fingers so as to make it 
spin rapidly, say in the direction of the circular arrow on the left. The 
wood does not continue to spin with the long axis horizontal, but raises its 
centre of gravity until the long axis is vertical, as shown onthe right, and 
spins in stable equilibrium in this position, like an ordinary top. 

If now the same experiment be tried with a metal shell filled with a 
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liquid, or with a fresh egg, it will not succeed. The arrangement will 
spin in a feeble way, but it will not behave as an ordinary top and stand 
up on end. 

The rotational motion set up is not stable, and dies away fairly quickly. 
But the shell can be stopped by placing the finger on the egg for a moment. 
When the finger is removed the shell moves on again, being dragged round 
by the still rotating liquid. But if the egg is boiled hard it will behave 
like the wooden o This is one way of solving the problem of 
Columbus—to make an egg stand on end ! 


17. Stability of rotational motion in a spheroidal shell. The 
stability of the rotation of the liquid contents of a spheroidal shell depends 
on the form of the shell. If the spheroid is oblate, that is if the axis of 
figure is, like the axis of the carth, the shortest diameter, the rotation is 
stable, and will endure so that the shell filled with liquid may be used as 
the flywheel of a gyrostat. If however the shell is prolate, that is if the 
axis of figure is the long axis, as in the case of the piece of wood, the 
motion is unstable, unless indeed the shell be sufficiently prolate. We may 
place the gyrostat, with prolate liquid spheroid as wheel, on the spinner 
and get up a great speed ; as soon however as the gyrostat is removed from 
the machine it is found that the spin has disappeared. 

On p. 18 is a diagram showing an oblate shell and a prolate one filled 
with water, both mounted in frames like a gyrostat flywheel, as shown in 
the third diagram. The deviation from sphericity is 5 per cent. in each 
case, but in opposite directions. The oblate one admits of stable motion of 
the liquid, the other does not. 

Oblateness however is not absolutely essential for steady rotational 
motion of a liquid round the axis of figure in a spheroidal case turning 
with the liquid. It was shown by Sir George Greenhill in 1880 that 
steady motion is possible in a prolate spheroid, if it be sufficiently prolate. 
The axial diameter, in fact, must either be, shorter than the equatorial 
diameter, or be more than three times as long.* As Sir George Greenhill 
points out, a modern elongated projectile if filled with a liquid would not 
rotate steadily about its axis of figure, and therefore would not have a 
definite trajectory as a rifle bullet has; it would (unless abnormally long) 
turn broadside on to the direction of motion. 

The possibility of spinning an oblate ellipsoidal mass of liquid was 
discovered mathematically by Colin MacLaurin, Professor of Mathematics 
at Edinburgh in the first half of the eighteenth century. He showed that, 
provided the angular speed was kept under a certain limit depending on 
the density of the fluid, there were two revolution ellipsoids of different 


* Proceedings of the Cambridge Philosophical Society, 1880; Encyclopædia Britannica, article, 
“‘ Hydromechanics.” 
G.G. 
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eccentricities, which were figures of equilibrium for a mass of liquid 
spinning about the axis of figure, with its surface free. With one or other 
of the eccentricities proper for the speed, the case may be supposed removed 
without affecting the equilibrium. Of course it is understood that there is 
no terrestrial gravity to produce disturbance; the spinning ellipsoid of 
liquid, without enclosing case, could not be realised except in a laboratory 
at the centre of the earth, and perhaps for various reasons not even there. 


All this is connected with a subject of very great interest, the equilibrium 
of spinning masses of liquid. It is of much importance in its bearing on 
the genesis of the earth and moon; but for further information the reader 
is referred to Thomson and Tait’s Natwral Philosophy, and to memoirs by 
Poincaré and Sir George Darwin. 


18. Gyrostatic experiments: gyrostat supported above universal flexure 
joint. Double instability stabilised. Some of the usual gyrostatic experi- 
ments have already been described in 4...7 above. We shall now describe 
a few others of a somewhat more complicated kind, and indicate some 
speculations which have been put forward, principally by Lord Kelvin, as 
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to the explanation of certain physical properties of matter by gyrostatic 
structure. 

A very instructive gyrostatic experiment is that with a gyrostat sup- 
ported on a universal gimbal joint as shown in the diagram. This drawing 
shows one gimbal axis clearly: the 
other axis is at right angles to this and 
is partly hidden by the upper ring 
to which the knife-edges are seen 
attached. The gyrostat thus mounted 
forms an inverted pendulum, which 
has two freedoms of motion, and 
when the wheel is without spin is 
unstable in both. With sufficient 
spin the gyrostat is stable in both 
freedoms. 

This is an example of a doubly 
unstable arrangement rendered stable 
by spin.* In Thomson and Tait’s 
Natural Philosophy the interesting 
theorem is proved (at least it is 
implied in the discussion in $345" Motor-gyrostat on gimbals. 
et seq.) that in a gyrostatic system 
an even number, but not an odd number, of freedoms can be stabilised 
by rotation of flywheels [see also XX below]. Of this we have here a 
particular case. 

An arrangement of double instability, of which the idea is said to be due 
to the late Professor Blackburn, is shown on p. 20. A trapeze is attached 
at its ends to two vertical chains by two rings attached to swivels, so that 
the trapeze can turn about its own longitudinal axis. The trapeze is made 
of two slips of metal between which the rim of the gyrostat can be slipped 
and secured by a pin. One of the chains has inserted in it a large ring, so 
placed that by unhooking one of the chains, passing it through the ring, 
and then rehooking it, and turning the trapeze end for end, we have it 
suspended by crossed chains. Such a bifilar suspension is of course 
unstable, as the trapeze tends to turn round towards assuming the arrange- 
ment of two parallel or uncrossed chains, in which of course the centre of 
gravity is lower than in the other case, and which so far as the bifilar is 
concerned is the arrangement of stable equilibrium without spin. 

The gyrostat when without spin and hanging below the trapeze, with 
the chains uncrossed, has two freedoms for both of which it is stable: (1) 


* It is understood here and elsewhere that there is no frictional resistance involved. The 
existence of such resistance must be reckoned with in contrivances for practical purposes. 
The exact meaning also of stability cannot be discussed here. 
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the system can swing as a pendulum about the swivels at the end of the 
trapeze ; (2) the trapeze can turn in azimuth about a vertical axis through 
its middle point, in vibrations in which the chains are carried in opposite 


i! i Y ; 
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O 


directions out of the vertical. These two modes of motion are thus both 
stable modes without spin of the flywheel. 

Now when the chains are crossed, and the trapeze is turned so that the 
gyrostat is above it, the gyrostat possesses two instabilities without rotation 
of its flywheel; and if the flywheel is spinning and the arrangement is set 
up so that the chains are in one plane with the casing of the gyrostat 


I INTRODUCTORY 21 


vertical, the contrivance exhibits remarkable balancing power. The effect 
of friction at the supports however causes the arrangement to leave the 
vertical. Gyrostatic oscillations come into existence. The gyrostat oscil- 
lates about the horizontal swivels, and the 
chains oscillate about their mean positions. 
The amplitudes of these oscillations con- 
tinually increase, until finally the gyrostat 
falls over. The balancing in any oscillation 
can be traced out in detail as an effect of 
“hurrying” precession. 

A gyrostat may also be supported on two 
stilts as shown. One of these is rigidly 
attached to the case, parallel to the plane 
of the flywheel; the other is merely a stiff wire with rounded points, the 
upper of which rests loosely in an inverted cup on the case. The lower 
ends of the stilts rest in cups on the table, or they may be merely set 
on a roughened metal plate. There is, with the freedom to turn about 
the line of the lower points and at the same time to swing about the 
vertical centre line, which the arrangement possesses, considerable stability 


Motor-gyrostat mounted to demonstrate the principle of the gyrostatic compass. 


(quickly undermined however by increasing amplitude of vibration) with 
rapid rotation of the flywheel. ‘here is of course no stability without 
rotation. 


19. Gyrostatic experiments : gyrostat on tray carried round in azimuth. 
The gyrostat of the pedestal instrument carries two trunnions in line with 
the centre of the wheel. The gyrostat is now mounted by placing these 
trunnions on bearings attached to the square wooden frame shown in the 
figure, so that when the tray is held in a horizontal position, the gyrostat 
rests with its axis vertical or nearly so. The direction in which the wheel 
is spinning is shown by the arrow on the upper side. The frame is carried 
round in azimuth in the direction of spin: nothing happens; the gyrostat 
spins on placidly. If however the frame be carried slowly round the other 
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way, the gyrostat immediately turns upside down on the trunnions; and 
now, as the motion round in that direction is continued, the gyrostat is 
quiescent as at first; but the spin, by the inversion of the gyrostat, has 
been brought into the same direction as the azimuthal motion. 

The gyrostat behaves as if it possessed volition—a very decided will of 
its own. It cannot bear to be carried round in the direction opposed to the 
rotation, and, as it cannot help the carrying round, it accommodates itself 
to circumstances by turning upside down so that the two turning motions 
are made to agree in direction. Again the azimuthal motion is reversed, 
and once more the gyrostat inverts itself, so that the wheel turns in the 
same direction in space as at first. 

It will be noticed that when this curious one-sided stability and instability 
is displayed, the gyrostat is affected by a precession impressed upon it from 
without. The system was not left to itself, it was carried round. The 
gyrostat has little or no gravitational stability—the centre of gravity is 
nearly on a level with the trunnions; but even if it were gravitationally 
unstable, sufficiently rapid azimuthal motion would keep it upright if that 
motion agreed with the spin, while the least motion the other way round 
would cause it to capsize. 

If the gyrostat be placed on the trunnions so that the axis of the wheel 
is in the plane of the frame, azimuthal turning causes one end or the other 
of the axis to rise, according to the direction of turning. 

Better than anything else, this experiment affords an example of the two 
forms of solution of a certain differential equation, which, when the inclina- 
tion 0 of the spin axis to the vertical is small, may be written 

2 
A aT +0NO=0, 

where N is the angular momentum of the wheel, and w the angular speed 
with which the frame was carried round. When the turnings were in the 
same direction, w and N had the same sign, but when the turnings were in 
opposite directions the product wN had a negative value. When the 
product is positive we have a solution giving oscillations about the vertical, 
in the period 2r (A/wN)?: the equilibrium is stable. When however w is 
reversed the product must be given the opposite sign, and we get a solution 
in real exponentials, giving the beginning of continued falling away from 
the upright position until the opposite position, which is stable, is attained. 
N has now also been reversed in space, and the product wN in the 
differential equation is again positive. 

A turning moment about the vertical is required by the gyrostat from 
the frame constraining it to move round in azimuth. The average amount 
of this moment, multiplied by the time occupied in the inversion, is 2N. 
There is thus at each instant of the turning in azimuth, before the inversion 
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has been completed, a couple required from the frame, and this couple is 
greater the greater the angular speed n of spin. The operator must apply 
an equal couple to the frame. 

The couple arises thus. Let the gyrostat axis have been displaced from 
the vertical through an angle 0 about the trunnion axis. In consequence 
of the azimuthal turning, at rate w say, the outer extremity of the axis of 
angular momentum is being moved parallel to the instantaneous position 
of the line of trunnions, and thus there is rate of production R of angular 
momentum about that line; but there being no applied couple about the 
trunnions, the gyrostat must begin to turn about them in order to neu- 
tralise R. This turning tends to erect or to capsize the gyrostat according 
as the spin and azimuthal motions agree or are opposed in direction. The 
consequent motion involves production of angular momentum about the 
vertical for which a couple must be applied by the frame, and of course to 
the frame by the operator. This couple is greater the greater N, and 
therefore if the operator cannot apply so great a couple an azimuthal 
turning at rate w cannot take place. With sufficiently great angular 
momentum the resistance to azimuthal turning could be made for any 
stated values of 6 and w greater than any specified amount. 

The magnitude of this couple, which measures the resistance to turning 
at a given rate, is greatest when the angle @ is 90°, that is when the axis of 
the flywheel is in the plane of the frame. 


20. Gyrostatic structure of a rigid solid. We come now to an 
interesting application of these ideas. Lord Kelvin endeavoured to frame 
something like a kinetic theory of elasticity, 
that is he conceived the idea that, for example, 
the rigidity of bodies, their elasticity of shape, 
depends on motions of the parts of the bodies, 
hidden from our ordinary senses as the fly- 
wheel of a gyrostat is hidden from our sight 
and touch by the case.* Consider this diagram 
of a web. It represents two sets of squares, 
one shown by full the other by fine lines; 
the former are supposed to be rigid squares, 
the latter flexible. Unlike ordinary fabrics, 
which are almost unstretchable except in a 
direction at 45° to the warp and woof, this web is equally stretchable in 
all directions. If the web is strained slightly by a small change of each 
flexible square into a rhombus, or into a not rectangular parallelogram, 
the areas are to the first order of small quantities unaltered. 


*<« Ether, Electricity, and Ponderable Matter.” Presidential Address to Inst. Elect. 
Engineers, Jan. 10, 1889. Collected Papers, IlI, p. 484. 
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Now imagine that a gyrostat is mounted in each of the rigid squares, 
so that the axis of the trunnions and the axis of rotation are in the 
plane of the square shown in the figure. If the angular speeds of the 
flywheels are sufficiently great, it is impossible to turn the squares in 

azimuth at any given small angular speed, for the 
gyrostat would very strongly resist the change of 
direction of its axis. Thus any strain involving turning 
of the smal] squares is resisted, and we have azimuthal 
rigidity conferred on the web by the gyrostats. There 
is howeyer no resistance to non-rotational displacement 
of the squares as wholes. 

To get a model in three dimensions Lord Kelvin imagined an analogous 
structure made up of cubes, each composed of a rigid framework to play 
the part of the squares, and connected by flexible cords joining adjacent 
corners of the cubes. In each cube he supposed mounted three gyrostats 
with their trunnions at right angles to the three pairs of sides. This 
arrangement would, like the web of squares, resist rotation, but now about 
any axis whatever; and there would be no resistance to mere translation 
of the cubes as wholes. Thus the body so constituted would be undis- 
tinguishable from an ordinary elastic solid as regards translatory motion, 
but would resist turning. 


21. Gyrostatie spring balance. In this connection we may refer to 
another arrangement suggested by Lord Kelvin—a gyrostatic imitation 
of a spiral spring—in which a constant dis- 
placement is produced and maintained by the 
action of a constant force in a fixed direction, 
involving the application of a couple of constant 
moment, though not of constant direction of 
axis. ‘This gyrostatic spring balance is indicated 
in a paper entitled “On a Gyrostatic Adynamic 
Constitution for Ether,” published partly in the 
Comptes rendus,* and partly in the Proceedings 
of the Royal Society of Edinburgh.t It is 
described in some detail in his Popular Lectures 
and Addresses. The arrangement of gyrostats 
is shown in the diagram, and is fairly simple in 
conception. It does not however, except under 
certain conditions not easily realisable even approximately, possess the 
peculiar property of a spiral spring of being drawn out a distance propor- 
tional to the weight hung on the lower hook. The gyrostatic arrangement 


* Comptes rendus, vol. 109, p. 458, 1889; Math. and Phys. Papers, vol. 3, p. 466. 
+ Proceedings of the Royal Society of Edinburgh, vol. 11, 1890. t Vol. 1, p- 237, et seq. 
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is very difficult to realise with ordinary gyrostats, but presents no diffi- 
culty with properly constructed motor driven instruments. It consists 
of a frame of four equal bars, constructed by jointing the bars freely 
together at their extremities in the manner shown by the diagram, and 
hung from a vertical swivelling pin at one corner, so that one diagonal of 
the frame is vertical, and another vertical swivelling pin at the lowest 
corner carries a hook. Four equal gyrostats are inserted, one in each bar 
as shown, with its axis along the bar, and are given equal rotations in the 
directions shown by the circular arrows. Under the couples tending to 
change the directions of the axes of the flywheels, and applied by the 
weights of the gyrostats and bars, the system precesses round the two 
swivels, and so preserves a constant configuration. If now a weight is 
hung on the hook at the lower end, the frame is elongated a little, and a 
new precessional motion gives again a constant configuration of the frame, 
different of course from the former one. Two gyrostats, the upper or 
lower pair, would serve quite well to give the effect. 

Lord Kelvin suggested that if the frame were surrounded by a case, 
leaving only the swivel-pins at top and bottom protruding, it would be 
impossible, apart from special knowledge of the construction of the interior, 
to discern the difference between the system and an enclosed spiral or 
coach spring, surrounded by a case and fitted with hooks for suspension 
and attachment of weights. It is found however when the steady motion 
of the system under gravity is worked out, that, in strictness, the distance 
through which the frame is lengthened can be regarded as simply pro- 
portional to the load applied only in special circumstances. The ratio of 
the extension of the vertical diagonal to the addition of load on the 
hook is a function of the inclination of the arms of the frame to the 
vertical, and therefore the spiral spring law only holds for very small 
deviations from a steady motion position. The system acts certainly as 
a spring, but, constructed with actual practical gyrostats, it has not the 
properties possessed, though only approximately even in their case, by 
ordinary springs. 

The theory of the combination, and an account of an easily constructed 

«substitute, will be given later [see 1, VIII]. 

The idea however underlying the contrivance is very suggestive, and 
goes a long way towards enabling us to obtain a definite idea of how the 
elastic properties of bodies may be explained by motion. 


22. Gyrostatic pendulum. Next we consider a pendulum consisting 
of a rigid suspension rod, and a bob rigidly attached to it, which contains a 
gyrostat with axis of rotation directed along the suspension rod as shown 
in the figure. Without rotation, the two freedoms of this system are 
stable, and if the bob be made to describe a circle about the vertical 
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through the point of support, the period of revolution is the same for 


both directions of the circular motion. 


When the gyrostat is spun the 


behaviour is very different. 
Circular motion may take 
place in either direction, but 
the periods are different, that 
of the circular motion in 
the same direction as the 
rotation being the smaller. 
The ratio of the periods de- 
pends on the arrangement; 
the theory is set forth 
below. [See 4, VIII] 

A combination of the two 
circular motions in different 
periods and in opposite direc- 
tions gives a star figure, 
which in the diagram the 
pen attached below the bob 
is shown describing. The 
peculiar appearance of the 
graphs here pictured is due 
to a very rapid falling off 
of amplitude, and therefore 
shortening of the rays, due 
to friction. 

There is a remarkable ana- 


logy between the motion of a pendulum with a gyrostat in its bob and 
the motion of an electron in a magnetic field, which is dealt with later. 


This parallel was pointed out first by the author of this book, and after- 
wards by Professor Fitzgerald, after Zeeman’s discovery was announced. 
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The gyrostatic explanation of the Zeeman effect is attended with diffi- 
culties on account of the complex of Vigie lines observed i in the Zeeman 
phenomenon. 


23. Experiments: Gyrostat weighted on one side. Motor gyrostat on 
chain-suspension. We shall now describe a number of gyrostatic experi- 
ments, most of them new and made with novel apparatus. For the most 
part the experiments and apparatus are due to Dr. J. G. Gray. The descrip- 
tions given below are to a great extent 
taken from discussions written by Dr. Gray 
and the author. 

The direction of rotation of the rotor of 
the gyrostat is shown by the circular 
arrow head, and the axis OX, drawn 
from the centre (all on the remote side of the 
instrument in the diagram), represents the 
angular momentum N, or Cn (C = moment 
of inertia of rotor, n=angular speed of 
rotor). 

One of the weights supplied with the 
instrument is hung from the counterpoise 
of the rods and arrows; or, if counter- 
poise and rods are removed, it is hung 
from the loop shown at X’. If the fly- 
wheel is without rotation, the gyrostat 
simply turns about YY’. The weight is 
now removed, the flywheel is spun, and 
the weight is replaced. It is seen now 
that the wheel and case with the support- 
ing fork turn as a whole about ZZ’, and Motor-gyrostat heed ean A tpioighi 
do so more quickly the larger the weight 
attached. Again, with a given attached weight it is found that the greater 
the angular speed of the rotor, the slower is the speed of turning about ZZ’. 
We have here illustrations of the gyrostatic equation which holds in all 
these cases, Cnw = L, where w is the angular speed about the axis Z’Z, and L 
the moment of the couple about Y’Y. By the turning about Z’Z with speed 
w angular momentum is being produced about Y’Y at rate Cnw, and this 
must be equal to L, the moment of the couple produced about Y’Y by the 
attached weight. 

Again, when the weight is attached let a couple be applied by hand in 
the direction which seems the natural one to hurry the turning motion 
about Z’Z. It is found that the gyrostat now turns about Y’Y, so as to 
raise the weight. On the other hand, if the couple is applied so as 
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to endeavour to delay the preces- 
sion, the gyrostat will turn about 
Y’Y so as to allow the weight to 
descend. 

The gyrostat may be hung by 
the chain suspension from one 
of the notches in’ the side piece 
shown in the adjoining diagram, 
and made to give the couple by 
its own weight. If it is hung in 
the right-hand notch, as shown, 
and the spin axis, indicated by 
the arrow index, be drawn to 
the right, the axis of the couple 
due to the inclined position of 
the gyrostat would be at right 
angles to the paper and drawn 
towards the reader. The gyrostat 
would thus turn in azimuth so 
that the extremity of the spin 
axis would follow the couple 
axis, that is would turn with 
angular speed w towards the 
observer. 

If the chain were attached at 
the left-hand notch, the moment 


of the couple and the angular velocity w would be reversed in direction. 


An attempt to hurry or retard 
precession has an exactly similar 
result to that already described. 

When the chain is hooked into 
the middle notch, the couple is 
zero, and there is no azimuthal 
turning. 


24. Experiment: Gyrostat on 
skate. The adjoining diagram 
shows a motor-gyrostat resting on 
a rounded convex skate screwed to 
the flanges which unite the two 
halves of the case. If the gyrostat 
leans over at an angle 0 from the 
vertical through the skate edge, 


Motor-gyrostat balancing on a skate. 
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a couple of moment equal to the force of gravity on the gyrostat 
multiplied into sin 6, where h is the distance of the edge of the skate 
from the centre of gravity, is applied, and the gyrostat without altera- 
tion of its inclination moves round in azimuth with an angular speed 
w=moment of cowple/angular momentum of wheel, at least this will be 
the angular speed if the gyrostat is simply set down on the skate 
(preferably on a supporting horizontal tray of thick glass). But there 
is another and faster angular speed of azimuthal motion which can be 
realised by properly starting the motion on the glass plate. 

An explanation of how these two possible speeds of steady motion arise 
will be given in a later chapter. 

All the experiments on hurrying and retarding precession can also be 
made with this arrangement. 


25. Experiment: Gyrostatic bicycle rider. The rider of a bicycle is 
here replaced by a gyrostat. The apparatus may be so contrived that 
the balancing is entirely due to gyrostatic 
action, or so that it is effected as a human 
rider does it. In the former case the bicycle 
is stable both when at rest and when in 
motion, in the latter it is stable when driven 
in the forward direction. We give here the 
second case, in which an old type of bicycle is 
used. 

The gyrostat is spun in the direction of 
rotation of the wheels in the forward motion 
of the cycle. Then tilting of the machine to 
the left, say, and the consequent alteration of 
direction of the axis of spin of the fly-wheel, 
causes, as can easily be seen, precession of the 
gyrostat, which turns the wheel to the left. Gyrostatic bicycle rider. 

For the tilting gives a rate of production of 

angular momentum about a downward axis, and there being initially no 
couple about that axis, the gyrostat and wheel begin to turn round in 
azimuth in the direction to neutralise the angular momentum produced. 
The forward motion of the rider-and machine then gives the upright 
making action in the usual way. 

When perfectly balanced the bicycle has a straight path. When a weight 
is hung on one side the path becomes curved. 

There are two or three other ways in which a gyrostatic rider can keep 
upright, but that just described and the following must suffice for the 
present. 

The next figure shows a gyrostatic rider on a modern form of bicycle. 
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The saddle is replaced by a sleeve-joint on which the rider is supported, 
and two arms are applied as shown to the handle bar. When the wheels 
of the bicycle are in one vertical plane the 
sleeve-joint is inclined backward from the 
vertical, and so, if the gyrostat turns on 
the sleeve, the brass ball carried by the 
gyrostat moves in a circle, the highest point 
of which is in the plane of the back wheel. 
Thus, when the wheels are in one plane the 
rider is unstably mounted. But the whole 
machine is unstable on the wheels. Thus 
there are two instabilities without rotation 
of the gyrostat flywheel, and these, in accord- 
ance with gyrostatic theory [to be given 
later], are both stabilised by spin of the 
gyrostat. 

With rapid spin in the direction of forward 
motion of the wheels, the gyrostat, as already 
described, imitates the human rider, and tilting 
action causes the machine to turn to the right or left as the case may be. 

In all these bicycle tops the 
gyrostat not only detects but 
sets about correcting any ten- 
dency of the bicycle to capsize. 


26. Experiment: “ Walking 
gyrostat.’ Another entirely 
novel experiment is shown in 
the figure. A box is suspended 
by two arms of equal length 
from two horizontally strete hed 
wires. The wires are carried 
by a frame mounted on two 
trunnions mounted on wooden 
uprights as shown in the dia- 
gram, which however display 
only one end of the arrange- 
ment of wires and supports. 
The wires are conveniently 
made about 12 or 14 feet long, 
and strung upon them are two 
rings, to which the arms attached to the box are hooked. Fitted within the 
box is a gyrostat with its axis horizontal and in the’plane of the arms. 


Walking gyrostat. 
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For the experiment the gyrostat is taken out and spun rapidly, and 
replaced in the box. When the frame is oscillated to and fro on the 
trunnions, the box proceeds hand over hand along the wires, as if it were 
endowed with life. 

It will be seen that the tilting of the frame to and fro throws the weight 
of the gyrostat and box alternately on each of the arms. The illustration 
shows the weight of the box thrown on the arm B; since Y is lower 
than X. The resulting precessional motion of the gyrostat (which is 
supposed to be spinning counter-clockwise as viewed by the reader) causes 
the arm A to move forward to A’. At this instant the wire frame is tilted 
so that the weight is thrown on the arm A’, when the arm B swings 
forward, and so on. At the start of the motion the spin is great and 
the precession small, and the box has a slow and stately motion. As 
the spin falls off the precession, and consequently the rate of walking, 
increases; until finally the box literally runs along the wires. 

When the box has walked from one end of the frame to the other it 
must be brought back to the starting end to repeat the experiment. The 
direction of walking depends on the direction of the spin; if it is desired 
to cause the box to walk in the reverse direction 
it must be reversed on the wires. 


27. Experiment: A top on atop. This figure 
illustrates a form of acrobatic top. Fitted 
to the frame of the large gyrostat, in a position 
in line with the axis of the flywheel, is a 
tube, into which is fitted a peg as shown. If 
the gyrostat is spun rapidly and placed verti- 
cally with the peg resting on a table, it will 
balance. In consequence of the fact that the 
centre of gravity of the gyrostat lies above 
the point of support it possesses two instabilities 
without rotation of the flywheel, and the result, 
as in 18, is complete stability with rotation. 
The action is in fact identical with that in- 
volved in the “gyrostat on gimbals” experiment 
there described. The friction between the table 
and peg being small, the friction at the pivots 
is sufficient to cause the gyrostat frame to © 
rotate in the direction in which the flywheel is 
rotating. 

Into a tube fitted to the top of the frame and in line with the axis of the 
flywheel can be fitted a second tube attached to a horizontal bar, and to 
this is hinged the frame of a smaller gyrostat. 


Acrobatic top. 
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To perform the experiment the small gyrostat is spun rapidly and fitted 
above the large one as above described. The system should now be held in 
the vertical position (this may be accomplished by holding the frame of the 
small gyrostat in the hand) and given an impulse 
in the direction in which the flywheel of the 
large gyrostat is rotating. Providing that the 
flywheels of the two gyrostats are rotating in 
the same direction as viewed from above, the 
small gyrostat will balance on the horizontal 
bar. 

A variation of the “gyrostat on gimbals” ex- 
periment may be performed by means of the 
large gyrostat of the last experiment. The 
arrangement of the apparatus is shown in the 
figure. The tube carrying the peg is removed 
from its socket and replaced by a tube termin- 
ating in a grooved wheel. The gyrostat is spun 
rapidly and placed in the ek position with 
the wheel engaging on a tight or slack wire. 
If the wire is stretched horizontally the gyrostat 
may be pushed to and fro by hand. The forces should be applied to the 
tube in the neighbourhood of the grooved wheel, and not to the frame of 
the gyrostat. : A preferable method of carrying out the experiment consists 
in starting the gyrostat from one end of A 
a slack wire, when it will run to and fro, i d 
and finally come to rest. ) 

This gives an idea of gyrostatic bal- 
ancing of a monorail carriage. This is 
however better shown in this monorail 
top which runs along a wire on two small 
wheels. With the weight above there is 
double instability: (1) for turning about 
the wire, (2) for turning about an axis 
transverse to and above the wire. These 
two instabilities are stabilised by rotation 
of the flywheel. 

If a weight is suspended from one side 
of the top it will lean over to the other 
side of the wire, thus imitating the action 
of a man who, holding a heavy weight in one hand, leans over so as to 
bring the centre of gravity of the system, composed of the weight and 
himself, vertically above the centre of the base formed by his feet. 

The balancing action of this top is best shown by attaching the two ends 
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of a long wire to two fixed points, one at each side of a lecture theatre. 
The top is placed on the wire at one end, when it runs to and fro on the 
wire, coming to rest in the middle position. As an alternative the wire 
may be tightly stretched between two points not on the same level. If the 
slope of the wire is small and the top is started from the highest point of 
the wire, it will run slowly down the incline. The balancing action in this 
case is striking. The top may be pushed to and fro on the wire without 
any danger of capsizing. 


28. Gyrostatic action of rotating machinery. Examples: Paddles of 
a steamer, wheels of a carriage. The gyrostatic action of the rotating 
parts of machinery is, if the speed of rotation is great or the dimensions 
large, of importance in connection with the running of ships or vehicles 
propelled by such machinery. We take a paddle-steamer as the first 
example, though in consequence of the slow speed of rotation the gyrostatic 
action of the wheels is not of large amount. The spin axis for the wheels 
must be drawn out to port if the steamer is going ahead. Now let the 
steamer roll to starboard: angular momentum about a vertically upward 
axis is produced by the motion, and in the direction about this axis round 
to port. Hence the bow of the steamer must begin to turn to starboard to 
neutralise this. As she turns a couple begins to act, resisting her turning, 
and produces the angular momentum due to the change of position of the 
spin axis. The precessional motion carries as usual the spin axis towards 
the instantaneous position of the couple axis. Of course the reverse action 
takes place if the ship rolls to port. The gyrostatic action of the wheels 
thus results to a certain extent in changes in the direction of the ship’s 
head taking the place of rolling, and the ship is so far steadied. It will be 
noticed that when the ship rolls to starboard the starboard wheel becomes 
more deeply immersed in the water than the port wheel, and so tends to 
turn the bow to the port side. If it were not for this fact it would be a 
matter of more difficulty to steer a straight course with a paddle-steamer 
in a cross-sea. 

Similar considerations show that if the helm is put over to starboard 
the steamer will, in consequence of the gyrostatic action of the paddle- 
wheels, heel over to starboard. This causes the starboard paddle-wheel 
to dip further into the water than the port wheel, and turning of the 
steamer to port is assisted. Similarly if the helm is put over to port the 
steamer tilts over to port, and again a couple turning the steamer in 
the desired direction is brought to bear on her. 

The gyrostatic action of the paddle-wheels may be readily demonstrated 
by means of the motor gyrostat. For this purpose it is fitted with the 
curved rod to show the direction of rotation and of the armature, the rods 
to represent the spin and couple axes, and a fourth rod which serves to 
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show the direction in which the steamer is supposed to be proceeding. 
The gyrostat, so fitted, is placed in the “fork and pedestal” mounting as 
described in 7. The direction of rotation of the armature being counter- 
clockwise as viewed by an observer looking at the gyrostat from the side 
to which the rods are attached, the arrow showing the direction of motion 
of the steamer must be put over to the left. The effect of seas striking the 
port side of the steamer is imitated by the experimenter pushing the top 
of the gyrostat from him (the experimenter is supposed to be in the 
position of the observer referred to above). In consequence of gyrostatic 
action the fork will turn about the axle ZZ’, and the arrow representing 
the bow of the steamer will turn to starboard. To imitate the effect of a 
sea on the starboard side the lower side of the gyrostat is pushed from the 
experimenter ; here the arrow turns to port. 

If the fork is grasped by the hands and turned about the axis ZZ’ the 
gyrostat will turn about the axis YY’. If the turning about ZZ’ turns the 
bow arrow to port the gyrostat will heel to starboard, and vice versa. 

The gyrostatic action of the wheels of a carriage is similar to that of the 
paddles of a steamer. It produces when the carriage is passing round a 
curve a gyrostatic couple turning the carriage over towards the outside 
of the curve. The gyrostatic couple is NCv?/rR, where C is the moment of 
inertia and r the radius of a wheel, N the number of wheels, v the speed 
of the carriage and R the radius of the curve. 


29. Gyrostatic action of flywheel of motor-car. In the motor-car a 
massive flywheel, placed with its plane across the car, revolves with consider- 
able angular velocity in the clockwise direction as viewed from behind the 
car. The gyrostatic action of this flywheel has important effects upon the 
running of the car. If the car turns a corner it is easy to see that it will 
be subjected to a gyrostatic couple in a fore and aft vertical plane. Here 
the spin axis is represented by a straight line drawn from the car in the 
direction.of the front of the car. If a corner is turned to the left a couple 
is brought to bear on the gyrostat, represented by a line drawn vertically 
upwards. The spin axis turns to the left, and hence for this direction of 
turning a corner the effect of the gyrostatic couple is to diminish the forces 
applied by the ground to the front wheels and to increase those applied by 
the ground to the back wheels. The magnitude of the gyrostatic couple is 
proportional, at any instant, to the rate of turning of the car in azimuth, 
and if this is very great, that is if the corner is turned very quickly, the 
diminution in the forces between the front wheels and the ground may be 
sufficiently great to endanger the steering power of the car. Turning a 
corner to the right, it will be seen, results in the forces between the front 
wheels and the ground being increased, and those between the back wheels 
and the ground being diminished. 
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Again, in the case of a motor-car, it will be seen that if the car encounters 
a dip or brow in the road the effect of the flywheel will be to apply a 
couple in a horizontal plane to the car. This couple tends to produce 
skidding of the wheels on the ground. 


30. Gyrostatic action of turbines, aeroplane propellers, etc. The 
gyrostatic action in steamers in which the main engines are of the 
steam turbine type is similar to that of the flywheel of the motor-car. 
The turbines are placed fore and aft, androlling of the ship brings no 
gyrostatic action into play. If the ship be propelled by two main turbines, 
and if the rotors be equal in all respects and run at the same speed, but in 
opposite directions, the total couple exerted on the ship will be zero, since 
equal and opposite couples will be exerted by the two rotors. Internal 
stresses will be exerted in consequence of the opposite couples, and the 
stresses will form a self-balanced system within the ship. 

When the ship’s head turns the gyrostatic action of each rotor results in 
a couple lying in a vertical plane being applied to the ship. Here, as 
before, if the ship is propelled by two turbines as described, the resultant 
couple is zero. ‘ 

A very interesting, and at the same time very important, example of 
gyrostatic action is afforded by the aeroplane. The rotor of the high-speed 
engine and the propeller form a powerful gyrostat. The gyrostatic action 
of a two-blade propeller is partly of an alternating character. In consequence 
of gyrostatic action the effect of turning the aeroplane in azimuth in one 
direction is to cause the aeroplane to dive; turning it in azimuth in the 
opposite direction causes the front of the aeroplane to rear and the tail 
to be depressed. The aeroplane may be maintained more or less nearly 
level by means of the tilting planes; but it is to be remembered that if it 
is so maintained large couples are brought to bear on the machine, 
and great stresses fall to be borne by the framework. Dangers from the 
gyrostatic action of the propeller and rotor of the engine would be avoided 
by balancing the gyrostatic action of the rotor and propeller by means of a 
second flywheel rotating in the opposite direction, or, if that were possible, 
by doubling the propelling system, and running the rotors in opposite ways. 

The gyrostatic action of the flywheel of a motor-car, of the turbines on 
board ship, and of the rotor and propeller of an aeroplane may be readily 
demonstrated by means of the motor-gyrostat when fitted up in the “fork 
and pedestal.” The mode of doing so will easily occur to the reader. 


31. Schlick controller of rolling of a ship. In the Schlick device for 
steadying a ship at sea a gyrostat is carried on bearings placed athwart 
the ship, and in line with the centre of gravity of the flywheel. A weight 
is attached to the frame of the gyrostat in a position in line with the axis 
of the flywheel. It will thus be seen that when the ship is on an even 
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keel the gyrostat rests with its axis vertical and with the weight directly 
below the centre of gravity of the flywheel. Heeling of the ship in one 
direction causes the gyrostat to precess in one direction on the bearings in 
which it is mounted; heeling in the other direction causes precession 
opposite to the former, and couples resisting the rolling motion are brought 
to bear on the ship. The device may be employed in two ways. In the 
first place, if the bearings on which the frame of the gyrostat is carried 
within the ship are smooth, the effect of the gyrostat is to resist the rolling 
force of the waves and to bring about a lengthening of the free period of 
rolling of the ship; for the introduction of the gyrostat results in a large 
virtual increase of moment of inertia, giving a long period. Excessive rolling 
of a ship is due to the cumulative action of the waves, and such cumulative 
action is only possible where the period of the ship and that of the waves are 
nearly the same. A ship may have a long period, with the result that the 
motion of the ship does not synchronise with that of the waves. The free 
period of an ordinary ship, however, is often of the same order as that of 
the waves usually encountered, and in consequence the ship rolls badly. 

One effect of introducing a gyrostatic control, operated in the manner 
above described, is to endow the small ship with the period of a very 
large one. With this long period however coexists, as will be shown in 6, 
VIII, below, a short period. But the short period motion is damped out by 
the friction brake described below. 

As the ship rolls the gyrostat and its frame oscillate to and fro on the 
bearings. There is a phase difference of 90° between the motions. When 
the ship is passing through the upright position the axis of the gyrostat is 
at one extremity of its swing, and when the ship is at one extremity of the 
roll the gyrostat is passing through its mean position; and soon. Now, if 
C is the moment of inertia of the flywheel, n its angular velocity, and w 
the instantaneous value of the rate of turning of the frame on its bearings, 
the instantaneous value of the gyrostatic couple resisting the waves is 
Cnw. Hence, when the ship is in the upright position the gyrostatic 
couple is zero, since at that instant the frame of the gyrostat is at rest, so 
that w is zero. At the instant at which the ship is at one extremity of its 
swing the gyrostatic couple has its greatest value, since at that instant the 
rate of turning of the gyrostat on its bearings is a maximum. 

Again, consider the condition of affairs which holds for an instant at 
which the axis of the gyrostat makes an angle 0 with the vertical. The 
gyrostatic couple at the instant is Cnw, where w is the instantaneous rate of 
turning of the frame on the bearings which connect it with the ship. This 
couple acts in a plane perpendicular to the axis of the gyrostat, and hence 
resolves into the two component couples, Cawsin@ in a vertical plane 
athwart the ship, and Cnwcos 0 in a horizontal plane. The former couple 
alone affects the period of the vessel. 
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Friction is applied to resist the motion of the frame of the gyrostat in its 
bearings, 0 never becomes greater than 45°, and, further, the phase difference 
is made less than 90°. The oscillations of the ship, and especially any 
rapid vibrations that may grow up, are now damped; the energy of the 
rolling motion is converted into heat at the bearings. 

In applying this second mode of using a gyrostat to steady a ship ina 
cross-sea, Schlick arranges a brake pulley in the line of the bearings on 
which the frame of the gyrostat turns, and friction of a graded amount is 
applied by means of a special device. With this second mode of operating 
the gyrostat the ship is forcibly prevented from rolling. In the trials of 
the device it was found that, with the control in operation, the angle of roll 
of the ship did not exceed 1° in a cross-sea which produced a total swing 
of 35° when the control was out of action. It is interesting to notice that, 
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Motor-gyrostat fitted up to demonstrate Schlick s method of steadying a ship in a cross-sea, 


contrary to the opinions which were expressed when the device was first 
suggested, the preventing of the rolling of a ship does not result in the 
waves breaking over her; a ship thus controlled is a dry ship. 

In the figure is shown a motor-gyrostat fitted up in a skeleton frame 
representing a ship. The frame is mounted on two bearings arranged in 
two wooden uprights, and may be oscillated on these bearings so as to 
imitate the rolling of a ship in a cross-sea. The frame of the gyrostat 
is mounted on two bearings placed athwart the ship frame, and a weight 
is attached to the outside of the case in a position in line with the axis of 
the flywheel. The centre of gravity of the gyrostat is in line with the 
bearings. A clip device is provided which allows the gyrostat to be rapidly 
clamped to the skeleton frame, and provision is made whereby a graded 
amount, of friction may be applied at one of the bearings. 

The model so arranged serves to demonstrate both of Schlick’s devices. 
In using it the ship should be set oscillating with the flywheel of the 
gyrostat at rest. The current should then be turned on and the frame 
oscillated. If the gyrostat is clamped to the frame no effect is produced by 
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it upon the rolling, and thus the necessity for allowing the gyrostat freedom 
to precess is demonstrated. If, however, the gyrostat is free, and there is 
no friction at the bearings, the frame oscillates with a vastly increased 
period. Finally, the friction collar provided at one of the bearings may be 
screwed up, when it will be seen that if the frame is made to roll the 
rolling motion is quickly damped out. Impulses may be applied to the 
frame so as to imitate the action of the waves of a cross-sea, and the resisting 
power of the gyrostat demonstrated. [A more detailed account of the action 
of this controller will be given later.] 


CHAPTER II 


DYNAMICAL PRINCIPLES 


1. Kinematics of a body turning about a fixed point. We shall not 
discuss in detail the elementary kinematics of a rigid body, and shall 
assume the usual theorems regarding moments and products of inertia of 
a system of particles. A rigid body here means a configuration of particles 
such that if any plane whatever be drawn in it, the particles found in that 
plane remain in a plane, and do not change their distances apart, as the 
body moves. 

If such a body turn round a point of itself, 
or a point rigidly connected with it, which is 
fixed, any displacement of the body is equiva- 
lent to a turning about a line drawn through 
the fixed point in a determinate direction. 
For let a sphere be described from the fixed 
point as centre with any convenient radius. 
The particles on that spherical surface remain 
on it as the body moves. Take any two which 
are at the points A, B (Fig. 1) at a given 
instant, and at the points A’, B’ at a subsequent 
instant. This change of position is, we can 
suppose, produced by a displacement of the rigid body. For join A to A’ 
along an arc AA’ of a great circle, and B to B’ along another great circle 
of the sphere. Bisecting AA’, BB’ in C, D, draw through these points 
great circles on the sphere at right angles to AA’, BB’ respectively. These 
in general will not be coincident, and will meet in two diametrically 
opposite points K, K’ on the sphere. Clearly the displacement may be 
produced by turning the body about the line KK’, or OK as axis; and the 
same thing is true for the displacements of any other two points on the 
spherical surface. 

The most general displacement of a rigid body in space can be produced 
by turning the body through a definite angle about a determinate axis, 
and displacing it without rotation through a certain distance parallel to 
that axis. For let the body be moved without rotation until a point in it 


Fic. 1. 
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is displaced from its initial position A to its final position A’ along the 
straight line AA’. Then, by the proposition just established, the body can 
be turned about an axis through A’ until the final configuration is reached. 

The points of the body which lie in planes perpendicular to that axis 
turn in these planes. But in the translation parallel to AA’ the successive 
positions of these planes were parallel to one another, and the direction 
of the translatory motion of each point was inclined to these planes at 
the same angle. We might therefore have first displaced the body in the 
direction perpendicular to these planes, and then (still without rotation) 
have displaced it parallel to these planes so as to bring the point A to A’. 
But the latter displacement, with the subsequent turning about A’, could 
be compounded into a turning about a parallel axis. Thus the whole 
displacement can, as stated above, be produced by a translation parallel 
to a certain axis and a rotation about that axis. 

These displacements—the translation and the rotation—may be regarded 
as taking place simultaneously; and the body will then have the motion 
of a nut along a screw. The motion of a rigid body has been very fully 
dealt with from this point of view by Sir Robert Ball in his Treatise on the 
Theory of Screws. 


2. Angular momentum [a.M.]. The angular momentum (A.M.) of a 
body, or of a system of particles, about any axis OA is found in the 
following manner. Let l, m,n be the direction cosines'of OA with refer- 
ence to rectangular axes OX, OY, OZ and ¢, y, 2 the speeds with 
reference to these axes of a small element P of the body (a particle) of 
mass u situated at the point x, y, z. Then, if v be the total speed of P, 
the cosines of the direction of motion of P at the instant are (#, y, 2)/v.* 
We resolve v into two components, v, in the direction l, m, n and v, at 
right angles to the plane AOP. The cosines of a normal to this plane are 

(mz—ny, na—lz, ly—mæ)/r sin 9, 
where 0 is the angle AOP, and r = (g? + yYH2È. [The choice of cyclical order 
here made between l, m, n, æ, y, z is explained below.] The component of 
momentum of P at right angles to the plane AOP is therefore 
a(mz—ny)+y (na —lz)+ż(ly— mæ 
ia ( y) Be ( y A Joea pinanci (1) 

The A.M. of P about the axis OA is the product of this by the length of 
the perpendicular from P on the line OA, that is by rsin@. Hence this 
A.M. 18 u{il(mz=ny)+ý(ng—lz)+ż(ly—mx)}, 
or, arranged according to the cosines l, m, n, 


lulży— ¥Zz)+ mp(az — Zr) + ne (Yyu— iy). 


MU, = 


* This expression is an abbreviation for «/v, y/v, z/v. Similar contractions, which will 
usually explain themselves, are frequently used in what follows. 
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The usual system of rectangular axes is one in which any axis (e.g. OX) 
is changed into the next in cyclical order, OY, by a turning about the third 
axis OZ, in the counter-clock direction to an observer looking towards O 
from a point on OZ. An ordinary right-handed screw (the usual cork- 
screw) placed so as to point along OZ, and with half of the handle along OX, 
would, if that part of the handle were turned in the direction from OX to 
OY, advance along OZ. 

To agree with this specification of axes the angular momentum should, 
for positive values of g, y, z, #, y, ż, correspond to motion of the particle 
round the axis OA, in the counter-clock direction as seen by an observer 
looking towards O from a point beyond the plane through P at right 
angles to OA. If, for example, the axis OA coincide with OX so that 
l=1, m=n=0, while ý is also zero, so that the motion is parallel to the 
plane ZOX, we get uzy for the A.M. about OA, that is the counter-clock 
turning is taken as positive. The direction cosines of the normal to the 
plane AOP have been taken above so as to fulfil this condition. 

Denoting the A.M. of the whole system about OA by Hog, we get 

Hoa =l2{u(Zy— 9Z)} m2 {uw (He—2x)} +NX{u(Yye—aLY)} 5 eee (2) 
or, if we write 
He=S{uéy—g2)}, Hy=2{u(ae—2a)}, He=D{u(go—ay)}, ...(8) 
Diya haf TVA a AOE Ue ons the eek ca dea Page Ph video Dd Pe PORE TANES. aaa (4) 
H,, H,, H; are the components of A.M. about the axes OX, OY, OZ. 

Thus Hoa, regarded as a vector associated with the axis OA, is compounded 
of the three vectors H,, H,, H, associated with the axes of coordinates. 
When it is desired to insist on the vector quality of a quantity, it is usual 
to employ a special symbol for the quantity. We shall use the same letter 
as that ordinarily employed, but taken from the Clarendon fount. Thus, 
what we have referred to as the vector Ho, would be denoted by Hoy. 
Thus H means the scalar, or numerical, value of the vector. The component 
vectors are H,, H,, H. 

These components give a vector of which the scalar value is 

H=(H2+H,/?+H,’)3, 
the direction cosines of which are (H,, H,, H,)/H. Thus H is not to be 
confounded with Hoa. Denoting the angle between the two vectors by 
(H, Hoa) we have 


H 
Ae thai 12s z UT E AE (6) 


3. Relations of components of AM. to momental ellipsoid. Now let 
the system revolve as a rigid body about an axis OI. OI is called the 
instantaneous axis, or axis of resultant angular velocity, and every particle 
of the system has at the same instant the same angular speed, w say, about 
that axis. In some of the cases of motion which are considered below, the 
system is a rigid body, and turns about a point fixed both in space and in 
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the body, and this point may then be conveniently taken as the origin of 
coordinates. In the more general case, however, of the motion of a rigid 
body, the instantaneous axis changes in position both in space and in the 
body, and is not subject to the condition of always passing through a ` 
definite point either in the body or in space. 

We shall denote the direction cosines of the instantaneous axis by a, 8, y, 
reserving l, m, n for any axis OA. The angular speeds ws, wy, wz are the 
components of angular velocity about the axes of coordinates. It is easy 
to see that they give 


B= WyZ— OLY, GEOR O, ZHWzY — Wy. aee (1) 
By (3), 2, we obtain 
z= 2[u{(oxy — wy) y — (wt — x2) 2} ] r 
= w24 u(y? +27)} — wyX (Mey) — oÈ (MZE). osses (2) 


In the same way similar expressions are obtained for H,, H,. 
But for a rigid body we have the three moments of inertia, 


A= Tp(y?+2), B=Spu(e?+2%), C=Lu(o?+4?), «0.0.0.0 (3) 
and the three products of inertia, 
Deed (uy2), BSS (per), Par). eerste (4) 


Hence for the components of A.M. we have 
H,= Aw,—Fw,—Ew,, 
H, = — Fo, + Bo, — Doz, | 
H, = — Eo, — Doy + Coz. 

It may be noticed that these component angular momenta give, since 

NOW ws =aw, cte., for the A.M. about OI the value 
a(Aw, — Fw, — Ew,)+ 8(— Fws + Bo, — Dow) + y(— Ew, — Dw, + Co) 
= w(Aa?+ BG?+ Cy?—2DBy —2Eya— 2Fa8)....... (6) 

The moment of inertia I about OI is therefore given by 

I= Aa?+ BGB?+ Cy? — 2DBy — 2Eya— 2FaB, «0.0.0. eee Ci} 
the well-known expression on which Poinsot’s theory of the momental 
ellipsoid is founded. For by the definition of A.M. stated in 2 the a.m. of the 
system about OI is w2(up”) where p is the length of the perpendicular on 
OI from the particle considered. 

The direction cosines of OI are (wz, wy, wz)/w, those of the axis of 
resultant A.M. (OH say) are (H,, H,, H,)/H. Hence we get for the angle 
(H, I) between OH and OI, 

1 


cos (H, I)= -p (wzHz+ wyHy+o-H,)........ AT EG (8) 


The a.M., Hoa, about an axis OA, of which the direction cosines are 
l, m, n, is given by 
Hoa =LA ws — Fo, — Ew) + m( — Fw; + Bo, — Do) +n — Ew — Dey + Co) 
=w,(Al—Fm— En)+o,(—Fl+ Bm —Dn)+,( — El—Dm+Cn)....(9) 
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4. Equations (1), 3, give for the kinetic energy of a rigid body turning 
about a fixed point, the expression 


T=} Eu { (wy — wY) + (0 — w2) + (xy — wyt)’ }, aene) 
that is, with the values of A, B, C, D, E, F inserted, 
T=} (Aw + Bo + Cw, — 2Dw,w, — 2Eow, — 2Fwrwy). ...........(2) 


We can write this in the form 
T= }w,(Ao,— Fw, — Ew) + twy — Fws t+ Bo, —De,) 
+ 40,(— Hwy — Dwy+ Caz), .....cccceceeceeceeeeeenen (3) 
that is, T= $(wzH, + wyHy + wH,). TERE eke REE Ce ee (4) 
Thus the kinetic energy is half the sum of the products obtained by multi- 
plying each component of A.M. by the corresponding component of angular 
velocity. 

It is to be observed that if the motion be impulsively generated from rest by 
impulsive couples about the axes, H}, Hy, H; are the time-integrals of these 
couples for the infinitely short interval in which the motion is generated. 

Equation (4) expresses in ordinary notation the theorem that 

Dose AS. ADE vim re T L ted oh (5) 
in quaternion notation, or, in words, that the kinetic energy is minus half 
the scalar product of the two vectors, Q representing the angular velocity, 
and H representing the vector of angular momentum. 

In (3) T is expressed as a homogeneous quadratic function of wz, wy, wz, 
and we see that we have then 


oT oT ON 

5g, He a she ape Foye MCh eka ah (6) 
We infer from the form of (4) that if by solution of the equations (5), 3, 
for H,, H,, H, in terms of wz, wy, œz we found wz, wy, œz in terms of Hy, 
H,, H,, and substituted in (4), we should obtain T expressed as a homo- 
geneous quadratic function of the latter variables, and should then have 


oT oT oT 
m ga, i? ia MM a RIO a a A HG NOG (7) 
This transformation is easily carried out. Writing A for the determinant 
A, —F, -E 
—F, B, —D/=ABC—AD?—BE?—CF?—2DEF............. (8) 
—E,-D, C x 


we get 
w= 5 {H_(BC—D*)+ H,(DE+CF)+H-(BE+FD)}, 


y= x (He(DE + CF) + H,(CA—E!)+H,(AD + ER) ee (9) 


w.=4{H.(BE+FD)+H,(AD+ EF)+H(AB—F°)}. 
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The kinetic energy is now given by 
T= 5a (HBC — D®)+H,2(CA—E*) + H2(AB— F?) 
+2H,H,(AD+EF)+2H,H,(BE+FD)+2H,H,(DE+CF)}. ...(10) 


It will be observed that if the axes of reference be the principal axes of 
moment of inertia, this reduces to 


TERVA Bh en l . 
re Hz +pH, to H); cespoicooooccocóoooosooo (11) 


and it may be noticed that 
te tH a tay T LHe 


SA -5 At’ SRT ORY’ a acre (12) 
By (2) above we have, for the same choice of the axes of reference, 
Pah Qes- Boy + Coe), imentieenztedes ath oh ob (18) 
and this of course is the same as (11). But we have now 
or PH oe EL eo lua tye 
sq (= oe) =5 At’ SB75 p Te Ce te tile asics § DED 


so that here the partial differential coefficients of T with reference to A, B,C 
have the same absolute values, but positive or negative signs according as 
T is expressed in terms of the component angular velocities, or in terras of 
the components of angular momentum. 


5. aM. and kinetic energy. As we have seen, if the body turns about 
an axis OI, drawn in the direction a, 8, y, with angular speed w, (wz, Wy, Wz), 
2T = Aw,’ + Boy + Cw, — 2Dwywz — 2Ew 0, — 2Fowy. 

Consider now the expression 
Ag? + By? + Of? — 2Dnf — 2ECE — 2F En, 
where £ n, € are the coordinates of a point on the line OI. If p be the 
distance of the point from O, we have 
Ê orx i Oy ORO 

aay E a 
so that if we take p=w, we have (Ẹ n Ê) = (wz, wy, @z). If now we suppose 
the value of T to be the same for different directions of the axis of resultant 
angular velocity, the surface given by (Ê n, €)=(wz, wy, wz) is an ellipsoid 
(centre O) and œ? is numerically equal to €?+7°+€, the square of the 
length of the radius vector in the direction chosen. Thus we have the 
theorem that if the body rotate about any axis through the fixed point 
with an angular speed proportional to the length of the radius vector of 
this ellipsoid which coincides with the axis, the kinetic energy of rotation 
is the same for every axis. The ellipsoid is similar and similarly situated 
to any Poinsot’s momental ellipsoid for the given body and the fixed point 
as centre. This result is of course obvious from the fact that the moment 
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of inertia about any radius vector of the momental ellipsoid is inversely 
proportional to the square of the length of that radius vector. 

The direction cosines of the perpendicular to the plane which touches 
this ellipsoid at the outer extremity of the radius vector in the direction 
a, B, y are proportional to dT/dw,, OT/dwy, OT/d%wz, that is to H,, H,, Hz. 
Hence these direction cosines are (H,, Hy, H,)/H. Since (£ 7, Ê) = (wz, wy, @z) 
the length w of the perpendicular is given by 

o= (oH, + wyHy + 0.H,)/H =. 
The direction of the resultant AM. is therefore perpendicular to the 
diametral plane which is conjugate to the axis of rotation. This result 
is useful as telling at once how the axis of rotation (the radius vector) and 
the axis of A.M. (the perpendicular to the tangent plane), which are lines 
passing through the origin, are relatively situated. 


ane CaN eo 


Fic. 2. Fic. 3, 


For example, consider a body of which two principal moments of inertia, 
A and B, are equal. According as A>>or<C the momental ellipsoid 
is prolate or oblate, and in each case the moment of inertia about the axis 
of figure is C. In the case of the oblate ellipsoid the axis OH of A.M. is 
nearer to the axis of figure OC than is the axis of rotation OI: the reverse 
is true in the other case (see Figs. 2 and 3). 


6. Motion of rotation combined with motion of translation. If 
the body is not in motion about a fixed point, we consider separately the 
motion of the centroid of the body, and the turning about an axis, or about 
coordinate axes, passing through the centroid. Thus, if u, v, w be the com- 
ponent velocities of the centroid, and H,, H,, H, the angular momenta and 
wz, Wy, @z the angular speeds about axes drawn from the centroid as origin, 
and M denote the whole mass of the body, the kinetic energy is given by 
the equation 

T=3{M(w2+0?+4 w?)+0,H,+ wyHy + ,H;}. 
Examples will be found below in connection with the motion of a top on 
a horizontal plane. 


46 GYROSTATICS CHAP. 
7. Time-rate of change of aM. Equations of motion. The time-rate 
of change of a.M. about OX is 


H = Ad, Bo Bo + Aws — Fwy — Eo, eee ss eeeees (1) 
for as the body is in motion relatively to the axes, the quantities A, B,C, 
D, E, F are subject to variation. 
If at the instant considered the principal axes of the body coincide with 
the axes of coordinates, A, B, C are the principal moments of inertia, and 
D=E=F=0, Equation (1) becomes then 


ipe Ae, inp — Woy D suk. ste. eee deen ceo (2) 


Similar equations hold for H,, Hy. 

If the material system be a rigid body turning about O as a fixed point, 
the values of A, E, F are to be calculated subject to the conditions ex- 
pressed in (1), 3. Since 


R= lus), Bales, Fa Dury, acseen saa (3) 
we have A=2>u(yy+22), È = Eula+iz) F=Euliy t ýt); (4) 
and (1), 3, give 

YY +HZ =wæyY — wz, tY +HİL= wh?) why? +2) + Oyy — wrt. 

Multiplying the last-found expressions by u and summing for all the 
particles, we find (since at the instant D=E=F=0, A=0) F=%w.(B—A). 
Similarly we obtain E=w,(A—C). The equation of motion, obtained by 
equating H, to the moment L of the applied forces about OX, is therefore 


Ags (B=) 00 = Dy ses cere E (5) 


Similar equations of motion hold for the other two axes. 


8. Equations of motion for moving axes. Eulers equations. In 
these equations of motion the angular speeds ws, wy, wz are those about the 
fixed axes of coordinates with which the principal axes of moment of 
inertia of the body coincide at the instant considered, that is at time t. 
But since, obviously, there is no difference between the angular speed about 
a fixed axis and that about a moving axis coincident with it, we identify 
Wz, wy, wz With the angular speeds w, œ, ws, say, about the principal axes of 
the momental ellipsoid, which, of course. moves with the body. It requires 
examination, however, to decide whether ós, say, the time-rate of variation 
of the angular speed w, about the fixed axis OX, may be identified with the 
time-rate of variation #, of the angular speed about the moving axis: for 
after the lapse of an interval dt the moving axis has separated from the 
fixed axis. 

To decide this point, and at the same time obtain some useful results, we 
consider the general case in which the trihedral system of axes OA, OB, OC 
(not necessarily principal axes of the body) turns about the axes OA, OB, 
OC themselves with the angular speeds 0}, 0,, 0;. Let these axes coincide 
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at time ¢ with the fixed axes OX, OY, OZ: then w= Wz, W= Wy, W= Wz, 
that is the angular speeds of the body about OA, OB, OC and about OX, 
OY, OZ are the same at the instant. At time t+dt, however, Wx, Wy, Wz 
have become o,+6,dt, wy+a,dt, w,+,dt, while œ, w, w; have become 
w+ dt, o,+,dt, wodt. But, in the interval dt, OA, OB, OC have 
moved away from coincidence with the fixed axes. OA has moved through 
the angle 6,d¢ about OB (or OY), and through the angle @,dt about OC (or 
OZ). This, of course, is not exactly true; but it can easily be shown that 
the amount of inexactitude becomes vanishingly small in comparison with 
0,dt and 6,dt, as dt is diminished towards zero. Thus in the time interval 
dt, taken very small, OA has turned round O in such a way that a point a 
on it, at unit distance from O, has at time t+dt coordinates the values of 
which, measured along OX, OY, OZ, are 1, @,dt, —0,dt. Since the length 
Oa is unity, these coordinates may be taken as the direction cosines of the 
new position of Oa. 

The instantaneous axis OI still passes at time t+d¢ through O, but it 
may have changed its direction in space. Let its direction cosines with 
respect to OX, OY, OZ be a+da, 8+d8, y+dy at time t+dt, and the 
angular speed about it be w+dw. The angle between the new positions of 
OI and OA is 

cos~!{a+da+(8+d)0,dt—(y+dy)0,dt}, 
or, to small quantities of the first order, 
cos-!{a+da+(B0;—y0,)dt}. 


The angular speed w»,+,dt about OA in the new position is therefore 


given by w +6,dt=(w+dw){a+da+(80,—y0,)dt}, 
which, since w,=wa, w,=, w=wy, can be written 
q 
6, 4 0,0, 048. IAE A (1) 


Thus, although wa=w,, d(wa)/dt is not dw,/dt, but dw,/dt, for it is the time- 
rate of change of the component of w with reference to the fixed axis OX, 
while dw,/dt (or à) is the time-rate of change of the component of w with 
reference to the moving axis OA, and following that axis. Similar results 
can be obtained in the same way for the other axes. Thus we have the 
important equations 6, =6,+0,0;= 0,05, 
y= Opi gay aie sary one ae AIOT (2) 
O; = @, +00) — 00. 
It is convenient to write equations (2) in the form 

oe A tg, CLC: CUCr E rien ' cone et eunssaienets (2’) 


Then ò, can be built up, in the manner indicated in 12 and 13 below, of à, 
arising from the time-rate of variation, of w,, w0 arising from the turning 
about OB, and —w,0, arising from the turning about OC. 


48 GYROSTATICS CHAP. 


If the axes OA, OB, OC are fixed in the body, we have 
(01, 02, 03) = (w3; wo, w3), 


i . . . a . . 
and therefore E Nh Di = Oy cate E Ore pales a O OS (3) 


Thus, whether OA, OB, OC are principal axes or not, provided only they 
are fixed in the body, the two angular accelerations are the same. 

Returning now to (5), 7, we see that we can write that equation, and 
the two similar equations which hold for the other axes, 


Aw, —(B—C)o,.0, = L, 

Bo S (C= A) 00] ~ MPP cal Mise eens (4) 

Ca, —(A—B)o,0,=N, 
for OA, OB, OC are here principal axes of moment of inertia, and therefore 
fulfil the condition of being fixed in the body if that be rigid. L, M, N are 
the moments of the applied forces about the instantaneous positions of OA, 


OB, OC. These are Euler’s equations for a rigid body turning about a 
fixed point. 


9. Example. A symmetrical top turning about a fixed point O. 
To make the discussion of moving axes clear, we take a case in which three axes OC, 
OD, OE, fixed neither in the body nor in 
space, are chosen instead of OA, OB, OC, 
which we reserve for the representation of 
the principal axes. The body (Fig. 4) is 
supposed to be symmetrical about the axis 
OC. Let OC at the instant considered be 
inclined at an angle @ to the vertical OZ, 
and further let the plane ZOC be turning 
about the vertical with angular speed ý, 
while a plane fixed in the body, and con- 
taining the axis of figure, is turning rela- 
tively to the plane ZOC with angular speed 


ae w’, in the directions shown by the circular 

oe arrows in the figure. We refer the motion 

o pe to OC, and to other axes OD, OE at right 
D, angles to one another and to OC. OD is 
; Fra. 4. at right angles. to the plane ZOC, OE lies 


in that plane, so that, while OC is fixed in 
the body, OD, OE are not, but move with the plane ZOC. The angular speeds 
of the body about OC, OD, OE at time ¢ are respectively w+% cos 6, 6, Ņ sin 6. 
According to the notation used above, these represent w,, œp, wœ. The angular 
speeds of this frame of moving axes about OC, OD, OE respectively are then ý cos 6, 6, 
y sin 0, and these represent the 6,, Oz, 0, of 8. By (2), 8, we get for the angular 
accelerations with respect to fixed axes OX, OY, OZ, with which OC, OD, OE coincide 
at the instant ¢, l 


by = Ha — 030, + 0,0; = ,— ¥2 sin O cos 0+(w' +$ cos O)¥ sin 0=0+w'Y sin 6, 


z= 0 — 0993 + 030,= 0, — OF sin 0+ sin 0. 6 Op | 
Jas 
ù, = ty — 0192+ 0,0, = 03 — (w’ + cos 6) 6+ Oy cos 0 =ù- wh. 
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10. Body turning about a fixed point O. More general equations of 
motion for moving axes. Exactly the same process can be applied to the 
comparison of the rates of change of the components of any vector 
whatever, with reference to fixed axes, with the rates of change of the 
same vector with reference to a system of axes turning with angular 
speeds 6,, 0, 0g about the individual axes of the same system, and coin- 
ciding with the fixed axes at time ¢. Denoting the components in the 
two cases by H,, H,, H,, H,, H,, H}, we have only to use H instead 
of w in (2), 8, to obtain 


H, Ez) H, Ti H,0, oh H,63, 

H: = H; — H, 0, + H,6,. 

Since the axes coincide at time t, we have of course 
(H7 H? HISH H7 H,). 


If Hz, H,, H; be the components of angular momentum about the fixed 
axes with which the moving axes coincide at the instant, we obtain the 
equations of motion 


H,=H,—H,6,+H,6,, | 


H, —H,6,+H,0,=L, 
LAOH Ole Meee eet hee A (2) 
H,—H,6,+H,0,=N. 


These are more general than (4), 8, inasmuch as they hold for any system 
of moving axes about which the moments of applied forces are L, M, N at 
the instant considered. 

As has been noticed, the values of H,, H,, H; are identical with H}, Hy, 
H,, and this being the case, the non-identity of the two sets of time-rates of 
variation is sometimes regarded as mysterious. But while H,, H}, H,, like 
H,, H,, H,, refer to a set of axes in a definite position, H,, H,, H, refer to 
the change from the values for one definite position of the axes to those for 
another (but near) definite position, while H,, H,, H, refer always to the 
same position of the axes as that with which H,, H,, H,(=H,, H,, H;) are 
associated. 


11. Body turning about a fixed point O. Relations between moving 
and fixed axes. If the moving axes OA, OB, OC are not coincident with 
the fixed axes at the moment under consideration, we may define their 
positions by the three sets of direction cosines which specify their directions 
with respect to OX, OY, OZ We denote these by U: My, by, Me, Ne, 
lz, Mg, Ng. Thus we have 

H, = H, + Hal + H,!,, 
H = Hym, + Hemet Hgtigs f eerererererererereeoes (1) 
H, = Hyn,+ Hn, + Hyng. 
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H,= = Hm, + Hm, + Hym, + Hy, + Horio + grins, --(2) 
H, = Hn; + Hyn, + Hyn, + Hn, + Hn, + Hyg. 

Equations (2) are quite general, and may be specialised in various ways, 
For example, we may obtain from them the results already established, but 
before making any applications it is convenient to notice the vector signifi- 
cance of the expressions. ‘This may be exhibited as follows. We are con- 
sidering a vector H which is changing both in direction and in magnitude, 
and the components of which, with reference to OA, OB, OC, are H,, H,, 
H,;. The component H,, say, of the vector in a direction Ol making with 
these axes angles a, 8, y at time ¢ (and moving in any way that may be 
specified) is given by 

H, = EH.cos a HH. cos G4 Hitcosyieenanerts eee eee (3) 
The time-rate of variation of this for the fixed direction with which Ol 
coincides at the instant, is 

oo H, cos a+ H,cos8+H,cos y — Há sin a—H,8 sin 8 —H,y sin y. ...(4) 
Here Ey (she ED are the rates of variation of H,, H,, H, on the supposition 
that a, 8, y are constant, and are therefore rates of variation following a 
system of axes OA, OB, OC, moving with Ol. But for the moving Ol we 
denote the rate of growth of the vector (a, 8, y constant) by 0H/et, and have 

oH 


These give H, = Hl, +É + Él + Hy, + Hl, + Hl, | 


=p = Hh cos a + H, cos 8+ ÉH, cos y. 
dH oH 
Thus Tae —H,asina—H, 6sinB—Hyysiny. 0.0.0.0... (5) 


Now it is easy to prove that 

dcosa\? , (dcos 8\? , /d ceos y\? ; Ae ; 

( dt =) au dt s) +( dt x) » or d’sin’a + B*sin®B+/sin*y, 
is the square of the angular speed with which the direction Ol is turning 
round. If we take a vector O, of length equal to this angular speed, in 
the direction Ok, say, about which this turning takes place, this vector 
will represent the angular velocity with which the axes OA, OB, OC are 
turning. If then, dropping the suffix l, we take H as the vector considered, 
we see that dH/dt exceeds 0H/dt by the vector product V(H6), that is, the 


equation dH = 
am VCHOVE e costo A (6) 


holds. This merely states the ree fact that the rate of growth of any 
vector drawn from a fixed point is represented in magnitude and direc- 
tion by the velocity of the outer extremity of the vector. 

If i, j, k denote unit vectors along the instantaneous positions of the axes 
OA, OB, OC, with respect to which H,, H,, H, are taken, and 0}, 05, 0, be 
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the numerical values of the components of © with reference to the same 
axes, we can write the last equation in the form 
OB _ SE = GH, +H, +kH,)(i0, +50, +&0,) + H,0, + H,0,+H,6, 
=i(H,0, — H,6,)+j(H,@, —H,0,)+-k(H,0, —H,0,). ...........(7) 
Thus we infer that the components of dH/dt —0H/ot are 
H,0,—H,0,, H,0,—H,0;, H,0,—H,6,. 

The vector product on the right of (6) is a vector at right angles to the 
plane of the two vectors H, ©. The equation is indeed obvious, when it is 
considered that the turning about Ok moves the outer extremity of the 
vector H at right angles to this plane, so that the total time-rate of change 
of H, dH/dt, exceeds 0H/ot by the vector representing the rate of growth 
thus produced. Thus, from the vector equation, which really requires no 
demonstration, equations (1) and (2), 10, might be inferred. As a matter 
of fact, the simple theorem stated at the beginning of next article, and then 
proved and illustrated in various ways, is clearly true from the most simple 
commonsense considerations, and is a practical application of the vector 
theorem (6), in the simple but exceedingly important case in which the 
vectors O, H are represented by their components w, H, along the axes with 
which OA and OB coincide at the instant. The turning about OA with 
angular speed w, gives a rate of production of the vector along OC equal 
to w,H,, and similarly for other components of the two vectors. 

The equations of motion, (2) of § 12, are now summed up by the single 
vector-equation / 

5 oF OH V(H0)=1, A Sini gh, Banaka (8) 
where H is the resultant angular momentum and L the resultant moment 
of applied forces, both taken as vectors. 

We may also in this equation interpret H as the vector A.M. about any 
specified axis, O as the vector angular velocity with which that axis is 
changing in direction, and L as the vector applied couple, which of course 
has the direction of dH/dt. 

In the case in which H, the value of the a.m. for the moving axis, is 
constant in numerical amount, the variation dH/dt is wholly due to the 
turning; and we have then the direction of H constantly changing so as to 
produce exactly the time-rate of change of the vector due to the action 
applied to the body. Thus, as we shall see, in the case of a gyrostat in 
steady motion, the axis of A.M. always “follows,” that is, turns towards, the 
position of the 90° distant axis of the resultant couple. 


12. Simple rules for forming equations of motion. The following 
simple theorem, which admits of direct and elementary proof, gives a con- 
venient working rule for the use of the foregoing analysis in practical 
cases. Though formally derived for a particular case, it gives an intuitive, 
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and therefore easily remembered, method of dealing with even the most 
complicated problems of the motion of tops and gyrostats. 

Consider (Fig. 5) two axes, Op, Og, at right angles to one another, which 
are turning in their own plane with angular speed w about the point O, and 
let Op’, Og be two fixed axes with which at the instant Op, Oq coincide, 
Let P, Q associated with Op, Og be components of a given vector A in that 
plane. Along the direction of A measure a length to represent the magni- 
tude of the vector, and on the same scale measure distances along Op, Oq 
respectively to represent P,Q. We shall suppose Op, Oq themselves to be 
these lengths. The motion of the extremity of the line representing the 
vector A will have components along Op’, Oq’ representing the component 
rates of change of the vector in these directions. But since P, Q, taken 
along the moving axes, continue to represent the vector, the sum of the 
displacements of the two points p, q (in any interval of time), parallel to 
Op’ and Og’ respectively, must represent the components of the total changes 
which the vector has undergone in those directions in the interval. 

In an interval of time dt we have the displacements 

P dt. cos (w dt)— Q sin (w dt), parallel to Op’, 
Q dt. cos (w dt)+P sin (w dt), parallel to Og’. 
Since dt is supposed to be very small, these become 
(P—oQ)dt, (Q+oP)dt, 
and the component rates of change along Op’, Oq’ are 
P—oQ, Q+oP. 


, 


' 
1 
' 
| 
' 

(0) 


Fic. 5. Fic. 6. 


These results may also be obtained in the following manner, Let P’, Q’ be components 
of a vector with reference to the fixed rectangular axes Op’, Og’, and P, Q those of the 
same vector with reference to axes Op, Og turning in the plane p’Oq’. Let, however, 
at the instant the axis Op make with Op’ the angle y as in the diagram (Fig. 6). 


Then we have PSP cosy —@ sin y OQ EPN FOCOS Y EE (1) 
These equations can be united in one as 
P+ IQ’ EPROR n, BS re Cee aN ao fat (2) 
Hence we obtain by differentiation 
PQ P= Ov FUO T Pil Ve cho a E N. (3) 


Equating real and imaginary parts on the two sides of the last equation, we find 
P’=(P—Qy) cos -(Q+ Py) sin y, w 
aP- Osin vae ae aa as 
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Thus, if at the instant considered ~=0, and we write w for y, we get 
P-P OO 0 | oe Ce e a (5) 

Equations (4) [as well as equations (5)] show that P- wQ, Q+P are the component 
rates of change of the vector for fixed axes with which the revolving axes at the instant 
coincide. The reader may give a vectorial interpretation to the steps of this process. 

The theorem stated in the earlier part of this article is extended for 
practical working as follows: Let there be three moving axes, Op, Og, Or 
(Fig. 7), which remain at right angles to one another as they move, and at 
time ¢ are coincident with three fixed axes, 
Op’, Og’, Or’. The motion of the axes may 
be specified in the following manner: Og, 
Or turn together with angular speed o 
about Op; Or, Op turn with angular speed 
w, about Og; Op, Og turn with angular 
speed w about Or. These rates of turning, 
existing simultaneously, maintain the axes 
at right angles to one another, whatever 
their (finite) time-rates of change may be. 
For, by considering angular displacements 
about the axes, effected separately in successive intervals of time, we 
could show that, to small quantities of the first order of magnitude 
inclusive, the same result is obtained when the displacements take place 
in any order or combination of orders. 

That the axes remain at right angles in the simultaneous turnings may 
be seen by noticing, for example, that while, by the turning about Op, Oq 
and Or are moving in their own plane, the turning about Og is moving Or, 
and the turning about Or is moving Og, in each case at right angles to that 
plane, and that each of these motions is followed by Op. These displace- 
ments of Op no doubt change in dt in a slight degree the plane of motion 
of Og, Or, but the effects of this are infinitesimals of a higher order than 
the first. 

Let now the components P, Q, R of a vector A for the axes Op, Og, Or 
be represented by the segments Op, Oq, Or themselves, which are therefore of 
lengths numerically equal to P, Q, R. Then the sum of the displacements 
of the extremities p, q, r of these lines, taken parallel to any direction that 
may be specified, gives the magnitude of the vectorial change in that 
direction, and corresponding to these displacements. 

In a short interval of time dt we have the displacements : 

P dt. cos a — Q sin (w,dt) +R sin (w,dt), parallel to Op’, 

Q dt .cos B—R sin (w,dt)+P sin (w,1t), parallel to Od’, 

R dt. cos y—P sin (w,dt)+Q sin (w,dt), parallel to Or’, 
where a, B, y are the angles which the vector A in its new position makes 
with the fixed axes O(p’, q’, 7’). 
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These angles are evanescent in the limit when dt is taken indefinitely 
small. These displacements therefore give, for the time-rates of change of 
the components along Op’, Oq’, Or’, 


P—Qo,+Re,, Q—Ro,+ Pes, R—Pw,+Qe,, 


which, when H,, H,, H, are used instead of P, Q, R, and 6,, 0z, 0, for œ, 
wœ w3, are the values of the component time-rates of change exhibited 
in (1), 10. 


13. Illustration. We may illustrate the foregoing article by using its method 
to establish Euler’s equations, which have been obtained otherwise in 7 and 8. 
As we have seen in 7, the moving axes chosen are the axes of principal moments 
of inertia of the rigid body. These move with the body: the moments of inertia 
are denoted by A, B, C, and the angular speeds at the instant are o4, w2, @3, so that 
the angular momenta about the axes are Aw,, Bws, Cw. These latter quantities we 
identify with P, Q, R. Hence the three component rates of change exhibited at the 
end of 12 are 


Aw,-(B-C)o.03;, Bo,-(C—A)w3,w,, Ca;—(A—B)w,o», 
which, equated to the moments of the applied forces about the axes in the positions 
Op’, Og’, Or’, give the equations 
Aw, —(B— C)a,0,=L, 
Ba, —(C— A) o0,=M, 
Co,- (A — B)o,o,=N. 
The reader will find the following way of building up such expressions easy to 
remember and apply. Take the rate of change of a.m. about Op’. We have first the 
time-rate of change of Aw, the component of a.m. about Op. That gives Ajo. Then 
we notice that the turning with angular speed w, about Og is causing the axis Or to 
approach Op’, and as the a.m. about Or is Cw;, this gives for Op’ a rate of change of 
AM. Cw,w,. Again, the turning of the axes with angular speed w; is causing the axis 
Og to recede from Op’, and as the a.m. about Og is Bw, this brings about a rate of 
change of a.m. of amount —Bw,w, for the axis Op’. Hence the total rate of change is 
Ao —(B-C)ww;. The same process may of course be followed for the axes Og’, Or. 


14. Simple rules for passage from one set of axes to another set. 
The method of 12 enables the equations for passage from the principal axes 
of moment of*inertia OA, OB, OC to any other system of axes Ox, Oy, Oz, 
to be written down at once. The body turns about an instantaneous axis 
OI with angular speed w= (w, +w +w), where the positive value of the 
square root is taken. The direction cosines of OI are (w, w, w3)/a. Take 
now, for example, the axis Ox, which has direction cosines A}, As, Ag With 
reference to the axes OA, OB, OC, and let X denote the angle wOI. The 
angular momenta give a component E about Ow, a component F about an 
axis Of at right angles to Ow and in the plane xOI, and a component G 
about an axis Og at right angles to the plane OI. The angular speed w 
resolves into two components, wcosS about Ow, and wsinS about Of. 
Hence, if Ow, Og be of lengths numerically equal to E and G, the total rate 
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of change of A.M. for the axis Ov is É—wGsin9, where in E the cosines 
are supposed to be constant. Now we have 


K= TAA, +r, Bw + AgC0ws) = AA HA Bóg HACO oeiee (1) 


1 
and G= sin geste — Aaw) + Bo Aws — Ag) + Cw; (Aw —Ayw2)}- (2) 
Similarly we can deal with the axes Oy, Oz, the cosines of which are 
My, Mo M3, Vis Va, v3. Taking the total rate of change for each axis, and 
equating to the moment of forces about that axis, we get the equations 


AX 0, + BAd + Ogs + Aco, (Agw — Azwa) 
+ Bw, (Aso, — A, 3) + Cw3(A,w.—AQ@,) = L, 


A må, + Bud + Cagis + Aw, (uws — mgwa) | (3) 
+ Borg (ug, — bys) + Cw; (uw = mw) = M, 

Ava, + Brads + Crad + Aw (vows — vzw) 
+ Borg (vg — rw) + Cars (v2 — vw) =N". 


Here L’, M’, N’ are the moments of forces about Ox, Oy, Oz. They may be 
derived from the moments L, M, N about OA, OB, OC by the equations 


L’= AL + AM + AN, M’= mL + uM + uN, N’= nL + vM + vN, E (4) 


but it is usually more convenient to calculate them directly. 

Equations (3) may be derived from Euler’s equations by multiplying the 
first by \,, the second by A,, the third by à}, and adding. The result is the 
first of (3). The others are derived by means of mp Me, Us, Pi Po, Vg in 
the same way. 

The axes Ox, Oy, Oz may be the instantaneous positions of a set of 
moving axes, but it is to be remembered that equations (3) apply to a set 
of fixed axes in these positions. 


15. Example: A top spinning under gravity forces. As another 
example of 12 we take the top spinning about a fixed point on its axis 
under gravity forces, and choose the system of axes OD, OE, OC specified 
in 9, and shown in Fig. 4. These have directions exactly corresponding 
to those of an ordinary system of axes Ox, Oy, Oz. The angular speeds 
about these axes are, according to the notation explained (loc. cit. supra), 
6, yp sin 0, w +y} cos. If A be the moment of inertia of the top about the 
axis OD, A is also the moment of inertia about OE. We denote the 
moment of inertia about OC by C. 

The components of A.M. associated with the three axes are therefore AO, 
Aw% sin 0, C(w’+y-cos 0), or Cn. Taking distances along the chosen axes 
from O equal numerically to these quantities, and considering the motions 
of the extremities due to time-rates of change of the lengths of the 
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axes, and to the turnings, we get for the rates of growth of A.M. about the 
fixed axes OD,, OE,, OC,, with which OD, OE, OC coincide, 

AÖ+(Cn — A cos Jh sin 6, for OD,, 

Av sin 0+2A%} cos 0—CnÂ, for OE,, 

Cù +A sin 0. 0—AĝY sin, for OC,. 
The only moment of forces of gravity is that about OD,, which amounts to 
Mghsin@. In strictness there is a couple about OC, due partly to the 
action of the air, and partly in some tops, to friction at the pivots of a 
rotating flywheel, the axis of which is coincident with the axis of symmetry. 
We denote the moment of this couple by NV. There may also, in some 
arrangements, be a couple about OE, and an additional couple about OD, : 
if these couples exist we denote their moments by L and M. In most cases 
L, M, N are taken as zero. Hence we have 

A6+(Cn— A} cos 0) sin 6 = Mgh sin 0+ L, 
Av sin 0+(2Ay cos 0— On) 6=M, | 
Cn=N. 

If V may be taken as zero, we see that n, and also Cn, remain unaltered 
as the top moves. In some gyrostatic tops, made recently by Dr. J. G. 
Gray, the spin has been found to be still rapid after the top has been left 
to itself for nearly an hour, showing that the retarding couple in these 
instruments, which have a carefully designed form of ball bearings, has 
been brought down to a very small value. 

The a.m. about the vertical OZ is Cn cos 6+Ayy sin2@, and this, if M is 
zero, is constant, that is, we have 

Cncos 0+ Arfsin2@=G, ree tikes E (2) 
where G is a constant. The reader may verify by differentiation that (2) is 
equivalent to the second of (1) with M put equal to zero. 


omen 


16. Eulers equations for rigid body under gravity forces. Returning 
to Euler’s equations, take the case of any rigid body whatever, under the 
action of gravity. Let the mass of the body be M, the coordinates of the 
centroid G be £, n, Ĝ and the direction cosines of the upward vertical be 
a, 8, y, in both cases with reference to the principal axes of moment of 
inertia OA, OB, OC, drawn through the fixed point O. The components of 
gravity forces parallel to OA, OB, OC, respectively, are —Mg(a, 8, y). 
The second and third of these have moments about OA, the third and first 
about OB, and the first and second about OC. The total moments are 
easily found to be Mg(@—yn), Mg(y&—a€), Mg(an—Bé). Hence Euler's 
equations (1), 14, become 


Ao —(B—C)o,0, = Mg(BE— yn), 
Ba, —(C — A) w,0, = Mg(yé— a), Sates venetian rates o 
Co; — (A — B)wrw = Mg (an — BE). J 
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But since the vertical is fixed, a, 8, y fulfil a certain set of relations. 
For a, 8, y are the coordinates of a point on OZ at unit distance from O, 
and the component velocities of that point referred to fixed axes, with which 
OA, OB, OC coincide at the instant, are therefore zero. But by (1), 10, 
identifying the H,, H,, H, of these equations with a, 8, y, and 0,, 0z, 6, with 
Wj, Wo, Wz, WE obtain 

a — Bws+ yw. = 0, B—yo,+a,=0, Y — aw, t+ Bo, =0. «0.0.0... (2) 
It will be observed that this set of relations gives, as it ought, 
ad+BB+yy=0. 

The kinetic energy of the motion of the rigid body is $(Aw,?+ Bw? +Cw,?), 
and the potential energy is Mg(a€+6y+y¢). Hence we have the energy 
equation (Aw + Bo? + Cw,2) + Mg (aé+ Bn tyG)HE, ooeec (3) 
where E is the total energy. 

Again, the angular momentum about the vertical OZ does not vary, and 
therefore Aao, FBRo t Cyeg= Gy igs ceca e E eek (4) 
where G is a constant. 

These equations are easily obtained from (1) and (2). If we multiply, 
equations (1) respectively by w,, w,, w, add and integrate, taking account 
of (2), we obtain (3); if we multiply (1) by a, 8, y, respectively, add and 
integrate, we obtain (4). 


17. Steady motion of symmetrical top under gravity. It is possible 
to have a motion of unvarying value of 0, and unvarying precession. It 
will be seen that if M is zero in (1), 15, and Ê be zero, then vy is zero, at 
least if 0 is not equal to 0. If then 6=0, and also 6=0, we get from the 
first of these equations, if @ is not zero, 

(On — Axl cos 0) Mgh. E E (1) 

The value of yy is now constant, and the motion is said to be steady. 
Denoting for distinction the steady value of yy by u, we have the quadratic 


equation ' A c0s.0 og) Enar Moh = Oo ccc entesihnrs Soo e (2) 
which gives two values of u, which are possible when the inequality 
Cn? > 4A Mgh cos 0 


is fulfilled. Thus, provided Cn exceeds a limit here indicated, there are, 
for any given inclination 0 of the axis to the vertical, two values of u, and 
if Cn is very great, that is if the angular speed of spin is high enough, one 
of these values of u is very great in comparison with the other. A first 
approximation to the small root is given by the equation 


MEY SELON at ON Ag E EAEN Eaa (3) 
which is obtained by neglecting the term in u? in (2). Thus 
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A first approximation to the large root is obtained by neglecting the 
constant term in (2). Thus we find 
Cn 
ue Nco O en (5) 


It is remarkable that, if these first approximations are taken, the large 
root does not depend on the applied forces at all, while the small root is 
directly proportional to the product of Mg by h, that is to’ what has been 
called the “preponderance” of the top. Thus Lord Kelvin proposed 
(Thomson and Taits Natural Philosophy, § 345*"") that the azimuthal 
motion specified by (5) should be called “adynamic.” The precessional 
motion of the earth is that given by the small root of the corresponding 
equation to (2), and therefore he proposed also that the azimuthal motion 
specified by (4) should be called precessional. 

But either azimuthal motion can be realised, except in some particular 
cases, by starting the top properly. When, however, the top is spun by the 
rapid unwinding of a string, while the axis is held at rest at some inclina- 
tion 0 to the vertical, the subsequent motion, when the top is left to itself 
spinning rapidly, will be one of alternate falling slightly below, and return- 
ing to, the initial value of 0, accompanied by a varying value of w, 
ecient like that of @, and in the same period, but of mean value given 
by (4), to a first approximation. 


The roots can be calculated to any degree of approximation by writing the quad- 
ratic equation in the form 


[1 pi} =a ON enc seer e E atom eor es cae (6) 
that is by putting Cn/A cos 0=b, and Mgh/A cos @=a. Then if we write the quadratic.as 
p=b— x 

we get for u the continued fraction 
a Oh @ 
Mel Spe FL pe? A cigs Pee Acton A (7) 
which gives the large root. On the other hand, if we write the quadratic as 
= 
CETA 
we obtain the continued fraction pas f ; ie ti ly, Se eaaa aSa ae pin aE ee EEES stores (8) 


which gives the small root. 
A closer approximation to the large root than that expressed by (5) is given by (7), 


namely, Cn Mgh/. Mgh 
S p= NST] Cn (1 + Cn A cos 0), E AEA eral ty 3. T E (9) 


while the corresponding approximation to the small root is A 
Mgh/(, _ Mgh ) 
pan E T E E E E OANE l 

Cn \ |t Cy A COS 0 (10) 

Thus both roots involve Mg, and neither is, strictly speaking, adynamic. They 
are conjugate roots of the quadratic equation, and it seems desirable to designate them 
in some way that takes account of their common origin. One may be called the fast 
precession, the other the slow precession. 


[i 
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It will be observed that the fast precession becomes infinite when 0= $7, 
that is when the axis of the top is horizontal. Adopting an understood 
notation, we see that when 0=}7—0, w=+o, and when 0=4r +0, 
u=—œ. The value of u changes sign in passing through 47, but it does 
so in passing from positive infinity to negative infinity. 

It is important to notice that a steady motion is possible when h =0, and 
therefore no couple acts. The roots of (2) are then u=0, u=Cn/A cos 0. 
Thus, if the top is supported at its centroid, the axis may either preserve a 
constant direction in space, or, if the top is properly started, revolve about 
the vertical with angular speed Cn/Acos@. Here the motion is truly 
adynamic. 


18. Different cases of steady motion. Direct and retrograde pre- 
cession. Stability of steady motion. From the discussion given above it 
will be seen that if @= 47, the larger root of the steady motion equation (2) 
is infinite, so that there is only one realisable value of 
u, that is u=Mgh/Cn. If 0 be greater than $7, the 
value of the larger root Cn/A cos @ is negative. Thus 
take the three positions shown in the diagram (Fig. 8), 
and suppose that the couple about an axis through 
O is due to the gravity of the gyrostat situated as 
shown, and that we are not concerned with resultant 
couples in the contrary direction due to the presence 
of non-rotating back-weights. If the direction of 
rotation of the flywheel be the same in all three 
(that is counter-clockwise as viewed by an eye looking 
towards O along the axis of rotation from the side 
of the gyrostat remote from O), the direction of the 
precession measured by the root which is approxi- 
mately Mgh/Cn is counter-clockwise, to an eye looking 
towards O from Z, for all three cases. The precession is said to be direct. 
The turning motion given by the other approximate root is, when looked 
at in the same way, in the counter-clock direction in case (a), and is 
reckoned positive; in case (b) it is +% when the angle ZOC is infinitely 
little less than $7, and is —# when that angle is infinitely little greater 
than }7, and in case (c), for which the angle ZOC is between 4r and 7, it 
is negative, that is clockwise, and of numerical value Cn/Acos@,. The 
precession is said to be retrograde. A more detailed discussion of direct 
and retrograde precession is given in 16 and 17, V, below. 


Fic. 8. 


It is the smaller root of an equation corresponding to (2) that gives the 
precession of the equinoxes in the case of the terrestrial top. But both roots 
are derived from the quadratic equation in the same way: they are con- 
jugate values of the conical motion of the axis. When expressed exactly 
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both involve the applied forces, though one depends on these much more 
than does the other. Also both are possible motions, if the top is properly 
started. If the top is simply spun rapidly, and left with the axis at rest in- 
clined at an angle 0 to the vertical, the axis will oscillate between the value 
of 0 and a slightly larger value (for which of course the axis is lower). 
The mean precessional angular speed will be approximately that given by 
the smaller root of the steady motion equation (Mgh/Cn).- The actual pre- 
cessional speed will vary from zero at the smaller value of @ to 2Mgh/Cn at 
the larger value, where 6 is again zero, If a sphere of unit radius be 
described about the point of support as centre, the axis will move between 
two close horizontal circles corresponding to the turning values of 0. The 
path of the intersection of the axis with this sphere will be a succession of 
curves, each terminating in two cusps at the upper circle, and at its middle 
point tangential to the lower circle. That there are cusps at the upper 
circle follows from the fact that the axis is instantaneously at rest at the 
upper circle, with 6 a maximum, and vy zero, while only Ê is zero at the 
lower, so that the excess of kinetic energy at the lower circle above that at 
the upper is represented by the kinetic energy of the azimuthal motion. 

When the spin is very fast, the oscillations from limiting circle to 
limiting circle are very small, and the mean angular speed is as stated 
above. When the speed of spin is not very great the limiting circles 
are wider apart, and then the motion can be worked out completely by the 
theory of elliptic functions. The results here indicated for a fast spinning 
top will be found worked out in 14, V, below. 

The general theory shows, as we shall see later, that an even number 2m 
of freedoms of a gyrostatic system, can, if unstable before spin, be com- 
pletely stabilised by gyrostatic domination, and if stable before spin remain 
so after spin. If the total number of freedoms of the system be 2n, there are 
n small roots approximately given by an equation of the nth degree, and 
n large roots approximately given by another equation of the nth degree. 
The latter, if the spins are great enough, are practically “adynamic.” 

A so-called proof is sometimes given, by what appears to be a simple process of 
composition of vectors, that the angular speed of the azimuthal motion is Mgh/Cn 
for any finite value of 6. The other value of u is ignored, and the process is quite 
fallacious. When @ is constant, equation (2) is obtained as follows by the process set 
forth in §15. The rate of production of a.m. about OD is then (Cn — Ap cos O) u sin 6. 
The term Cn pusin 0 is due to the motion of the extremity of the vector Cn produced 
by the turning with angular speed pusin @ about OE. This turning is towards OD,, 
the instantaneous position of OD. The other term, of amount Ap?cos @sin 0, is due 
to the motion which the extremity of the vector of length Ay sin @ has parallel to D,O, in 
consequence of the turning at rate mcos @ about OC caused by the turning of the plane 
zOC about Oz with angular speed u. OE is being made to recede from OD, to a greater 
angle than $7, and hence the term is subtractive. 

When the azimuthal motion is so fast that the rate of increase of a.m. Cnusin 6 
is nearly balanced by the rate of diminution Ay?cos @sin 0, we have the larger root. 
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We shall return to the steady motion of a top or gyrostat in 9, V, 
and shali there show that the steady motion is stable, that is, that a slight 
disturbance of the motion will result in a periodic rising and falling of the 
axis about a steady motion inclination to the vertical, with a corresponding 
variation of the azimuthal turning; but without continually increasing 
departure from the steady motion. There is thus variation of 0, with, in 
a different phase, an accompanying variation of precession. This periodic 
change of @ is called nutation. 

Like precession, the term nutation is derived from the motion of the 
earth, which is exactly that of a spinning top. [See Chap. X, in which 
the earth’s precession and nutation are discussed. ] 


CHAPTER III 


ELEMENTARY DISCUSSION OF GYROSTATIC ACTION 


1. Elementary explanation of motion of atop. Although the behaviour 
of a top can be deduced from the equations of motion of a rigid body, which 
themselves are but the expression of fundamental dynamical principles, it 
is paradoxical and perplexing to many people. The stability of the upright 
position when the speed of rotation is considerable, and still more the pre- 
cessional (or sideways) motion of the axis of the top, produced by the 
action of gravity when the axis is inclined to the vertical, appears to be 
inexplicable. Hence, before carrying the general theoretical discussion 
further, we shall endeavour to give in the present 
chapter an elementary explanation of these 
phenomena. 

Let the top (supposed of the construction 
shown in Fig. 4) be set in rotation about its 
axis, by the rapid withdrawal of a string wound 
on the top, or in any other way, and be then left 
to itself supported on a fixed point O of the axis 
OC. If the axis be at rest when the top is freed 
from constraint, the course of events will be as 
follows; but if the initial condition be not as here 
stated, the present description will require modifi- 
cation. It will be noticed that the axis at first has an accelerated motion 
downward, that the top begins to fall. This is a beginning of the effect 
that the gravity force on the top, together with the reaction of the support- 
ing point, is “naturally” expected to produce. But no sooner has the 
descent of the axis begun than the top also begins to move sideways, as 
shown in the diagram (Fig. 9) by the curve AP. This curve is the path 
of the intersection of the axis with a spherical surface described round the 
point, O, of support of the top as centre. The difficulty, to a person un- 
trained in higher dynamics, is to understand this sideways motion, or 
precession. 

It will be seen, moreover, that the axis gradually ceases to tilt further 
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downward, so that at a certain instant, when it has the position Q, it has 
a sideways motion only, and thereafter begins to have an upward tilting 
motion, and continues to ascend, still with the same direction of sideways 
progressive displacement, until it has attained the same inclination to the 
vertical as it had at starting, when it will be observed that precession has 
for the moment ceased. The axis then begins again a tilting motion down- 
ward, and the former behaviour is repeated, and so on, until the exact 
repetition has been seriously interfered with by diminution of the spin by 
the action of friction. But until the spin has fallen off perceptibly the 
axis moves backward and forward between two limiting circles on the 
sphere, and each to and fro passage carries it a certain way round 
the vertical OZ. Thus the curve showing the path of intersection of the 
axis with the sphere is a series of repeated parts, each concave upward, 
touching the lower circle tangentially, and meeting the upper circle at 
right angles. 

We shall explain this motion at first by reference to a special arrange- 
ment, and then go on to a quantitative discussion of an elementary kind. 

[The difference of behaviour owing to difference in starting conditions is 
explained in 17, V, below. ] 


2. Top made with hollow rim containing balls. Analysis of action 
of balls. Let the top be made in the form shown in Fig. 10, that is, con- 
sist of a spindle OC, carrying rigidly fixed to it a 
disk provided with a massive rim. Let the rim be, as 
Figure 11 indicates, a hollow tube containing a number 
of equal balls in contact, fitting the tube and arranged 
so as to form a ring of particles, which is carried round 
with the disk when that rotates about its axis of figure 
OC. Suppose the top, after being set in rotation with 
the axis OC inclined to the vertical OZ, to be left to -=== 
itself under the action of gravity. As we have seen, 
it begins to turn about a horizontal axis OD at right 
angles to the plane COZ. This turning may be regarded as consisting of 
a motion of the centre of the disk at right angles to OC and in the plane 
COZ, and a turning of the whole about an axis AB through the centre of 
the disk and parallel to OD. It is this latter motion that causes precession, 
as we shall now show. 

Consider then a disk or flywheel (Fig. 11), loaded with balls in the 
manner just described, to have its centre at rest, and to be rotating, or 
“spinning,” in the plane of the paper about an axle through its centre O’, 
while it is turning about a horizontal axis AO’B at a definite speed. In 
consequence of the spin the ball a in the quadrant BE’ of the ring is, at any 
instant while it is there, being carried further away from the axis AB. 
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In virtue of its inertia the ball tends to go on without alteration of its 
speed and direction of motion at the instant. But as it increases its distance 
from AB in the tube, the ball is caused by the 
action of the tube to move faster in the turning 
motion about AB. The turning about AB has the 
direction, say, which brings E’ nearer the reader, 
and therefore the ball presses against the back of 
the tube. 

Now consider a ball b in the quadrant F’B; it 
is approaching the axis AB, and therefore its speed 
at right angles to the plane of the ring must 
diminish towards zero. This diminution is brought 
about by the action of the tube on the ball, and 
the ball therefore reacts on the tube. It will be seen that this reaction 
is in the same direction as that exerted by the ball a at the same instant, 
and that these two reactions conspire in tending to turn the ring about 
the axis E’F’, in the plane of the instantaneous position of the ring and 
at right angles to AB. 

Consideration of the balls, as c, d, which are at the same moment in the 
quadrants E'A and AF’, shows that, while the actions of c and d on the 
tube are in the same direction, that direction is opposite to the direction 
of the actions of a and b. Hence the assemblages of balls occupying at a 
given instant the halves of the ring separated by the diameter E’F’, exert 
then equal and opposite actions on the tube, forming a couple tending to 
produce turning of the ring about E’F’; and unless a couple about this axis 
is applied from without to balance that which we have seen to be due to 
the inertia of the balls, the horizontal axis AB will turn round in azimuth: 
in other words, the vertical plane COZ (Fig. 10) will turn round OZ, and 
we have the sideways motion of the top. If at any instant the angular 
speed of turning about OZ be W, and @ be the angle COZ, the turning 
about OZ is equivalent to two turnings with angular speed, X} cos 0, y} sin 0, 
respectively, about OC and OE, where OE is at right angles to OC in the 
plane COE. 


3. Mode of production of precessional motion. Calculation of forces. 
Gyrostatic couple and “gyrostatic resistance.” It will now be seen how 
the precessional motion of the top about OZ, or the component of that 
turning about OE, to which we have been giving more special attention in 
what precedes, arises. The loaded disk which forms the main part of the 
mass is made up of particles having OC (Fig. 10) as common axis, and each 
ring of particles plays the part of the balls in the ring-groove. The turning 
about AB, required in the turning of the system about OD (see Fig. 4), 
involves a turning motion of the whole about E’F’ (Fig. 11), which is parallel 
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to the axis OE; and the amount of this at any instant depends on the — 
angle through which the axis OC has descended from its elevation at the 
beginning of the motion. 

Following out these ideas, we can find the force-systems concerned. For 
this purpose we consider, in the first place, a flywheel symmetrical about 
an axis of figure OC, and revolving about that axis with angular speed n., 
Let AB be horizontal and pass through a point ©’ (e.g. O of Fig. 10, so that 
AB is in that case coincident with OD in the plane BO’E’) anywhere on 
the axis of the flywheel. Consider a particle P of mass m in the plane 
BOE’, let O'P=r, and ~-PO’B=¢. If the turning about AB have 
angular speed w, the particle P has a speed wrsin¢ at right angles to the 
plane in which it is at the instant being carried round by the spin at speed n, 
and it has also the speed rcos¢.¢ in the direction OE. A section of the 
wheel through P at right angles to OC is in general a ring bounded by circles 
which have OC as common axis, and the speeds which have just been 
specified are in addition to the motion which P has in virtue of that of the 
common centre of these circles. They are components of the motion of P; 
the latter is due to the turning about the instantaneous position of OC, the 
former to the turning of the circle about its horizontal diameter. 

Now, after time dt the plane of the section in which P is situated has 
turned through the angle wdt about the horizontal diameter, and the two 
speeds specified above have become for the new orientation of the plane, 


orsing+d(wrsind), rceos¢.¢+d(rcos ¢. ¢), 
respectively. These give components perpendicular to the former position 
of the plane, which are, respectively, 
{wr sin ¢+d(wr sin ¢)} cos (w dt), 


or in the limit, wr sin p+d(wr sin p), 
and {r cos Pp. 6+d(r cos ¢. g)} sin (w dt), 
or in the limit, wr cos P. pdt=wnr cos ġ dt, 


since the angular speed ġ=n. The total growth in dt of speed of P 
perpendicular to the position of the plane at the initial instant of dt is 
therefore d(wr sin ¢)+or cos ġ.n dt, or 
2wnr cos p.dt+wr sin ¢ dt. 
To produce this acceleration a force 
m(2wnr cos p+ òr sin p) 

is required, and is applied to the particle through its connections with the 
other particles of the flywheel. An equal and opposite force is applied to 
the wheel by the particle as reaction. If there is no system of forces 
applied from outside the wheel to balance these reactions, the motion about 
EF’ will take place, so as on the whole to render the effect of these 


accelerations zero. 
G.G. 
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If the wheel be supposed placed so that its mean plane coincides with 
the paper, and its top move towards the reader, then while P is on the 
right of the diameter E’F’ (Fig. 11), the part of the force represented by 
the first term, 2mwnr cos ġ, is towards an observer looking at the paper, 
and the corresponding reaction is in the opposite direction. For a particle 
on the left of E’F’ these directions are reversed. The second part of the 
force has one sign for matter on one side of the horizontal diameter, and 
the opposite sign for matter on the other side. In taking moments, there- 
fore, about E’F’ of the forces on the particles of a thin uniform slice of the 
flywheel, taken at right angles to OC, we may disregard the force mòr sin @ 
on each particle, as these forces contribute nothing to the result. 

Summing the moments for a ring of matter of linear density o, every 
particle of which is at a distance r from the centre of the disk, we get, 
taking m=ordd, 


Qar 
BE ohne = 2onors|, cos? do =2ror on = pwn, 
if u denote the moment of inertia about OC of a complete ring of particles. 
This is also the moment of the forces about any line parallel to K’F’ through 
a point of the axis. 

The same thing holds for every ring of which the disk is composed, and 
for every disk comprised in the flywheel; and therefore if C be the moment 
of inertia of the flywheel about OC, we have the following result : 

The couple about the axis E’F’ (Fig. 11) [or about any axis (eg. OF) 
intersecting UC and parallel to E'F'], which must be applied to balance 
the reactions which arise when the body rotating about OC with angular 
speed n, is made to turn about a fixed axis OD (parallel to AB) with 
angular speed w, is Cnw. The reaction couple thus balanced is often called 
the gyrostatic couple. Also it is sometimes called the gyrostatic resistance, 
since to change the direction of the axis of the rotation n at rate w requires 
the application of a couple of moment Cnw. 

In other words, there is a rate of production Cnw of A.M. about the axis 
OE in the direction opposite to that of the gyrostatic reaction couple. 
This, in the absence of an applied couple, is nullified by acceleration of the 
whole body about OE in the direction of action of that couple. The direc- 
tions are as follows: The reacting couple is in the counter-clock direction 
as seen by an observer looking from beyond E (or E’) towards O (or 0’). 
The direction of the rate of production of A.M. about OE (or the parallel 
axis E’F’), which gives rise to the reacting couple—to be balanced by one 
externally applied if OD is to remain fixed, that is, if the rate of growth 
of a.M. about OE is not to be counteracted—is clockwise. 

We may put the matter in symbolical form as follows: Let A and @’ be 
the moment of inertia and angular acceleration about OE. ‘The total rate 
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of production of a.m. about OE is Aw’+Cnw. But if there be no applied 
couple about OE, we have 


Ao’ +Cnwo=0, or Aw = — Ono. 


Thus —Cnw may be regarded as a couple producing A.M. Aw’ about the 
moving axis OH, in the opposite direction to Onw. 

We obtain, of course, a similar result for the case of turning about the 
axis OE with angular speed w, say, in the counter-clockwise direction. If 
there is to be no turning about OD, the reacting couple of amount Cro’ must 
be balanced by a couple applied from without about the axis OD, and is 
clockwise as seen by an observer looking from beyond D towards O. 

It follows from this that a couple of magnitude Cnw’ applied about OD 
from without in the counter-clock direction, will be consistent with turning 
at angular speed w in the counter-clock direction about OE, without any 
turning about OD. The axis OD will, however, move with angular speed 
in a plane perpendicular to OE, while OE remains fixed. 


4. Deduction of principal equation of motion. We now obtain an 
important result, already established in another way. Consider a top 
spinning about its axis of figure with angular speed n, while that axis 
(OC) turns round the vertical OZ (or line answering to the vertical 
if the top is not in a gravitational field) in consequence of the angular 
speed y of the plane ZOC about OZ. The inclination of OC to OZ 
is 0, and the axes OD, OE (specified in 9, II) turn with the plane ZOC. 

Apply, as explained in 3, a couple Cnw about OD in the counter- 
clock direction. This, as we have seen, is consistent with a turning at 
speed w, counter-clockwise about the axis OE, while that axis remains 
at rest. Thus the axis OD turns about OE, counter-clockwise. 

Again, let the axis O'E’ be identified with OE, and the angular speed 
there denoted by w with y-sin@, and imagine turning at speed y} cos 0 
about OC in the counter-clock direction. The turning with this speed 
about OC as a fixed axis involves a reacting couple which must be balanced 
by the application of a couple of moment Ay’sin 0 cos 0, clockwise about 
OD.* Thus we see that the total couple Cm} sin 0— Av’sin 0 cos 0, in the 
counter-clock direction about OD, is consistent with a motion of the top 
compounded of a turning.(counter-clockwise) about OE with angular speed 
w% sin 0, and a turning (counter-clockwise) about OC with angular speed 
ab cos. But these turnings about OC and OE are clearly together equiva- 
lent to turning with angular speed y about OZ. Thus the combination of 
couples just found, equated to the total applied couple about OD, gives an 
equation of motion which holds either for steady motion about the line OZ, 


* We here take OE, and presently OD, as an axis of spin. This may be justified by an 
extension of the reasoning in 3. 
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or for an instant at which the acceleration Ë of turning about the axis OD 
is zero. This equation is 


(On Anh cos O) VASI OL, sedis sasess ns cneg sero rsene (1) 


if L be the moment of the couple. If there is angular acceleration 6, the 
couple L must furnish the rate of production of A.M., AÖ, in addition to the 
combination of couples specified. Thus, if the field of force is gravitational, 
we have L= Mgh sin 0, and the complete equation of motion is 


A6+(Cn— Avr cos 0)y sin O= Mghsin 0. ......0ecceee eens (2) 


This is the equation found in 15, II, in an entirely different manner. 

In the same way we can find the equation of motion for the axis OE. 
Referring back to the general result of 3, consider the couple Cnw about 
OE there referred to, and identify w, about OD, with 6. The turning about 
OD is counter-clockwise, the couple of moment Cné about OE which 
would balance the reacting couple is clockwise. 

Now take for w the angular speed vr cos 0 about OC, referred to above, 
and consider a couple about OE (instead of about OD) which would 
balance the reaction couple due to the turning Ô about AB (or OD). This 
is a couple Ay} cos 0. Ô in the counter-clock direction about OE. Thus we 
get a total couple (Ay-cos@—Cn) 6. But if there is no time-rate of variation 
of the angular speed y- sin 0 about OE, and there be no applied couple about 
OE, this total couple is zero. The complete equation in the absence of 
externally applied couple about OE is therefore 


AT (sin 8)+ (Ay; eos 0—Cn)0=0, assisi (3) 


or Av sin 0+ (2Ay> cos O= Cn) O=0. eresi eree (3’) 


To put the matter most simply, the total reaction couple is —(Ay-cos@ — Cn) 6, 
and this must be equal to Ad(v sin 6)/d¢. 

These results have been obtained in the most elementary manner from 
first principles. Any question that may arise as to the legitimacy of 
supposing that the motions giving the different reacting couples, taking 
place as they do simultaneously, can be taken account of by adding the 
separate couples of reaction together, may be answered in a general manner 
as follows: If we were to suppose the different changes to be effected in 
successive intervals of time dt, the effect of the existence of the first change 
on the amount of the second would, as regards direction, be accounted for 
by multiplication by the cosine of an indefinitely small angle; and as 
regards magnitude, introduce quantities involving dt as a factor in addition 
to the finite quantities specified above. 


5. Elementary quantitative analysis of motion of top. We now 
endeavour to predict, from the elementary considerations adduced above, 
the behaviour of a top which is set into rapid rotation about the axis OC, 
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when in the position OA, say, shown in Fig. 9, and is then left to itself. The 
axis begins at once to acquire a descending motion of turning about O, and 
each of the disks at right angles to OC, of which the top is composed, begins 
to turn about a horizontal diameter, while the whole top turns about the 
parallel horizontal axis OD. If the turnings about OC and OD have 
the directions in Fig. 4, the top is, as we have seen, acted on by a couple 
(Cn—Av-cos 0) about OE in the direction of the circular arrow. Thus 
the axis of the top begins to have a component of turning in the direction 
at right angles to the first motion, and towards the instantaneous position 
of OD. 

The intersection of the axis with a sphere described round O as a centre 
is therefore a curve like AP (Fig. 9). Here OD is to be drawn horizon- 
tally back from O, and OE in the angle ZOP, both at right angles to OP 
When the axis is at P the top is turning about OD, now of course in a new 
position, counter-clockwise, and in consequence is still gaining counter-clock 
rotation about OE, which is also in a new position, corresponding to that of 
OD. This will be clear from consideration of (3), 4, which shows that the 
rate of increase of Ab sin @ is (Cn— Aw} cos 6)6, which (if Cn > Aw} cos 6) 
is positive, since of course we suppose that 6 is still positive. The accelera- 
tion about OE is increasing in amount because the couple about OD applied 
by gravity is increasing 6. By the formula just quoted, this acceleration 
about OE is proportional to the accumulated rate of turning about OD, 
except for the factor Cn—Ay-cos@, and so OC turns faster and faster 
towards the instantaneous position of OD. 

But the counter-clock turning about OE produces A.M. about the 
instantaneous position of OD, represented by the term Cm} sin 0 of (2), 4, 
giving clockwise acceleration about that axis, though at the same time, in 
consequence of the turning with angular speed y-cos 0, this (if 0 < 4r) is 
counteracted to some extent by the term Ay/’cos@sin@. For we can write 
(2), 4, in the form | ! 

A@= Mgh sin 0 —(Cn— Avy cos 0) sin O. .... cece eee eees (1) 
An instant arrives at which the right-hand side of this equation is zero, and 
so Ê becomes for the instant unvarying. Thereafter counter-clock turning 
about OD diminishes, while, the spin being great and (Cn — A} cos 0) 
being positive, the turning about OE continues to increase, until the turning 
speed Ô about OD is reduced to zero. The axis OC has now ceased to 
descend. At that instant the counter-clock turning about OE is at its 
greatest, and the clockwise acceleration about OD a maximum, so that 
angular speed in that direction begins to grow up; the axis begins to rise. 
It continues to rise with increasing speed, for so long time as the counter- 
clock rotation about OE (which is now diminishing on account of the 
reversal of the turning about OD) is sufficient to produce (see the equa- 
tion (1) last written) a couple, (Cn — Ay cos 6) sin 0, greater than that due to 
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gravity. After a certain elevation has been attained, equal to that at which 
the acceleration about OD ceased in the downward progress, the increase of 
the speed of rise ceases, and the upward motion slows off to zero at an 
elevation equal to that of the starting position. 

It is easy to see (since, if at any point all the motions were exactly 
reversed, the path would be traversed in the reverse direction) that as the 
axis mounts higher it continues to swing round the vertical, and does so in 
such a manner that the path from the turning point to the highest eleva- 
tion is exactly the image of the descending path in a mirror coinciding 
with the meridian of the sphere which passes through the lowest point 
reached by the axis. Once the original elevation has been regained the 
axis begins once more to descend, and a path on the sphere is described, 
which is exactly that described before, only shifted round the vertical 
through an angle equal to that swung round through by the axis in 
descending and ascending. 

It will be observed that, since - 


day sin 0) = (CM AV; CoS 0) O e a (2) 


is zero at the upper circle limiting the motion on the sphere, the value 
of y is zero as well as that of yy, while AË has the value given by the 
gravitation couple without any diminution. There is thus neither azimuthal 
turning nor azimuthal acceleration at that circle, while the inclinational 
acceleration has its maximum value. The curve of intersection of the axis 
with the spherical surface therefore meets the upper circle at right angles, 
that is the points of contact are a series of cusps on the path, when the 
mode of starting is as specified above. 

At the lower turning points y is zero, while y has its maximum value, 
and as Ê is zero the path of the axis on the sphere is tangential to the 
lower circle at each turning point. 


CHAPTER IV 


SYSTEMS OF COORDINATES AND THEIR RELATIONS. 
SPACE-CONE AND BODY-CONE 

1. Relations of systems of coordinates. It is convenient to give here 
for reference most of the relations between different sets of coordinates 
that are likely to be required. In Fig. 12 are shown three sets of axes 
drawn from a common origin O, namely, O(2, y, z), O(A, B, C), O(D, E, ©). 
Of these Oz may be identified, when con- 
venient, with the upward vertical, and OC 
with the axis of a top; O(A, B, C) may be 
a set moving in any manner about them- 
selves, for example, they may move with 
the body, while OD and OE are respectively 
perpendicular and parallel to the plane zOC. 
It will be convenient also to refer to OE’ 
drawn from O in the opposite direction 
to OE. 

The point O may be taken as the centre 
of a sphere of unit radius, on the surface 
of which quadrantal arcs xy, yz, zx, AB, BC, CA, DE, EC, CD, and DC, 
CE’, E'D may be drawn. The arc zC produced gives the quadrant CH’, and 
intersects the quadrant xy in F, so that zF is also a quadrant. The 
angle zOC is denoted by 0, that between the planes OCA and OCE’ by 4, 
and that between the planes OCE’ and Oza by yw. (Thus, for a top, y is 
the angle through which the plane zOC has turned about the vertical from 
its position at a chosen instant, that is, the integral precessional displace- 
ment.) Since OD is at right angles to Oz and to OC, and all the lines are, 
as we suppose, of unit length, the point D lies at the intersection of the 
quadrant AB with the quadrant æy produced, and the angle D of the 
spherical triangle FDE’ is @. Clearly also are DB=¢, are yD=wW. The 
angles 0, ¢, Yy are called the Hulerian angles. 

The direction cosines of O(A, B, C) with reference to the fixed axes 


Fia. 12. 
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O(a, y, z) or vice versa, can be expressed in terms of the three angles 
0, p, Yy by the formulae of spherical trigonometry or otherwise. For 
example, the cosine of the angle AOw is the cosine of the side Am of the 
spherical triangle ACw; the side Ca and the angle FCe can be found 
from the spherical triangle Cza, and hence the angle ACz, so that Ax can be 
found. 

But the simplest method is that of projection. We shall find the direction 
cosines of OA, OB, OC with reference to Ox by this process, and leave the 
reader to verify the values of the others as given in the scheme which 
follows. We resolve OA into two components, one, OG, along OE’, and the 
other at right angles to OE’. These are (since OA=1) cos¢, sing. The 
former projected on OF is cos@cos¢, and this projected on Ow gives 
cos 0 cos p cos y. The other component (sin ¢) is perpendicular to the plane 
OCE’, and therefore to OF. Its projection on Ow is therefore —sin ¢ sin y. 
Hence the total projection of OA on Ow is cos@ cos ¢ cos y —sin ¢ sin y. 
The direction cosine of OA with respect to Ow is therefore 


cos 0 cos ¢ cos Y— sin ¢ sin y. 
Again, resolving OB into two components, along and at right angles to 
OD, we see that these components are cos ¢, sing. Along Ox the former 


has the component —cos ọsin y, and the latter —cos@sin ġ cos y. Thus 
the direction cosine of OB with respect to Oz is 
—cos 0 sin ¢ cos Y — cos ¢ sin y. 

Finally, OC resolves into two components, sin 0 along OF, and cos @ at 
right angles to OF and to the plane xOy. The latter has no component. 
along Ox, the former has the component sin 6 cos y. 

The following scheme gives in a convenient manner the direction cosines 
of the axes of either system with reference to the axes of the other system, 
and also the coordinates of any point taken with reference to one set of 
axes, in terms of the coordinates of the same point with reference to the 
other set. Thus, for example, the Ow direction cosine of OB, or the OB 
direction cosine of Ox, is —cos 0 sin ġ cos y — cos ġ sin Y ; and if x, y,, 2, be 
the coordinates of a point with respect to the axes O(A, B,C), and 2, y, z 
those of the same point with respect to O(a, y, z), we have 

x, =(cos 0 cos ¢ cos Yy — sin ¢ sin Y-)x+ (cos 0 cos ọ sin Yy+sin ¢ cos W)y 

—sin 0 cos ¢ . Z, 
x= (cos 0 cos ø cos y-— sin ¢ sin y-)x, — (cos 0 sin ¢ cos + os ¢ sin ) y, 
+sin 0 cos yy. z,. 

The lines in the following scheme give the direction cosines and co- 
ordinates for the axes O(A, B, C) in terms of those for the axes O(a, y, 2); 
the columns give the cosines and coordinates for the axes O(a, y, 2) in terms 


of those for the axes O(A, B, C). 
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Og, x | Oy, y | Oz, z 


OA, x, | cos ĝcos cosy -sin ġsin y | cos 0 cos p sin. y +sin ġ cos y | —sin 6 cos $ 


OB, yı | — cos ĝ sin ġ cos y — cos p sin Y | —cos 0 sin $ sin Yy + cos ¢ cos y | sin Â sin $ 


OC, 4 sin Ocosw | sin Osinyy | cos 0 


The angles 6, p, y were first used by Euler for the specification of the 
positions of the axes of one set with reference to the other set, and are 
usually referred to as the Eulerian angles. 

A similar scheme for the axes O(E’, D, C), O(a, y, z) can be deduced from 
the above scheme by simply putting ¢=0. If we denote coordinates of a 
point with reference to the first set of axes by Ê n, €, and with respect to 
O(a, y, z) by x, y, z as before, we get 


Ox, Z Oy, y | Oz, z 
OE’, é cos Â cosy | cos @siny | —sin 0 
OD, 7 -sin y cos y | 0 
OC, ¢ sin ĝcosy | sinsin y | cos 0 


It will be observed that if we take any two columns in either one of these 
schemes, and multiply the direction cosines in the same line together and 
add, we obtain a zero sum, and that the same result is obtained if we take 
any two lines and multiply the direction cosines in the same column 
together and add. This is a condition imposed by the fact that any pair of 
axes belonging to either system are at right angles to one another. 


2. The Eulerian angles and their rates of variation. Certain special 
systems of coordinates are useful in the detailed treatment of the motion of 
the axes of a top by the methods of elliptic functions, and these will be set 
forth where this subject is dealt with. The following illustration of the 
Eulerian angles bears directly on the elliptic function theory. 

The axes O(A, B, C) in their positions at time ¢ may be regarded as 
turned from coincidence with O(æ, y, z) through an angle $, say, about 
a determinate axis OK, where K is a point on the sphere of unit 
radius whose centre is O. Beginning with the axes coincident as stated, 
let the system O(A, B, C) be first turned through the angle Yy about Oz; 
the plane zOK [supposing OK rigidly connected with O(A, B, C)] is turned 
through the same angle. Hence, if before the turning the angle Kz% 
was g, it is changed by the turning to o+y, The angle KzA is now a, 
and C is still coincident with z. The are zF is a quadrant. 

Now let the axes O(A, B, C) be turned through an angle @ about an axis 
through O perpendicular to COF; the angle FCK becomes ©. Finally, 
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when the axes are turned about OC through the angle ¢, the angle FOK 
becomes +g. The angle KCz is therefore m — (0+ ¢). 

But the result of all the turnings is to leave OK in its original position, 
since OK is the fixed axis about which the change of position is produced, 
and so we have, as at first, the angle Kzw=a. Hence, angle KzeC=0— Y, 
and since the spherical triangle CKz is isosceles, this is also the value of the 
angle KCz. Thus we have 


r-(0+¢)=0-4, or T=}(r7—-G+W). 

We now tabulate, by means of the schemes in 1, the angular speeds 
and angular momenta for the different axes, in terms of 0, p, y. As before, 
we denote by œ, w, w quantities taken with reference to the moving axes 
O(A, B, C), and by wz, wy, œz, the same quantities taken with reference to 
the fixed axes O(a, y,z). Thus, since the angular speeds about O(K’, D, ©) 
are —vsin 0, Ô, d+} cos 0, and the angular momenta about the same axes 
are —Avrsin 6, AO, C(ġ +y cos 0)(=Cn), we get 

n= —vrsin 0 cos 0 cos Y — Ê sin y +n sin 6 cos Yy 


= —Osiny+¢sin 0 cos y, 

wy= — sin 0 cos O sin Y+ cos +n sin 0 sin y chi ateis (1) 
= cos Y+ ¢sin 0 sin y, 

w=} sin? +(+} cos 6) cos 0 
=% + ġ cos 0. 


From Fig. 12, or otherwise, we get for the angular speeds about the 
axes O(A, B, ©), i 
w= —v sin 0 cos p +0 sin ¢, | 


w=} sin O sin 6+ 6 cos ¢, Fue ates See ORE (2) 
w= b+ cos 0; | 
and so Ô = w Sin Ø + wCOS ¢, 


y= eesin p — w cos ġ), 
p=0,— gesin p— ow cosg). 
The angular momenta about the axes O(C, D, E) are C(ġ +} cos 0), AO, 
Ab sin 0; and therefore, denoting those about O(a, y, z) by Hz, Hy, Hz, we 
obtain 
H, = — A (Ņ} sin 0 cos 6 cos y+ 6 sin Y)+CO(ġ +Y cos 6)sin 6 cos ys, 
H, = — A(} sin 0 cos 0 sin y — 6 cos Yy)+C(ġ +y} cos 6)sin 0 sin y, | ...(4) 
H, = A} sin? +C (ġ +} cos 0)cos 0. 
Again, for the axes O(A, B, C), we have 
H,=A(—vsin 6 cos ¢+ Osin ¢), 
H, =A (} sin 0 sin $+ cos ø), | 
H, =C(ġ +} cos 6). 


...(5) 
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For the three axes @(D, z, F) (Fig. 12), which are at right angles to one 
another (Oz vertical and OD, OF horizontal), we have 
Hop=A0, H,=Ayrsin29+Cn cos 6, (6) 
Hoy=C¢ sin 6+(C—A)y- sin 6 cos 0 = Cn sin 0— Ayr sin 0 cos 0. | 
3. Instantaneous axis, axis of figure and axis of resultant a.m. The 


reader may verify that any of the sets of equations (2), (3) gives for the 
resultant angular speed, w, the equation 


w= OF? + B2+ 2dr COS. a (1) 
The instantaneous axis OI makes with O(D, E, C) angles of which the 
cosines are (6, $sin 0, $+ cos 6)/w. 


The component angular speeds about O(D, z, F) are 6, v-+¢cos6, ġsin 0. 
Hence OI makes with the axis of figure, OC, the angle cos-!{(¢+-cos6)/w}, 
and with Oz the angle cos-1{(y-+¢cos @)/w}. To the fixed axes, O(a, y, 2), 
OI is inclined at the angles of which the respective cosines are 
(—Osiny-+¢sin Ocosy, Ocosy-+¢sin Osin y, + ġ cos 6)/w. 
The resultant A.M., H say, is given by 
H EA O i sir Oy PON, ote nee (2) 
where n=¢+ cos 6, and its axis (the vectorial direction) is inclined to 
O(D, E, C), at the angles of which the cosines are 
{Aġ, Av sin 6, C(ġ +} cos 6)}/H, 
and to O(a, y, Z), at the angles of which the cosines multiplied by H are 
Cn sin 6 cos y — A(v sin 0 cos 0 cos y+ 6 sin yy), 
Cn sin O sin y— A(v sin 0 cos 6 sin Yy — 6 cos yy), 
Avy sin?@ + Cn cos 6. 
We may compare here the inclinations of OI and OH to the axis of 
figure. The cosines of the two angles are 
m n 


(tejs) (n24 A, (68-4 ysin’))# 


It follows that, according as C > or < A, the former cosine is less or greater 
than the latter, that is the former angle is greater or less than the latter 
[see Figs. 2 and 3]. This is the result already deduced from the considera- 
tion of the momental ellipsoid in 5, II. The two axes coincide when A=C, 
that is when the top is “spherical.” When 6 is zero, that is, as we shall 
see when the body is in steady motion, or when the axis is at either of the 
circles between which it moves on the unit sphere (centre O), the two axes 
lie in the plane zOC. 

For the most part in what follows, we shall consider tops which are 
symmetrical about an axis OC, so that the momental ellipsoid is of revolu- 
tion about OC. When the ellipsoid is a sphere the top-is usually called 
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“spherical”; we shall call it oblate or prolate, according as the momental 
ellipsoid is oblate or prolate, that is according as © > or < A. 

The inclinations of OC and OI to the vertical [see Fig. 4] are of great 
importance in the theory of the motion of a top under gravity. In other 
cases of the motion of what may be regarded as a top (for example, that of 
the earth under the moments, about the principal axes of the terrestrial 
momental ellipsoid, of the differential forces due to the action of the sun 
and moon on the matter of the earth) another line takes the place of the 
vertical, and it is easy to translate the terms and results used and obtained 
for a gravity top into corresponding expressions for the other. In the case 
of the earth the moments acting tend to bring the earth’s axis of figure, 
OC, into perpendicularity to the plane of the ecliptic, and OZ, a line at 
right angles to this plane, drawn towards its northern side from the earth’s 
centre, is the “vertical.” But in consequence of the spinning motion of the 
earth a precessional motion results from the moments of the forces, and 
the axis OC moves round OZ, at what, apart from periodic disturbances, is 
approximately a constant angle COZ(=6), and a constant angular speed Wb. 


4. Kinematics of precession. Space-cone and body-cone. As has been 
already stated, it is from the analogy of the terrestrial top that the angular 
speed yy is called the “precession” of the gravity top. It has been shown 
that in the absence of friction the angular speed n of the gravity top about 
the axis of figure is constant, and that vy is also without variation when 
6=0. 

The inclinations of OC, OI to the vertical are 0, cos-1{(-+¢ cos 6)/w}> 
while that of OI to OC is cos-'{(¢+ cos 6)/w}, where 

w=(0+ $+ 42+ 2d} cos 0}. 
In the important case of “steady motion,” in which Ê is continually zero 
and ù is constant, we get, putting a for LCOI and 6 for -IOZ, 


a=cos“1{(d+ycos 6)/w}, B=cos{(+ ġ cos O)/w}, <... (1) 
with w=($?+ 42+ 2d} cos 6)? = (n?+ Wsin26)?. 
We easily obtain sina=ysin@/w, sinB=¢sin 0/o, 
so that $ sin a = wv sin B a a haa e s cotta see E (2) 
and tan a = VESA , tan’ ELN ee E (3) 
cos 8 pe cos e+ 
y $ 


We see then that when 0 is constant, and therefore ý is also without 
variation, the successive positions of the rotation axis OI form the generators 
of a right circular cone, the axis of which is OZ [Fig. 4] and the semi- 
vertical angle 8. This cone is fixed in space, and is called the space-cone. 
But the three axes OZ, OC, OI remain in one plane (since 6=0), and so, as 
the body turns about successive positions of OI in space, successive lines in 
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the body, each inclined at the angle a to OC, become the instantaneous axis 
OI. Thus the locus of OI in the body is a cone of which OC is the axis 
and a is the semi-vertical angle. This is called the body-cone. 

That the motion of the body-cone is one of pure rolling on the space-cone 
is verified by the fact that ¢sina=v-sin 8; for the angular speed of the 
plane COI in the body-cone relative to the plane ZOC, which is turning 
with angular speed yy about OZ, is $, and the radii of the touching circles 
are, for OC =OZ=1, respectively sin a, sin 8. 

We shall now indicate the positions of the cones in the different possible 
cases, taking for all ¢ as positive. But we have here to remember the 
result of 18, II, that the precession may be either direct or retrograde. It is 
direct when the component v-cos 0 of > about the axis of figure is in the 
same direction as the angular velocity ¢ about that axis, and retrograde 
when y- cos @ is in the opposite direction to ¢. In the case of an ordinary 
top spinning about the lowest point of the axis, so that 0 is an acute angle, 
both precessions are direct: if the top be swspended from the extremity of 
its axis, so that the angle which the axis makes with the upward vertical 
is obtuse, the fast precession is retrograde. 

If the top be supported at a point O in its axis, in such a way that the 
precession is produced by the action of gravity on a non-spinning back- 
weight, carried on the opposite side of the vertical from the part spinning 
with angular speed ¢ (which we call the top proper), the slow precession 
is retrograde when 0 is acute, and both precessions are retrograde when 0 
is obtuse. 

The precessional motion, the turning of the line of nodes of the earth’s 
orbit in the ecliptic, in the direction of the sun’s apparent motion, is 
retrograde [see X below]. 


5. Space-cone and body-cone in different cases. Equations (2) enable 
the positions. of the space-cone and body-cone to be traced. The path 
described on a sphere of unit radius with O as centre, Ze 
by a point on the axis of the top, will be discussed later. Ge oir C 

(1)0<0<47;3; W/¢ positive. Precession direct. Itis Nes 
clear that in this case both a and £ are less than 6. For 
by (1), 4, the cosines of these angles are both greater than 
cos@. The cones are therefore situated as in Fig. 13: 
the body-cone is external to the space-cone and rolls 
round the convex surface of the latter. 

When y is great in comparison with ¢, sinf is 
approximately zero while sina is approximately equal to sin@. The 
space-cone is then very slender in comparison with the body-cone, and 
the rotation-axis nearly coincides with the vertical. The reverse is the 
case when ¢ is great in comparison with yy. Then the body-cone is very 


(0) 
Fia. 18. 
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slender, and the rotation-axis nearly coincides with OC. For the ordinary 
top the case of y=0 arises when the couple about OD is zero; but the 
ratio ¢/\ may be very great, so that the top spins rapidly, while the axis 
turns very slowly round in azimuth. 

(2) 0<0<ha; W/d negative. Precession retrograde. In the former case, 
when vy is made smaller and smaller in comparison with, ¢, we have seen 
that the body-cone becomes more and more slender, so 
that the rotation-axis approaches without limit of closeness 
to OC as y/¢ approaches zero. When, however, y-/¢ has 
a small negative value the body-cone is still very slender, 
but is now inside the space-cone [(2), 4], and rolls on the 
concave surface of the latter [Fig. 14]. The figure in 12, I, 
in which the space and body-cones are indicated by a ring 
and a slender cone rolling on it, illustrates this case for 
terrestrial precession. 

As |-/¢| increases towards the value cos 0, the body-cone widens out, so 
that its semi-vertical angle approaches —(427— 0), which is only reached 
when £ acquires the value 47. The space-cone has then opened out toa 
plane, on which the body-cone rolls round O in the direction of retrograde 
precession. 

As |y/¢| increases beyond the value cos@, the space-cone acquires a 
semi-vertical angle 6 greater than 47, while a takes the value — (8—0). 
As | ¥-/¢| approaches the value 1/cos 6, 8 approaches the value $7+6. The 
value of a then approaches —47 [see (3), 4]. The interpretation of the 
sign of a will be clear from Fig. 13, where a and 8 are both positive. 

In this case, as indeed in any other, we can replace the cones referred to 
(which are only composed of single sheets of the complete cones) by the 
opposite sheets of the complete cones as 
geometrically defined by their generators. 
The complete cone fixed in the body may 
be regarded as rolling on the complete 
space-cone; and therefore we may take, 
instead of the space-cone of angle 47+ 6, 
the sheet of semi-angle 4rm—0, with in- 
ternal axis directed wpward, and as the 
body-cone the sheet of semi-angle 8—9, 
with axis directed oppositely to OC. The 
latter rolls round the upward directed 
sheet of the other cone, with convex 
surface bearing on the latter. [Fig. 15 ae 
taken as drawn, and again, when turned aaa 
right hand for left hand, and at the same time upside down, represents this 
equivalence. ] 
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As |v/é| increases beyond the value 1/cos@ the value of 8 increases 
from 37+0 towards ~v, the value for W/¢= —o. At the same time a 
increases from 4r towards the limiting value 0. 

When 06> 47 the fixed and the moving cone can be determined by 
proceeding as before, except that the inclination of the axis to the down- 
ward vertical is taken as 6. When that direction and left-handed rotation 
¢ round it are taken as positive, and direct precession is as before that for 
which vy cos @ is in the same direction as ¢, exactly the same results, in the 
same sequence as above, will be obtained for the different cases. 


CHAPTER V 


THE SIMPLER THEORY OF THE MOTION OF TOPS AND GYROSTATS 


1. Gyrostats. Equations of motion. We now proceed to the con- 
sideration of the motion of a top in more detail and with application 
to a number of particular cases, such for example as gyrostats and 
combinations of gyrostats. A gyrostat is a flywheel enclosed in a 
case which is usually made symmetrical, or nearly so, about an axis of 
figure coincident with that of rotation of the flywheel. 
Hence the inertia of the case apart from that of the 
flywheel must be taken account of. We therefore 
specify quantities and establish equations of motion 
as follows. It will be observed that we do not specify 
the mode of support of the gyrostat, but begin by 
taking axes G(D, E, C) through the centroid G of the 
whole system of wheel and case. 

Let n be the angular speed of the flywheel, w, that 
of the case (represented in Fig. 16 by a ring), in each 
instance about the axis of figure; O is a point, not 
necessarily fixed, on the axis of figure, and GZ a 
vertical drawn upward. If the plane ZOC turn, as we 
here suppose, about the vertical, with angular speed y, and @ denote the 
angle CGZ, Fig. 16, the axes GD, GE are turning about the axis of figure 
with angular speed ycos 0, while the whole is turning about GE with 
angular speed y- sin 0, and about GD with angular speed 6. The angular 
speed n is made up of y-cos@, due to the motion of the plane GOZ, and 
the angular speed n’ with which the flywheel turns relatively to that plane. 
In the same way w, may be put equal to yY- cos 0+w;, where œw; is the 
angular speed of the case relative to the same plane. We put w, for the 
angular speed of the case about GE. Hence, if the case simply turn with 
the plane GOZ, w; is zero, and w,=yrsin 6. 

The components of angular momentum of the gyrostat are Cn+C'o, 
about GC, A about GD, and Aw, about GE, where C, C are the moments 
of inertia of the flywheel and case respectively about the axis of figure, and 
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A is taken for wheel and case together. The axes turn with angular speeds 
vy cos 6 about GC, 6 about CD, and y} sin 6 about GE. 

Now for the rate of growth of angular momentum about the fixed axis 
GD,, with which, at time t, GD coincides, we have first the term AÖ. Next, 
as explained in 5, III, there are two contributions arising from the motions 
of the axes GC, GE. These are respectively (Cn+C’w,)y sin 0, — Awn} cos 0. 
Hence the whole rate of growth is 


A6+(Cn4+C'o,)v sin 6 — Aw,y cos 0. 
This is equal to the moment of the couple, K say, applied about GD,, and 


we get AG+(Cn+C'w,)W sin 0— Awk cos O= Ky oe. ceeeeeeeeeeees (1) 
If, as is sometimes the case, w,=vrsin 0, this equation becomes 
AG+ {Cn+C'o,— Ay cos O} sin 9=K. wee (2) 


We have additional equations arising from the motion of G, which we 
shall write down in each case as it arises. In the important case in which 
the point O on the axis is fixed, these reduce to 


I (Myjhesin’ 0) = Xhsin 0, 


Mh(6 cos 0 — 6?sin 0— sin 0) = —Y, 
Mh(6 sin 6+ @cos 0) =Mg—Z, 
where A is the distance OG, M is the whole mass of the gyrostat, and the 
axes to which X and Y are referred are parallel respectively to OD and the 
projection of OE on the horizontal. X is the force along OD, Y the force 
along the projection of OE, and Z the force in the direction OZ, applied by 
the constraints at O. The reaction of the table against side slip is — Y. [In 
this case of the gyrostat under gravity or the top we can avoid the intro- 
duction of Y and Z by taking moments round the point of support O. 
Equation (2) requires no change, if it is understood that A now means 
the moment of inertia about an axis transverse to GC through the point 
of support, supposed now to lie on the axis, and the moment K is that of 
the forces about OD (Fig. 4).] 
In the same way we obtain the equation of motion for the fixed axis GE,, 
with which GE coincides at the instant, and about which we suppose the 
moment of the applied couple to be L. The equation is, as the reader may 


(8) 


verify, Ady (COn kew — AY cos O)O =L rurea terres (4) 
If œ =WŅ sin 0, this becomes 
Ayr sin 0— (Cn +w, —2Ay cos OOH L. woes (5) 


For the top C’=0; if then the top spin about a fixed point, and A now 
denote the total moment of inertia about the transverse axis through O, 
parallel to GE, (5) becomes 


Aye sin 0—(Cn— 2A} cos 0)0=0, ...ceeeececeee teens (6) 
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Finally, for the axis of figure we have two equations: first, 


One constant) (6.272008, E aaa T Aue eee (7) 
since we suppose the friction couple on the bearings of the flywheel to be 
negligible, and second, Cre Ry cilia rita ne eA ee N (8) 


if R be the moment of the couple acting on the case about the axis of the 
figure. It is supposed that the forces concerned in this couple do not affect 
the motion of G, which is given by (3) above. 
It may be remarked here that the energy equation is 
4(Mv? + Cn? + Co? + AOF Aw,?)-+ V =constant, ...........-.. (9) 
where M is the total mass, v the resultant speed of G, and A the moment of 
inertia of flywheel and case about any axis through G transverse to OC. 


For the top spinning about a fixed point on the axis of figure there is an 
equation of constancy of angular momentum, namely 


AV sin’ Ob O Cosi G4) eevee. «aa. -asseeeo anaes (10) 


where G is the angular momentum about the vertical, and A is now taken 
as the moment of inertia about an axis transverse to OC, through O, the 
fixed point. 

For this case C’ is zero and K=Mghsin 0, where M is the whole mass, 
and A is the distance of the centre of gravity from the point of support. 
Hence (2) becomes 


AÖ+(Cn— Ay cos 6) sin 0=Mgh sin O. seessesssseeserse. (11) 


The steady motion obtained when @ is and continues zero [for by (6) yb is 
then zero, and therefore y is constant] has been dealt with already to some 
extent in (17) and (18), II. We shall return to it again immediately. 


Instead of O(D, H, C) axes O(K, L, C) are taken, such that OK, OL are in the plane 
DOE, and OL is the axis of the resultant, w, of @ and Wsin @ about OD and OE respec- 
tively. The reader may prove at once by inspection that if P, Q be the moments of 
applied forces about OK, OL, the equations of motion are 

Cno- A(n-ġ)w=P, Ad=Q, 
where n is constant and has the meaning already assigned to it. These equations have 
been called the intrinsic equations of the motion of a top.* For general use they are less 
convenient than those for the axes O(D, E, ©). 

We now take one or two illustrations of the theory given above. 


2. Example 1. Gyrostat supported at a point O in the axis of spin, 
and acted on only by a couple of constant moment K about the axis OD. 
Let the gyrostat spin rapidly so that the a.m. Cn about the axis of the. flywheel is very 
great, and suppose that the moments of inertia and angular speeds are A, B, and 6, w, 
respectively, for the axes OD, OE, which may be regarded as principal axes and moving 
with the top. Also we suppose that the a.m. Bw is small in comparison with Cn. The 
angle @ is that which an axis OZ, in the plane‘COD makes with OC. As we need not 
here measure @ from the vertical, since we suppose gravity zero, we may take OZ, where 


* Lamb, Proc: RS. 2.35, Pt. 11, 1915. 
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we please in the plane specified. We shall take it as inclined at an angle a to the 
vertical through O. By (2) and (4), 1, we have, neglecting the motion of the case about OC, 


INEK Ky BO= CaO e saul eeecd (1) 
Eliminating 6, we get ABI+C*n'( w -5 )=0. a EN (2) 
n 
The complete solution of this equation is, if w=0 when t=0, 
K Cn 
w Or cos 7 t, 
where R is a constant= —K/Cn. Hence 
K Cn 
w=—~(1—cos e eae a a E ce shone (3) 
Cal (AB)? ) 
The angle p=fo dt turned through in time ¢ is given by 
K(, (AB. Cn , 
= 5 ee aan UN, TAA E 606 4.0.09 TOC ET A A A be 6s A 4 
È? ak Cn is (AB)? ) ( ) 
Initially also we suppose 6=0, and so get 
TANEK Cn , /B\iK.. Cn 
=> ———— — t = ie ee 
0 fo dt Gril} GRS ); 6 (z) Ga Sit oe (5) 


Thus if the motion start from rest the first effect of the couple is to produce a rate of 
growth of angular velocity 6; but the sidelong motion w begins, thotigh by the second 
equation of motion there is no ò until an angular velocity @ exists. It will be observed 
that ¢ is made up of two parts, a part that grows uniformly at time-rate K/Cn, and an 
oscillatory part of period 27 (AB)2/Cn, and amplitude K(AB)2/C2n?. The rate K/Cn is 
the value of the steady slow precession obtained for the value of the couple in (1) above. 

The value of 0— a returns periodically to the value zero. The expression for Ë and the 
oscillatory part of w give to a point P on the axis of spin (say at unit distance from O), 
motion in an ellipse in the moving plane normal to the plane of the couple K. The axis 
of spin however swings round, carrying the axes OD, OE with it, and a succession of open 
loops is described by P on the unit sphere of centre O. This result may be compared 
with that of 13 below. 

The angular range of one of these loops is 2K B/C’n?, and the work done by the couple 
K in this range is 2K?B/C?n?. The kinetic energy is then $(Cn?+ Bw”), and there is no 
potential energy. But at the middle of the loop w? is, by (3), 2K/Cn and 6=0. Hence 
at that point the value 4Bw? of the kinetic energy is 2K?B/C’n?. Thus the work done by 
the couple accounts for the term depending on w. 


Example 2. Gyrostatic action of a body of any form: e.g. gyrostatic 
action of an aeroplane propeller. Consider first a thin disk rotating with 
angular speed z about an axis OC at right angles to its plane, and passing through the 
centroid O. Refer to two other axes, OA, OB, the other principal axes, in the plane of 
the disk. Let C, A, B be the moments of inertia for these axes respectively. Further, 
let the disk be turning with angular speeds w,, w about space axes, coinciding at the 
instant with axes OD, OE in the plane of the disk, and fixed, we may suppose, with 
reference to some framework, such as that of an aeroplane, itself in motion, on which the 
disk is carried. For example, OD may be transverse to the aeroplane so as to be hori- 
zontal when the aeroplane is unbanked, and OE will then be vertical if the aeroplane is 
horizontal fore and aft. 

If at the instant considered OA have turned through the angle ¢ from coincidence 
with OD, the angular speeds about OA and OB are respectively w,cos$+ sin and 
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—,sind+w,cos d. Denoting these by w4, œs we have, by Euler’s equations or directly 
by first principles, for the equations of motion with respect to O(A, B, C), 

Aoé,—(B-C)on=L, Bos;—(C-A)no,=M, Cr—(A-B)o,os=NQN, ......... (a) 
where L, M, N are applied couples. 

Multiplying the first by cos $, the second by —sin d, and adding, we get the equation 
of motion for OD, and similarly multiplying the first by sin ¢, the second by cos œ, and 
adding, we get the equation for OE. These are 

Ao, cos $ — Bag sin ġ — (B — C) wan cos p+ (C— A)nw, sin p= Leos $ — M sin , } (b) 
A, sin 6+ Bus cos 6 —(B—C) gn sin d —(C— A)2w, cos $= Lsin 6+ M cos ¢. 

We may take different cases. An important one for the present illustration is that in 
which @;=0, #,=0, ò=0, and the axis OD is fixed at right angles to OC, so that p=n. 
We have now w,=0,cos¢, w= — w sin d, so that the equations of motion just written 
become 

-(A - B)on sin 2¢=Leos p -M sin $, (A - B) wn cos 26 - Crw, = Lsin 6 +M cos ¢. ...(¢) 

On the left in (c) we have the gyrostatic couples called into play, which, if the motion 
is to be steady, as supposed, must he balanced by applied couples. In the first the 
gyrostatic couple is wholly periodic and passes through all its phases twice as @ varies 
from 0 to 27; in the second the gyrostatic couple consists of a similarly periodic part, 
(A —B)no, cos ¢, and the constant term —Cnw,. The periodic parts vanish if A =B. 

If there are not applied couples L, M of proper amount, there will be acceleration about 
OD, OE. If L=M=0, the equations are 

(A cos? $+ Bsin? p)ó; — (A — B) no, sin 26=0, 
3(A—B)@, sin 264+ (A — B)no cos 26 — Cno, =0. 

An aeroplane propeller usually consists of two blades, and though these blades are not 
plane, but have a peculiar helical shape, the propeller may be treated as a disk so as to 
give, in the manner indicated above, an idea of the varying gyrostatic action set up by its 
rotation. 

The body may not be a disk, but be of any form. O will then be the centroid of the 
body, and O(A, B, C) the principal axes of moment of inertia. The couples applied by 


gyrostatic action are as found above, and, as in all cases, are unaffected by translational 
motion of the body as a whole. 


Some analogies of gyrostatic action to phenomena of electricity have 
been discussed by Bogaert in his treatise L’effet gyrostatique et ses applica- 
tions, pp. 55 et seq. For example, an angular speed w about an axis 
OE produces an A.M. at rate Cnw about OD, and this corresponds to an 
external couple of moment Cnw applied about OD. If no couple about 
OD is applied from without, the body turns about that axis in the direction 
to keep the aM. about OD unchanged. The reaction of the body is thus 
opposed to the effect for the axis OD produced by the turning about 
OE. This may be compared with the law of Lenz, that the displacement 
of a circuit in a magnetic field produces in the circuit an induced current, 
the electromagnetic action between which and the field opposes the 
displacement. 

The reader should consult the work referred to, for various illustrations 
set forth in a clear and attractive manner. [See also 18, Chap. XVIII.] 
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3. Symmetrical equations of motion. The following form of the 
equations of motion is sometimes convenient. [The reader may however 
pass on to 5.] For a top spinning about a fixed point, equations (2) and (4) 
of the preceding section become, if we write w, for the angular speed 6 about 
OD, and wy for that, y} sin 0, [if we take the old axes O(D, E, C)] about OE, 


ees +(On— Aw, cot 6) oy = 
— (Cn— Aw, cot ane 


Let us suppose that ioe component ne are heen by the appli- 
cation of a force F at right angles to OC, at a point P on OC distant h from 
O. Let the components of this force along OD and OE be X and Y. We 
have K = —hY, L=hX. 

The axes OD and OE are moving axes, turning about OC with angular 
speed yy cos 0 (=«,, say). If u, v be the linear speeds of P (the coordinates 
of which it is to be noticed are and remain x=0, y=0) with reference to 
fixed axes with which OD and OE coincide at the instant under considera- 
tion, we have 

U=hw,, v=—he,, w=ha,, v=—hé,. 


Substituting in (1), and changing the order of the equations, we get 


Ci Te 
tot =_X, a 
TAE e N EN A (2) 
a T 


The first pair of terms on the left in each of these equations give the 

x and y accelerations of a particle of unit mass at the point P on the axis 

of the top; for, since æ and y are zero, no terms w %, wy, @, y exist for 

the component accelerations of P. If C=0, or n=0, these equations reduce to 
2 pA 


bw ="—X,, O+ou=— Yo Bee a N S meee (3) 


and X,, Y, are the components of force required to produce the accelera- 
tions on the left when the A.M. about the axis OC is zero. If the accelera- 
tions are specified, equations (3) solve, for the case of zero A.M. about OC, 
the problem of determining the component forces required to give the 
specified accelerations to the system, for the given (finite) values of u, v. 
As pointed out in 4 below, the quasi-particle considered has different virtual 
inertias along OD and OH, the axes transverse to the spin axis. 

The more general problem of finding the force F(X, Y), when C is not 
zero and the values of ù, ù, u, v are specified, is solved by (2). If we 
suppose that ù, ù, u, v do not exceed finite limits, and that Cn is compara- 
tively very great, these equations are approximately represented by 
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Thus the direction of the resultant force F is approximately at right angles 
to that of the motion represented by the component velocities u, v. To 
specify F exactly, suppose drawn from P the vector V, the components of 
which are u, v; then think of the outer extremity J of that vector as being 
carried round by the angular speed n, 
at right angles to PJ, at speed nV in 
the direction shown in Fig. 17. Draw 
u a vector in this direction, and make it 
of length CnV/h?. The force-vector F 
is equal and opposite to this latter 
vector. 

From the above investigation it is clear that if the forces X, Y are given, 
and are of the order of magnitude of Cn, then the motion consistent with 
these forces, if comparatively very small, will be directed nearly at right 
angles to the line of action of F. 


P v 


Fic. 17. 


4. Motion of a top reduced to motion of a particle. We have just 
seen what the equations of motion are if the spinning body may be regarded as a mass 
concentrated at the point P, while retaining a finite angular momentum Cn about the axis 
of symmetry. For this purpose we have to write a third equation, of which the full form is 


WSO ON care S e e A sen: (1) 


If, as has been suggested, the body can be regarded, so far as A is concerned, as a 
particle at P, rigidly connected of course with the fixed point O and turning, with its 
connection, as a rigid body about that point, we have h?/A=1/m, where m is the mass. 
Thus we get for the three equations of motion, since w=0, 


m(u— 0) + oe =X, 


pang ce Yi hea E T s (2) 


M(—Wyt+ov)=Z. . 
The spin about the axis OC gives rates of generation of momentum Cnv/h?, —Cnu/h? in 
the directions of w and y respectively, a remarkable result. If we write 
a=X/(X—-Cno/h2), B=VY/(Y+Cnu/h?), 

we can write the first two equations of (2) in the form 

HIT (ED) a= Ry CTT CE BOD == Ys Als ceionoscacenicononbe AAD InHAODE (2’) 
so that the virtual inertia of the quasi-particle is different in the two directions, and 
depends on the forces in these directions and on the a.m. On about the spin axis. 

If the motion is one of steady turning about the fixed axis OZ, the vertical, or what 
corresponds to the vertical, we have v=0 and w=3=0. Resolving the directed quantities 
radially inward toward the vertical, that is multiplying the second of (2) by cos 0, and 
the third by sin 0, and subtracting the latter product from the former, we obtain 

(mo. x a wcos.0+ mw,u sin O= Y¥ cos O ASIa O. ae (3) 
But w,=y cos 0, u=hw,=hy sin 6, and therefore the last equation becomes 


mh sin 0— A sim ocos 0 =N cos 0 SASINO ee e EE FOREN 
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Since @ is constant, we may put R for Y cos 0— Z sin 6, and write the equation in the form 


7, Cn ; R 
P- 73008 0. p= SAC enDODE E A EAA ET SR (5) 


Thus there are two values of y¥ consistent with the steady motion. 


5. Effect of increasing or diminishing the applied couple. Hurrying 
or retarding precession. We now inquire as to the effect of increasing or 
diminishing the applied couple Mgh sin @ on the inclination of the axis in 
steady motion. Going back to (11), 2, let Mgh be increased to Mgh+N 
(N positive), so that an additional couple N sin 0 about the axis OD is 
applied, and let, as is possible, steady motion exist under this gouple with 
the same value of 6. Then, if u, ug be the roots of the equation, 

A cos 0 . u? — Cnu +Mgh =0, 
the value u of the precession under the enhanced couple is given by 


A cos 0. (u;—u)(u—u)=N; toeseseseeerseseeveessoeese (1) 
so that (since cos 0 is supposed to be positive) u must lie between the two 
values, the large value u; and the small value u, which correspond to the 
couple Mgh sin 0. 

The increase of couple thus diminishes the large root and increases the 
small root. Either of the new values requires for its production the couple 
N sin 0 tending to depress the axis. Thus, if the angular speed of precession 
be increased from the small value or diminished from the large value, and 
the corresponding increase of couple be removed, the axis will begin to rise. 

Similarly, if N be negative the new values of u lie one above u, the 
other below u,, and the removal of N would result in depression of the 
axis. 

If 6>47, cos@ is negative, but now (u4,—p)(u—p,) is negative or 
positive according as N is positive or negative. But u is negative; and 
the values of u lie, in the first case, one on the negative side of u, and the 
other on the positive side of u,, and, in the second case, one on the positive 
side of u, the other on the negative side of up. The effect of the removal 
of N is to be described as before. 

Thus we have the rule stated above as to the effect of hurrying and 
delaying precession, namely, that if an increase of y from u is impressed 
without additional couple about OD, the axis will rise if u is the smaller, 
and sink if u is the larger, of the two roots of the steady motion equation, 
and the reverse is the case if y is diminished. 

It will be clear from (11), 1, that if an additional couple N is applied to the 
top in steady motion, the axis will begin to sink if N be positive, and rise 
if N be negative. For (11), 1, gives AG=N. 

We may consider this subject otherwise as follows. Let a couple be 
applied in the plane of motion of the axis of spin, as it is in almost all cases 
in which the precession is to be accelerated or retarded. Since we suppose 
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that 6 is zero, the couple applied is about the axis OE. If M be the 
moment of the couple we have by (5), 1, since 6=0, 


Aah sin Gaia seiciet I Seana (2) 


But after a short interval of time. dt has elapsed we have [see the process 
in 9 below], instead of (6) and (11), 1, the two equations 

AdwWsind=Mdt, Ad6+(Cn—2Ap cos 6)dysin 0=0;......4.. (3) 
for in the limit 6 and y change by d and dy while dé is zero. 

First let us suppose that 0<0< 4r. The precession is direct (see 18, II), 
and so u has the same sign as n, which we always take as positive. Hence 
by (8) we see that according as Cn—2Aucos 6 is negative or positive, dÊ 
and dy have the same or opposite signs. Thus the top begins to rise or to 
fall according as the couple, M, about OE increases y} or diminishes it. 

But if 2Aucos@>Cn so that Cn —2A u cos 0 is negative the value of u 
is the larger root of the quadratic in u, which (11) becomes when @ is 
constant, and u is put for Wy (see also 17, II, above). If 2Aucos@< Cn the 
value of u is the smaller root of the quadratic. Thus, if the steady 
precession have the larger possible value, the couple here considered causes 
the axis of the top to rise or fall according as the couple gives a negative 
or a positive dy. 

Next let 7>0> 47, then as we have seen (18, II) the high value of the 
precession has the retrograde direction, the low value is direct. In the 
former case u is negative, in the latter positive. Hence 2Au cos @ is positive 
for the fast precession, negative for the slow. Thus, if Cn—2A u cos @ is 
negative, a positive value of dvr, that is a retardation of the fast precession, 
means a negative value of dÔ, or the top begins to rise, while a negative 
value of d}, that is a hurrying of the fast precession, causes the axis of 
the top to descend. 

When the precession is direct, Cn — 2A u cos 0 is always positive (since here 
a> 60> 42), and so dé is negative or positive according as d} is positive or 
negative. Thus, when 7 >6> 37 we have exactly the same result as before. 

The effect of resisting or aiding precession by a couple is beautifully 
illustrated by a piece of apparatus devised long ago by M. Sire of Paris, and 
given to the author of this book by M. l’Intendant Sire, of Sidi-bel-Abbés, 
Algiers, the son of the inventor. The axis of a gyrostat wheel coincides 
with a diameter of a ring, which is grooved round the edge, so that the 
gyrostat can be hung like a loose pulley by the free end of a cord wound 
round the groove, as shown in Fig. 18. When the wheel is- spinning, and 
the gyrostat supported by the cord is left to itself, precession in azimuth 
takes place in the direction to balance the constant couple Mgh applied by 
gravity. But as precession proceeds, the string, which is held fast at the 
upper end, is twisted and applies a couple resisting the precession, which 
becomes slower and slower with turning of the pulley and sinking of the 
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gyrostat as a whole, and turning of the axis of the wheel towards the 


vertical. 

Cessation of precession is accompanied by a 
sudden fall of the gyrostat, which makes half a 
turn and so reverses its axis. The couple in 
the twisted string now aids the precession (in 
the opposite direction) proper to the new position 
of the wheel, and the further turning of the axis 
is checked, fall ceases, and this opposite precession 
begins and quickly increases. The string, how- 
ever, untwists and then twists up the other way, 
opposing the new precession. The result is that 
the gyrostat again falls, precession in the original 
direction begins as before, and so on, until the 
successive falls possible with the length of string 
chosen have all taken place. Another illustration 
is found in the solution of the music-hall problem 
of how to throw down a cheese-shaped body set 
up on edge. The body contains a rapidly rotating 
gyroscope of considerable A.M., and resists the 
attempts of those who attempt the feat, and who 


Fic. 18. 


of course try to overturn it directly. It can be laid down flat by merely 
applying a couple about a vertical axis by pressing on one side gently with 


the little finger. 


6. Greenhills graphical construction. The steady motion of a top and 


Elevation 


the results of hurrying or retarding 
precession are well illustrated by an 
elegant graphical construction due to 
Sir George Greenhill. In Fig. 19 OV 
is the vertical, OC the axis of the top 
OV and OC are taken of lengths to 
represent respectively the A.M. 
G(=Cnrcos 0+ Ay sin?6) 
about the vertical, and the a.m. Cn about 
the axis of the top. Lines CK and VK 
are drawn at right angles to OC and OV, 
and meet in K. Now 
OV =0C cos 0+CK sin 6 
=Cn cos 0+CK sin 6, 
so that 
CK=Aysin 6. 
Hence we obtain 
VK=OCsin 6—CK cos 0 
=(Cn—Ay cos @)sin 0. ....(1) 
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Also if KM be drawn parallel to VO to meet OC in M, and KN be drawn parallel 
to CO, MK SON SOK /sin Aid) eraren OMNES (2) 


and NV=Cn cos 6+ Ay sin?6— Ay =(On— Ay cos 0) 008 O. ..cesssesesseeeeeees (3) 


Thus, if be zero, CK and OC are rectangular components of the a.m., and OK repre- 
sents the resultant A.M. 

In the general case we draw, as shown in the plan (supposed laid in a horizontal plane 
through V), a horizonal line KH to represent A. The resultant a.m. is now completely 
represented by OH. 

If the motion is steady 6=0, and H coincides with K. We take p as the steady value 
of ¥. The point K moves in a horizontal circle about OV as axis, with angular speed p, 
and a.m. in the direction of the motion of K grows up at rate VK. p, that is at rate 
(Cn—Ap.cos 0)usin 0. Thus, since MgA sin @ is the moment of the gravity forces about 
a horizontal axis through O parallel to KH, we have 

(Cn— Ap. cos 6) .=Mgh, 
which is the quadratic equation for already found. 

By the diagram of Fig. 19, 

Mgh ON MK 


_Mgh iv ¥: is 
=VK sin 0 NK? and aay 5 g eee (4) 


Thus we get MKA NR =A MI e e aeaiia EEE e N (5) 


and so for the given length of OC and inclination of OC to the vertical, K lies on a 
hyperbola of which OV and OC are the asymptotes. The directions of these lines and 
the value of Mg% determine the hyperbola, so that it is given when @ and A . Mgh are 


given. 


If CK be produced to meet OV in F, and E be the middle point of CF, we get 
CE?-KE?=CK.KF=KM.NK sin tan 0=A .Mghsin 6 tan 0. ............ (6) 
Two roots of the quadratic thus exist, one for each of the points KK’, in which CF 


intersects the hyperbola. The smaller root is CK/A sin 0, the larger is CK’/A sin 6. 
When the roots are equal CK touches the hyperbola. Then KM=30F, KN=40C, 


and therefore ACMI =RM NK == 4 OW OC == 1 6272560 nenna e (7) 


Hence, for equality of roots, we get, remembering that MK = An, 


Ca=2(A.Mgheos OA po aM uaan (8) 


If OC be too short CK will fall below the vertex of the branch of the hyperbola shown 
dotted in the diagram, and the roots of the quadratic are then imaginary, and steady 


motion is impossible. 

We can trace what happens when the top is started with the given a.m. On at a given 
inclination, with 6 and y zero. First, since the term $Cn* of the kinetic energy remains 
unchanged, and terms 4A@? and LAysin29 are called a existence at the expense of the 
potential energy, a sinking of the axis below the initial inclination @ takes place. This 
sinking continues while Åi increases, and 6, at first a maximum, diminishes until, when ò 
is zero, 0 is a maximum. At that instant W has the steady motion value Į, corresponding 
to the point K on the hyperbola. At the starting of the top K lies within the hyperbola, 
and when 0=0 the value of pi is the smaller root of the steady motion equation. [If, 
however, an initial value of w sufficient to make (Cn — Av cos 6) > Mgh is given to the 
top, A@ will be negative, and the top when started and left to itself will begin to rise 
towards the point K’.] 

After @ has thus become a maximum, and K has reached the hyperbola, the axis 
continues to sink, and 0 becomes negative. We have then (Cn — Ay cos 6)y > Mgh, and 
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ý increases until it attains a maximum value just when the absolute value of 6 is greatest, 
as we see from (6) and (11) of 1, for then 6=0, and therefore y=0. Then the absolute 
value of Ë diminishes, a negative value of Ê grows up and the axis rises. 

Unless the initial position is such that the line CK intersects the hyperbola, there does 
not exist a value of ¥, with which if the top were started it would continue in steady 
motion. 

The diagram shows at once the effect of applying an additional couple N about OD. 
When this is done we obtain a new hyperbola, for which the equation 


KM.NK= A(Mgh+- aA on 


holds. (Of course on the left the letter N refers to the diagram.) If N be positive the 
new hyperbola lies within the old, and so the two new intersections of CF with the curve 
are obviously one above K and the other below K’. If N be negative the new hyperbola 
lies outside the old. The new position of K is below the new position of K’ above the old. 


If then the steady precession be that due to the couple Mghsin 0+N we see at once 
that the effect of the withdrawal of N in setting the axis in motion is as stated in 5 
above. Initially, we have then AO=—N. 


7. Reaction of ring-guide or space-cone on top. If, as in the model 
illustrating the precession of the equinoxes pictured on p. 12, I, and in 
the well-known toy shown in Fig. 20, 
the top be furnished with a material 
cone or axle, fixed round the axis of 
figure, which rolls on a cone fixed in 
space, represented by the ring or 
curved wire of the diagrams, and the 
point of support be at the centroid, 
the couple on the top must be 
applied by the pressure of the fixed 
against the moving cone. The circle 
of the points of contact on the 
moving cone is the polhode on the Set 
top, and the fixed ring or curved wire is the herpolhode. [See Chapter 
XXI below.] 

The thrust of the axle against the ring-guide, that is the force exerted 
by one polhode on the other, is to be found from the calculation of the rate 
of growth of a.m. given in 5, III, above. This is the rate of displacement of 
the extremity H of the vector OH, representing the A.M.; and clearly, when 
the motion is steady, H moves about an axis at right angles at once to 
the axis of figure and to the vertical, an axis therefore which may be 
represented by OD of Fig. 4. For OH is always in the plane ZOC of 
Fig. 4, which is perpendicular to the path of the point I of the instan- 
taneous axis along the guide. 

But the a.m. grows for the direction OD at rate 


AÖ+ (Cn — Av cos 0) sin 0, 
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and therefore, if N be the couple, 


AG+(Cn— Ay cos AE Na A N EEA (1) 
or, if the motion is steady, 
(C= Ap cos 6) sin OEN eneee eae i (2) 
In this connection this equation is sometimes written as 
{Cw—(A—C)mcos O}usin 9=N, ..ccscccececececseees (3) 


where w is the rate of turning of the top with respect to the plane ZOC. 
If A=C we have the steady precessional motion, under cauple N, of a 
spherical top [3, IV, above]; that is, the equation is 
C= KEOS Os St Om N asin cosas se cee csgcccaen tees (4) 


We shall see below that the term introduced by the inertia of the case 
of a gyrostat enables a similar equation to be obtained for that form 
of top. 

The pressure on the ring is N/l, if l denote the distance of the point of 
contact of the axle with the ring from the point of support. 

If a slight push or blow be given to the axis of the top, an impulsive 
couple is applied which produces an increase of the component Avy sin 0 of 
AM. about the axis OK, that is changes vy to +d}, if 6 is kept 
unchanged by the guide. This increase in y makes the rate of growth of 
A.M. about OD more rapid than is accounted for by the couple N, and so 
the top endeavours to turn about OD in the direction to keep the rate of 
change of a.M. the same as before, that is so as to press with so much 
greater force against the guide, that the value of N is enhanced to the 
extent required for the greater precession. 


8. Explanation of clinging of axle of top to curved guide. The action 
of the top shown in Fig. 20 is very curious, but its explanation may be 
made out easily from the discussion above, which is to be read along with 
what follows. The axle rolls round the curved guide, following all the 
convolutions, however sharply curved, and on coming to the end of the 
guide in one direction turns rapidly round the end of the wire and rolls 
back on the other side. The axle has been described as clinging to the 
wire like a piece of iron to a magnet. 

For simplicity we have supposed that there is no gravitation couple on 
the top. The action of the guide may be analysed as follows: Consider a 
right circular cone, with the vertical through O as axis, and the line OI as a 
generator: a short element of the guide at the point of contact is at the 
intersection of the guide and a circular section of the cone. Such a 
cone may be made to pass through any element of the guide, and @ is 
now the semi-vertical angle of that cone. The element will in general 
give a component of action on the axis of the top in the plane through the 
-axis of the cone. 
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a 

We have for the couple applied to the axle, in the vertical plane through 
OI, the equation A6+(Cn— Ak cos 6)y sin 0=N. 
Besides this couple N, a couple in the tangent plane to the cone through OI 
is applied to the top. For clearly a component F of reaction of the guide 
acts on it at I with or against the direction of motion along the circular 
section, according to the angle between the edge of the section and the guide, 
and F and —F inserted at the point of support give a couple of moment N’, 
the axis of which is at right angles to OI, in the plane COI. This can be 
resolved into two components N’sin a, N’cosa (a= 2IOC) about OC and OE 
(at right angles to OC) in the plane COI. The former couple of compara- 
tively small moment alters the speed of rotation, the latter gives change of 
yy at numerical rate Ay sin 6=N’cos a, 


since 6 is negligible. The axle therefore presses more or less on the guide 
from this cause. 

There is also a frictional couple which in general splits into two com- 
ponents, one with or against N, and the other helping or retarding vy, 
according to the direction of the guide. 

Now, let the axle come to a discontinuity in the guide, for example one 
of the ends. The couple N may be regarded as there suddenly annulled, 
and therefore (since anything like steady motion ceases) AÖ as taking at 
the same time a value ; : 

-(Cn— Avy cos 6)y sin 8, 
the value of AÖ—N just before the discontinuity is arrived at. In other 
words, the motion may be regarded as disturbed by a force N/l applied at 
I to the axle annulling the moment N. Thus 6 grows up very rapidly, 
and the axle moves across the end of the guide. 

But as the axle moves thus owing to 6, a rate R of growth of AM. 
about OE would be produced were it not for another motion of the top. 
There is now no couple about OE, and therefore, in order to keep R zero, 
the top must turn about OE, and in the direction, as will be seen from 
the figure, to bring the axle against the end of the wire, across which the 
axle will roll, until the next sharp corner is reached. In this way the axle 
rolls round the end of the guide, while the space-cone of angle @ changes 
position rapidly. 

When the end has been rounded the precession becomes again nearly 
steady, but the axle now presses against the other side of the wire. The 
precession is now in the opposite direction, and the axle therefore again 
presses against the wire, but in the opposite direction to that in which it 
formerly pressed at the same place. 

A similar explanation accounts for the hard pressing of the axle 
against the guide where @ increases rapidly, as it does in a guide like that 
of Fig. 20. 
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9. Stability of motion of a gyrostat or top. The word “stability” 
has no quite exactly defined sense in dynamics. For example, it is not 
sufficient to say that the steady motion of a gyrostat is stable if, when it is 
deviated from, the motion oscillates about the steady motion. Even with 
friction present the oscillation may continually inerease in amplitude until 
the range of departure from the steady motion is enormous. In such cases 
there is not true stability. On the other hand, the existence of friction 
may cause vibrations about the steady motion to subside continuously, until 
the deviations from a state of steady motion are imperceptible. Friction 
cannot be neglected in any really practical discussion of stability. 

We now inquire whether the steady motion of a gyrostat or top, which 
is obviously a possible motion, is stable, and answer this question for the 
present in the following manner: We first suppose that if the steady motion 
is slightly deviated from, the motion of the gyrostat or top oscillates about 
the steady motion, and that the vibratory deviation from steady motion 
approaches the steady motion as a limiting state, when the initial dis- 
turbance approaches zero. The logic of this process, and the conditions 
of what may be described as true stability, will be examined in a later 
chapter. 

We write then, for the disturbed motion, 9=6,+a, where 0, is the steady 
motion value and a is small, and y~=u+7, where u is the steady motion 
value of the angular speed of precession, and «w+ 7 the disturbed value 
corresponding to @,+a. Since in the steady motion 6,=0, equation (11) 


of 1 becomes AOE OTE TIIA Bind ie (i) 
where U is what the expression 
(Cn — Ar} cos 6)y sin 0 — Mgh sin 0 


becomes when 6,+4 is put for 0, and u+ņ for yy. This expression vanishes 
for 0=0, and y=, and therefore, since the changes are small, (1) becomes 


Aati (Cn — Ay, cos 0)y sin @— Mgh sin O}a=0, occa (2) 


where, after the differentiation has been carried out, 0 is to be put equal to 
O and r} to u. This assumes that the changes are so small that the value 
of the rate of variation with @ of the expression in brackets, calculated 
for 0=0, and multiplied by a, will give the value of U. Performing the 
differentiation, remembering of course that y varies with 0, and that 


(6) of 1 gives j . 
ER Kaa PET RT E, (3) 
we obtain easily j 
A? urd + (A? ut— 2AMghu?cos 0+ M?h ja 50. nosene, (4) 


The quantity within the brackets can be written as the sum of two squares, 
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and is therefore positive. Hence the deviation from steady motion is 
oscillatory in the real period, 
iy 2rAp ee Mealy danik (5) 
(A2ut—2A Mghu2cos 6,-+ M2g2h2)? 

The disturbance has been supposed such as to leave the A.M. about the 
vertical unchanged: for example, a vertical impulse would fulfil the con- 
dition. Buta similar result would be obtained for any small disturbance, 
as can easily be verified [see below]. 

It may be noticed that if the top is spun very fast, so that the smaller 
value of the angular speed (approximately Mgh/Cn) is very small, the 
period of oscillation about the steady motion, with this value of u, is approxi- 
mately 27A/Cn. This may be verified from (5), or by neglecting all the 
terms in the brackets in (2) except Cn, and using A sin 6,dy-/d@ = Cn instead 
of (3), when the result follows at once. This approximation to the period 
is independent of 0. 

Again, if the top is spun very fast, the period of oscillation about the 
steady motion is, for the large value of u, 27/u, that is the period of revolu- 
tion of the axis in the precessional cone. This follows from (5), because 
then the denominator on the right becomes Ay? very nearly, so that 
T=27/u. Thus, in one half of the revolution the axis is above the steady 
motion position, in the other half below it. This period is 27A cos 6/Cn. 
For 0=0, the upright position, it agrees with the other period, and varies 
from that to zero for different values of 6 from 0 to 47. 

If we suppose that the small disturbance given to the top is quite general, 
then after the disturbance we have the equations 

Ay, sin’ + On cos =’, Nie satel SEHE 
A6+(Cn— Ay; cos OJy} sin 0 = Mgh sin 9. 

The disturbance has changed the value of G to G’, and also changed the 
value of the energy. Instead of the first of these equations we may write 
of course, for any instant before or after the disturbance, 

Ayr sin 0—(Cn—2Aryr cos 0)O=0. sessereeseesiueseeer (7) 
If we now suppose, as before, that this motion deviates slightly from a 
steady motion according to the equations 
0=0 +a, w=utn, 
we may proceed by the process already employed, and arrive at the same 
equation, (5) above, for the period. 

This is not now, however, quite exactly the steady motion from which 
the top has been disturbed, but a steady motion differing slightly from the 
former so as to be consistent with the values of the energy and the A.M. 
about the vertical as modified by the disturbance. For example, if the 
disturbance be purely one of y% the steady motion circle will become a 
limitifig circle of the disturbed motion [see below, 14]. 
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10. Rise and fall of top. It is very instructive to consider the rise 
and fall of a top from the point of view of the constancy of a.M. about the 
vertical, and the constancy of the total energy, combined with the in- 
variability of the angular speed of rotation about the axis of figure. 
Putting, for brevity, 

a=(2E—Cn?)/A, B=G/A, z=c0os0, a=2Mgh/A, b=C/A, 
where E is the total energy, we obtain the equations of energy and 
momentum in the forms, 


P+y7(1—2?)=a—az, \ (1) 
E EET AG AGN SAGA AY 
Eliminating y between these equations, we get 
#=(a—az)(1—2)—(B—bnz)PP=f(Z). .......ececcesevavern (2) 
The cubic expression f(z) is negative when z= — œ, z= +1, and positive 


when z=+. It is also positive when z has its initial value z), say, 
which must be between —1 and +1. Two roots of the equation f(z)=0 
lie therefore, one, z,, between —1 and 2, another, z,, between 2) and +1, 
and the third, z,, between +1 and œ. The last is not relevant to the 
question, since —1 <z <+1. We have therefore 


Bx OS — 2) (Sa 2) Sg 2 os ahnian e a sealant ephtege (3) 
The product of the three factors is positive, since 2 is positive; the third 
factor is obviously positive, and therefore z must lie between z, and 2. 
We have taken z, as the greater of the two roots 2,, Z} Hence, as Z alters 
the angle @ varies also, but is always such that cos @ lies between the 
limits 2,, 2. 
From (3) z can be found as an elliptic function of the time ¢, and thus 
the top rises and falls periodically. 


11. Path of point on axis of top. Cusps on path. By elimination 

between ¢={f(z)}? and 4 =(B—bn2) (1—2), we get 

dy  B—bnz 

dz —2*){f(2) ye 
from which y can be obtained in terms of z by quadrature. In 15, below, 
the path of a point on the axis of figure under different possible conditions 
is considered, and illustrated by diagrams showing the path, as seen by an 
eye situated above the top. We discuss here the occurrence of cusps or 
loops on the path. 

Let a sphere of radius 1 be drawn round O as centre, and denote by Z, 
the point in which the vertical through O intersects the sphere [see 
Fig. 21 (a), (b), (c)]). The radius through the point Z is vertical, and if P be 
a point in which the axis of the top meets the surface, the projection of OP 
on the radius OZ, is the value of z,, and the distance of P from the latter 
radius is (1 —2?)?. $ 
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The tangent of the inclination 7 of the line traced by P on the unit 
sphere to the meridian Z,P at any position is —(@—bnz)/{f(z)}?, in which 
the value of {f(z)}? is taken + or — according to the sign of 2 This 


(b) (c) 


Fia. 21. 


expression shows that the path of P is at right angles to the meridian 
whenever z has one or other of the values 2z,, 2,, unless it should happen 
that at either limit z= 8/bn. Thus the path lies between the two parallel 
circles on the unit sphere corresponding to z,, z,. When z= ß/bn at one of 
these circles the path of P has cusps, as shown in Fig. 21 (b) [see also 13 
below]. As we shall show presently, this can only be the case at the upper 
circle. The form of the projection on a hori- 
zontal plane is shown on a larger scale in 
Fig. 22 for the second case. 

If the value of 8/bn lie outside the limits 
Zi %, 8—bnz must always preserve the same 
sign as P moves, as in Fig. 21 (a). But if 
B/bn lie between z, and z, the path will have 
the form shown in Fig. 21 (c), from which the 
changes of sign and value in tan? can be traced. To settle whether 
when z(={/bn) lies between —1 and +1, it also lies between z, and 
Z» we have only to consider the value which this gives to f(z), that is 2, 
which of course must be positive. By (2), 10, we have, if z= B/bn, 


LOHE Baf) (1 a) SN EAI ee et (2) 


in which the second factor is positive. Hence, if the first factor is positive, 
B/bn lies between z, and z,. The condition therefore is B/bn < a/a. 

There is however the case in which this factor vanishes: 8/bn is then 
equal to one of the limits z,, z,. To find which, we substitute in f(z), 
a=aB/bn, and get 


f(2) =, (B—bn2){a(1 —22)—bn(B—bnz)}. By ene aaa ne (3) 


Fre. 22, 


If we equate the right-hand side to zero, we see that one root of the 
equation is given by the first factor. The second factor is zero if 


B—bnz=a(1—2*)/bn. 
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But a(l—2?)/bn is positive, and therefore 8—bnz must also be positive if 
this equality holds, that is z < 8/bn, with n positive. We see then that if 
one of the roots z,, 2, of f(z)=0 be B/bn, it must be the greater root. Thus 
the cusps are at the upper circle, as stated above. 

The conclusion thus analytically obtained for the position of the cusps is 
obvious from considerations of energy. For at either limiting circle the 
term in the kinetic energy depending on Ô is zero. The potential energy, 
however, has its maximum value at the upper limiting circle, and its 
minimum value at the lower. At the lower circle therefore it is im- 
possible for y to be zero, otherwise the kinetic energy would, for the 
minimum of potential energy, be reduced to the constant part $Cn?, 
depending on the spin about the axis of figure. But, since the total energy 
does not vary, the kinetic energy must have its greatest value at the lower 
limiting circle. Hence the cusps, if they occur, are connected with the 
reduction of the kinetic energy to the constant part in consequence of the 
adjustment of the maximum of potential energy to the value E—}Cn?. 


12, Occurrence of loops on path. The dynamical reason for the form 
of the path in Fig. 21 (c)is clear from (1) above, or from the second of 
(1), 10. If the two roots of f(z)=0 be such that before reaching the upper 
limit of value, cos @ becomes so great that Cncos@ exceeds I or bnz > 8, 
then y-(1—z*) must become negative. In other words, the turning about 
the vertical must be reversed from the direction which it had at the lower 
limit of cos 0, where Cn cos 0 < I. 


It can be proved, but not so easily as might be expected, that the positive advance in 
the value of y in each oscillation is, as shown in the diagram, greater than the 
regression. The fact will be made manifest when 
an exact discussion of the path is given. But it 
may be demonstrated by the theory of complex 
integration as follows. Let a horizontal line 
(Fig. 23) be the axis of real quantity and O the 

: origin. Let the dotted line through O be the 
wiv EAA axis of imaginary quantity. Let the positions of 
mle QS A & 7 the roots 21, 2, 2, of f(z)=0, and the points z= — 1; 
uZ e A z=+1 be as indicated. Draw a closed contour as 
shown, consisting of straight lines above and below 
the axis of real quantity and loops surrounding the 
critical points of dw/dz, situated on that axis (the 
branch points z,, 2 and the poles —1, +1), and a second 

peer closed contour consisting of a loop round the point 

Z=23, a straight line above the axis to +œ, a circle 

of infinite radius from O as centre, and finally a straight line below the axis of real 
quantity from + to the point z4. The integrand in [B -bra -HFE . dz is 
holomorphic throughout the space between the two contours, and hence the integrals 
taken round these, in the left-hand direction, say, for the outer, and the right-hand 
direction for the inner are equal. Now we have at z=1 and z= -1, f(z)= -(B- bn}, 


' 
' 
‘ 
' 
' 
+ 
` 
' 
' 
i 
1 
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and 6 -— bnz changes sign between z, and z}. But the sign of the radical changes also as 
the integration in the inner contour passes from the point d to the point j, and as it 
passes from the point & to the point c, and also in the outer contour, as the integration 
passes from 7 to g. The residues for the points z= — 1 and z= +1 are equal in value and 
opposite in sign. The integral from c to d is equal to the integral from j to k, and all 
other parts of the integral along the axis of real quantity (lm, ab, and ef, gh) for the 
inner contour, taken in pairs, above and below the axis, cut one another out. The 
integral along the large circle is zero, and so the integral from 7 to s is equal to the 
integral from p to g. Thus we obtain 


ik (B — bnz)dz -f (B- rod. , 
(1-2) f@) Hh A-A 
Every element of the integral on the right is positive, and therefore the integral on the 
left is also positive. The proposition assumed above is therefore established. [This mode 
of proof is due to M. Hadamard (Bull. d. Sci. Math. t. XIX, 1895, 1" Partie).] 


As the analysis here following will show, the repeated curves on the unit 
sphere in Fig. 21, may, when the limiting circles are close, and @ is not zero 
at either, be regarded as cycloidal. 


13, Motion of the axis of a top between two close horizontal linuting 
circles. Awis initially at rest. Let it be supposed that initially 6=0, 
§=6, (and therefore cos §,=%), y~=0, and n very great. Then 


SNE Ma hi6e8 O52 su. ne re eves pe ede ves (1) 


Thus, initially, a=az,, B=bnz,. After the top is started it is left to itself, 
and the inclination of the axis to the vertical alters. Since E and 40n? 
remain constant the axis must sink, so that the terms of the kinetic energy 
depending on Ê and yy may come into existence at the expense of the 
potential energy. Thus, when the inclination of the axis to the vertical 
is 0, we have 


4A (62+ sin? 6) = Mgh(cos 0, — cos 0), | 


AS ae fat) 0 2). i SS a ae (2) 
Also we have OT 27) = 6 On EON A) oar ence esse cassne dian (3) 
We have seen that 
=(a—a2)(1—2")—(B—ONZ)), otic a a cette: (4) 
and this equation, since a=az,, B=bnz,, can be written 
#=a(%—2){1 —2?— P aah AAE A eee! (5) 


Hence z=z, is one root of the equation f(z)=0; it is the root z,. The 
second relevant root z, will cause the factor 1—z?—b?n*(z,—z)/a to vanish. 
Hence we must have 

GOUGING gh VEU: op sc ochnssnnetonsaenecarn se (6) 


Solving this equation, we get 


bne 4a 4c? Nè 
= it (1- poet a) \ 
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that is, with p=b'n2/2a, z= pt (p?— WH 1h. ...crecccrsecesvcecsvsecewers (7) 
The smaller of these roots defines the second limiting circle. 
The value of z, lies between —1 and +1, and it is clear therefore that, if 
n be great, z,—2, must be small. Hence the axis of the top, if the spin be 
rapid, moves between two close right circular cones with common axis OZ,. 
Now consider the value of ù}. We have by (3) and (6), 
ie a %—2 1-2? 


bn %—-%, 1-2" 

The quantities z,—z, z,—z, are both small; their ratio depends on the 
value of z. The ratio (1—z,?)/(1—2’) is positive, and very nearly equal to 
unity, and we know from (2) that z > z, that is z, is the value of z for the 
upper limiting circle on the unit sphere, and z, is that for the lower. 

We notice that when z=z,, that is at the upper circle, y-=0, or the 
curve of intersection of the axis with the spherical surface is that shown in 
Fig. 21 (b), for it is clear from (2), (3) and (8) that ¥°(1—2*) is small in 
comparison with 6? [for 1+ & hi 1—2) = (a/n?) (1 —2?)/(z0—2)] when z 
approximates to z,, though both 6 and yy approach zero. The path there- 
fore meets the upper circle in a series of cusps. We have already seen [11] 
why these cusps may exist at the upper circle but not at the lower. 

Again, when z=2z,, we have Y% =a/bn =2Mgh/Cn. We shall see that the 
average value of yy is Mgh/Cn in this case. 


14. Top rising and falling through small range. “Strong” and 
“weak” tops. We can now complete the solution for a rapidly rotating 
top. Here 6,—6, is small, and 0 lies between 0, and 0,. Let @=6,+7, where 
n is a small quantity. We get cos @=cos 0,— nsin 6), that is z=z,—ysin 8). 
This substituted in the value of 2? gives the approximate expression 


hy SIG) Oe scan ve ne does ss oe cgh oo tuaaeaan (1) 
Differentiating this we obtain 
NA iy tasn = Osos. sek rede oi ses e (2) 
This gives the complete solution 
OTe 
1= ziy 80 O41 = C08: ONE) p aT E E T (3) 


in which the constants have been so chosen as to make ņn=0 when t=0, 
and 7 =0 when t=7/bn. 


Hence 0=6.+s5-5 aim 5 Sith O L= C06, ONE) eeaeee a AE (4) 
and 0, = Opt para Oa poia A, STOI AER (5) 
Finally, we have wv = bn (cos a —cos 0) ts AW, asi eeaa ee Sate amen (6) 


or approximately, from (4), y= oe (LS TOS rac Beanies A aes (7) 
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This gives y-=( for t=0, and y-=a/bn when t=7/bn(=7A/Cn). The 
average value is thus a/2bn = Mgh/Cn. 

The motion is compounded of a steady motion with constant values 
O +c sin 0,/2b?n? and a/2bn of @ and wy, and oscillatory variations 
— (a sin 6, cos bnt)/2b?n2, — (a cos bnt)/2bn of the same two quantities. It 
is to be noted that the period of oscillation about the steady motion is 
27/bn =27A/Cn, and is therefore shorter the faster the rotation of the top. 
It. is twice the time of passage of the axis from one circle to the other, 
The circle for which 0=0,+4 sin 0,/2b°n? is midway between the two 
limiting circles. 

From the example just considered it follows that, if the top be started 
spinning at high speed, with the axis exactly vertical and §=0, the axis 
must remain vertical. For, as we have seen, 2? is negative except for 
values of z which lie between the roots z,, z,. But if the top be started as 
stated above, equation (5), 13, becomes 

#=a(1—2y(1 zei A P (8) 
and two roots of the equation ż¿=0 are equal to 1. The third root is 
b’n?/a—1, and is greater than 1 if n be sufficiently great. Hence the two 
roots Z}, Z coincide in value, and the two limiting circles have shrunk into 
the point Z,. 

Equation (8) shows that for any value of z less than 1 the value of 2 is 
negative, provided b’n?> 2a. [Here and in what follows a is supposed to 
be positive.j Hence, if this condition is fulfilled, the top cannot leave the 
vertical in the course of its own undisturbed motion, as otherwise 2* would 
become negative. The stability of the upright top will be further considered 
in 15, below, and in 4...19, VI. 

If the top fulfils the condition of “sleeping” upright, namely b?n? > 2a, 
that is C?n? > 4AMgh, it is called a “strong top.” If b’n? < 2a, it is called 
a “weak top” (Klein u. Sommerfeld, Theorie des Krevsels, p. 249). It will 
be observed that the condition C?n? > 4AMgh can be written 


4Cn? > 2 Mgh. 


But 2Mgh is the potential energy which would be exhausted if the top 
were to fall so that the axis turned from the upward to the downward 
vertical. Thus the kinetic energy of rotation about the axis of figure must 
exceed A/C times this amount of potential energy, otherwise the top cannot 
sleep upright. The top sleeps more easily the greater C and the smaller A, 
Thus a top, tapering to the peg, will spin upright at a lower angular speed 
on its head than upon its peg; a bolt, with rounded end and massive head, 
will spin upright head down at a lower speed than when supported on 
the end. 
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As we have seen already, 17, II, the roots of the steady motion equation 
(Cn—Apcos 6)u=Mgh are imaginary if C?n?—4AMghcos®@ is negative. 
Hence a weak top cannot spin with its axis inclined to the upward vertical 
at a smaller angle than cos~1(C?n?/4AMgh). [Of course if the couple is 


not supplied by gravity the equivalent for Mgh must be used on these 
conditions. | 


15. Routh’s graphical representation of rise and fall of top. 
The rise and fall of a top may be illustrated graphically as follows (Routh, Adv. 
Dynamics, § 202). Recalling that we have a=(2E—On?)/A, B=G/A, a=2Mgh/A, 
b=C/A, we consider the two quantities AB/bnMA, Aa/aMh. First we notice that if the 


Fia. 24.—It is to be observed that the horizontal speed of P is zero when P is on the level of U, 
and changes sign when P passes above that level. When P is under that level the azimuthal 


motion, viewed from above, is in the same direction as that of the spin as viewed from 
beyond P 


V may be called the level of no motion, and it may be eitber above or below U, or on the 
same level. These threc cases, cœ 0, c<0, c=0, are shown in the diagrams (a), (b), (c). A hori- 
zontal projection of the path of P is shown for three different subcases of each of these in 
Figs. 25 (1), (2), (3). 


top be regarded as a compound pendulum, supported at O, A/MA is the length, / say, of the 
equivalent simple pendulum. Hence the quantities just specified may be written Bl/bn 
and al/a. Now (Fig. 24), let distances OU, OV, equal to these quantities respectively, be 
laid off along the upward vertical, and through the points U, V lay two horizontal planes. 


Along the axis of the top lay off a distance OP =}, and through P draw a vertical line, 
intersecting in K and L the horizontal planes through U and V. We have seen that 


b (ee?) Be bnet alae eee ae A Bee (1) 
Hence the speed of P perpendicular to the plane ZOP is 


wa 23 B- bnz rhs bn 
v(1 z’) i -2 a 74 


OU Si =bn oa PUR AR eae (2) 
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Thus we get the horizontal speed of P. The resultant speed is HY —2?)4 6213, and we 
have ¥7(1—2*)+ @?=a—az=29(OV —Iz)/I®, by the value assigned to OV. Thus we get 


2(f2sin? 6 + 62) =29 (OV — leos O). sescessscessssevssscesseees eee) 


The resultant speed of P is therefore that which would be acquired by a body falling 
freely under gravity through a height equal to the distance of P below the plane 
through V. 

The equations here given may be regarded as determining the whole motion, It is 
obvious that P cannot rise above the horizontal plane through V; for if this were to 
happen the right-hand side of (3) would become negative. 


By (3) we can write 2G? =2g(OV — l cos 6) —/y?sin2 6, 
that is 26?-=29(PL — /*f?sin? 6/29), 
5 Cr? KP? 
or, by (2), 2G? =2g (PL EB OOA REN crcl (4) 


Now let a parabola be described through U as vertex, with C’n?/2M?gh? as latus rectum. 
Then, if R be the point on the curve in which it is met by KP, we have 


C2n? 


2 
UK orig KR ESTES a Pate POR in Chee EO dean a (5) 
Thus we obtain, if R is above P, 
; KP? KEB. PR 

2 2 = ee eg eee eee: 

R629. KL=%(KP- Et) = a7 KP PR’ (6) 
or Eg ee Rega dete E ER T seuenics soa teereece (7) 

P@?—-29.KL PR KP 


where all the distances, each indicated here by two capital letters, e.g. PR, are taken 
positive. 
Thus, when @ is zero, we have 


or PR is half the harmonic mean of KP and KL. There are two positions of P 
consistent with this relation, one above the parabola, the other below it. Between these 
two positions the axis of the top oscillates. 

Let KP=x% and UK =y, UV=c, and Cn?/2M’gh?=2pl ; then (8) becomes, by (5), 


DIE FEO PURGES, E T E T E. (9) 
The inclinations of the axis to the vertical are therefore given by two positions of P on 
the cubic curve (9). [Case (a) of Fig. 24.] 

It is easy to see that if c be positive, that is if V be above U, the curve has, as shown 
by the dotted lines, a double point at U, and that there are at U two tangents equally 
inclined to the vertical, which include the vertical angle 2 tan-1(2pl/c)3. 

If c is negative the origin is an isolated point on the curve, and there are two branches 
one on each side of the vertical. [Case (b) of Fig. 24.] If we find two points P on either 
of these, for which PR is half of the harmonic mean of KP, KL, the two lines OP give 
the limiting inclinations of the axis to the vertical. 

If c=0, that is if U and V coincide, (9) represents the straight line 2=0, and the 
parabola y?=2plx. [Case (c) of Fig. 24.] The limiting inclinations of the axis to the 
vertical are then determined by a point on the straight line and a corresponding point 
on the parabola, and between the two horizontal circles defined by these inclinations 
the axis moves. 
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We give in Chapter VI a full discussion of the upright top, including Klein and 
Sommerfeld’s method, in which a cubic curve is also used. We give here Routh’s diagrams 
for the cases c > 0,¢ <0,c=0. The full theory is contained in the present chapter and 
in 5... 10, VI, below. 


{a’=OU] l>a’ l< a' t=a 
c>0. 


Fie. 25(1).—This diagram shows three cases in which ¢[=(a/a — 8/bn)1] is positive. The path of 
P on the sphere described from O with radius l is shown, as seen by an eye placed above the top. 
The small circle is the upper boundary of the motion of P ; in the third case, in which /=a, it has 
shrunk toa point. The axis is vertical at U, and so the path passes continually from the lower 
circle through U to the lower boundary again. If the maximum deviation fromthe vertical is 
itself small in this last case, the equation of the spiral path is 6=@)sin mp, where m?=(p - 1)/p. 
This is the equation obtained from (5) and (7), 16, VI, by substituting in (5), t=2w/on, from (7). 


1>0Q 1<0Q 
(See Fig. 24 (0).) 


c= 0. 


Fic. 25 (2).—In Fig. 24 (b) the coordinates of Q at which the tangent to the curve is vertical are 
given by x=—2c, y2=-8ple. U is an isolated point on the curve. The path of P on the same 
sphere as before is shown. Both limiting circles are below the level of U, and the axis of the 
top cannot reach the vertical. 


CLO 


{a’=OU] l>a meat l=a’ 


c=0. 


Fic, 25 (3).—In the first of these cases [l > a’] one of the limiting circles lies in the plane of 
UV, and the other on the paraboloid formed by the revolution of the parabola about its axis. 
The path meets the plane of UV in a series of cusps. 

In the second case [l <a’] both the limiting circles are on the paraboloid, and the path touches 
both circles. For either limiting circle we have, as the reader may prove, cos?6 — 2p cos 0 =1 — 2pa'/l. 
The greatest and least values of @ {@) and 6.] fulfil the relation cos 6)+cos 6.=2p, and p< 1. 

In the third case {/=a’] the axis can approach the vertical from a lower position, arriving there 
after an infinite time by describing a spiral gradually closing on U. The value of y approaches 


the constant value (gpl). The position of the limiting circle for which @ is a maximum is given 


by cos@;=2p—1. At that circle ¢=(/lp)?, and 6=0. But 6 is not zero, as P, if it descends, comes 
down tangentially to the circle, leaves it tangentially, and begins to ascend. 
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16. Rise and fall of top started with initial precession. So far we 
have considered the top as started with y»=0; we now suppose that it is. 
started at inclination 0, of the axis to the vertical, 9=0, and 4%- =y}. 

By (3) of 10 we have 


(a—AZ,)(1 — 2”) —(B—b1Z,)2 =O, a e e iea (1) 
and by (1) of the same section, 
Vlas ep one te ees See (2) 


But we have likewise 
B= (a—A2Z)(1—27)— (BDZ). eei (3) 
From these, eliminating « and 6, we get 
2 = (2—2)[a(1 — 22) —B*n*(z)—2) + ro(1 — 22) {ro (Zt 2)— 2bn}]. (4) 
Thus one root of ¿?=0 is z=z,. The second relevant root, z’ say, since it 
makes the quantity in square brackets in (4) vanish, gives 


2-2 = pala -AHi olet) 2M} ] 5 osses (5) 


and so z,—2 can be made as small as may be desired by making n 
sufficiently great. The root z will be the smaller or the greater root, 
that is z, will define the upper or the lower circle, according to the initial 
value of y} chosen. 


To find the conditions that determine whether z defines the upper or the lower circle, 
we differentiate (4) with respect to z, and put z=% in the result. We obtain 


d2 , ; 
FE =(1 — 29?) {24o (bn — Yoo) — a}. 
If 7 is the smaller root, that is if z defines the upper limiting circle, we obtain, since 
d¿?|dz must be negative, at 22> Quybn, 
if Yj, be positive. [Of course bn is taken positive here, as always, unless otherwise stated.] 
If z is the larger root, that is if z) defines the lower circle, we get, since dz*/dz must be 
positive, — at QWYyre <2QYybn, 
again for Yọ positive. 
We obtain the following results in different cases : 
(1) ġo positive: 0< 0y < $r. 
2 defines upper or lower circle according as 
a+ 2h20, 
2po 
Mgh + Aya 


0 


2bn < or > 


that is according as Ca < or > 
(2) yy positive: m > o> $r. 
z defines upper or lower circle according as 
hie ay |Zo | ; 
2H 
Mgh- Ayo? |z| 
Yo 


2bn < or > 


that is according as Cn < or > 
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(3) wy negative: 0<0)<4r. 

z) defines upper or lower circle according as 

atQY2%z > or < WYybn. 

But since z is positive and y negative the second relation is not fulfilled, and the 
motion must be started at the upper circle. 
(4) Yo negative: r>6)>4r. 

zo defines upper or lower circle according as 

a+2y,2|z2| > or < 2br| Yol; 

that is according as Mgh > or < —Ay,?|%|+Cn| vol, 
for n is here positive. 

These results are very easily obtainable from (11), 2, V, the equation of motion 
for the axis OD. At the upper circle Ë is positive, at the lower circle negative. It 
is instructive to work out the different cases from this equation; but this is left to the 
reader. 


17. Motion under various conditions of starting. Some further points 
regarding these different cases are worthy of notice : 

(a) Take Case (1): Let the top be started at the upper circle, and z, y, be the values 
of cos 0 and y for the lower circle. We have 

at 2z < 2y,bn. 
Now il> vo since the potential energy has been diminished in the passage to the 
lower circle, and therefore the kinetic energy must have been augmented by an increase 
in the numerical value of y¥, since 6=0. If Z<4m, the quantity on the left is positive, 
and therefore so also is the quantity on the right. Thus y, is positive. 

If however, with the same conditions of starting, the lower circle is in the lower 

hemisphere, so that 0, >r, we have z= —|z|, and therefore, from the equation of a.m. 
about the vertical, > ¥,(1 —2,2)=B — bnz,= B+ bn|2,). 
The right-hand side is positive, since 8 and bn are both positive by the supposition as to 
starting at the upper circle (in the upper hemisphere of the unit sphere), and thereforé 
also the left-hand side is positive, that is y, is positive. Thus 1 is increased in absolute 
value by the passage from one circle to the other, and, if positive at the upper circle, is 
also positive at the lower circle when that is in the lower hemisphere. 

It can be seen in the same way that if the top be started at the lower circle with 
positive y, the value of ¥, (¥,), that is, is also positive at the upper circle, but is 
diminished in value. 

(b) Now in Case (2), when the start is made with positive y¥ at the upper circle, it is 
immediately clear from similar considerations to those advanced above that w is positive 
and of greater numerical value at the lower. 

If the start is made at the lower circle, we have at the upper 

a+2yz>2bn, 
and also Y(1—2)=B—bdnz. 
At the start, since z) is negative and yy positive, we have 
YC — 2?) — bn |z| =B, 
and ĝ is constant. At the upper circle yp is of smaller numerical value, and it is clear 
that if at the upper circle z is still negative, we have then at that circle 
Y(1—2)—bn|z|=B. 
Thus, if 8 be positive, Tze —z*) must be positive at both circles, and exceed bn|z| by the 
same amount at both. If 8 be negative it is not impossible, according to these equations, 
for to be negative at the upper circle. It must however be of smaller numerical 
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value, since the energy term depending on y must be smaller there than at the 
lower circle. 

If however (still for the same case of start at the lower circle with 06> 47) 0 at the 
upper circle be less than $7, then z has become positive, and we have 

at+2yYz> abn, 
with ¥(1—-2)= — bnz. 

It is possible for Ņ to be negative at the upper circle in this case. Taking this case 
with the former, we see that at least the lower circle must lie in the lower hemisphere of 
the unit sphere if the value of y, positive at the lower circle, is negative at the upper. 

(c) In Case (3) the top is started with ¥,=—|y|. Let the start be made at the 
upper circle: the condition is f : 

a+ QWre > 2Yybn 
(which of course is fulfilled, since %ọ is negative and z is positive). Also we have 
Yo(1 —22) = B—bnz. 
Now at the lower circle we are to have 
a+2yz <2Ybn. 
If z is still positive, that is if the lower circle is in the upper hemisphere, the left-hand 
side is positive, and therefore so is the right, and so y is positive. 
If however z has become negative, we have 
YU -2)=B+bn|z|, 
and y is positive if B is positive. If B be negative we get no decision. 

Thus, absolutely in the former case and for positive 8 in the latter, the negative 
precession of the top is changed in the passage from the upper to the lower circle of 
positive precession. 

(d) As regards starting at the lower circle [in Case (3)], the condition is 

a+ 22% < 2Yybn. 
Since z is positive, the left-hand side of this inequality is positive, and so therefore must 
also be the right-hand side. Thus n must be negative, that is, if ¢ be positive, | Yọ | > ¢. 
The condition at the upper circle is i : 
a+2yz> 2pbn. 
We have seen that n is negative, and it is clear that so far W may be either positive or 
negative. 

We have also Y(1—2)=B — bnz, 

where n and £ are both negative. Thus the equation can be written 


¥(1—2)= —|B|+5|n|z, 
so that again no decision is given as to the sign of pe : 
(e) Finally, we consider Case (4). Here n=¢y+|Y||Z|, so that n is positive. 
Hence, for starting at the upper circle, we have 
a+ 2p? | | > 2bn| Yo |. 
At the lower circle a+2y?|z| <2bny, 
and so ù must be positive since n is positive. 
If the start is made at the lower circle we have there 
a+ 2y2|z|<2bn | Yo), 
and at the upper at+2Qy?|z|>2bn| P|, 
a condition which may be fulfilled whether Y be positive or negative. 
The above are various simple observations suggested by the different cases. The 
associated modes of motion may be worked out by the reader in a more complete and 
systematic manner. 


CHAPTER VI 


FURTHER DISCUSSION OF RISE AND FALL OF A TOP WHEN 
INITIAL PRECESSION IS NOT ZERO 


1. More exact discussion of rise and fall of top through small range. 
In this chapter we consider the rise and fall of a top through a limited 
range of values of @ in the more general case in which the initial 
precessional moment y, is not zero. Putting, as before, 0=0,+n so that 
2=2,—nsin @, we obtain from (4), 13, V, neglecting the term in 7, 


i? = y sin Ola + 22% — bna) — on. +¥e C ee Hes), sel) 


If we neglect {4 (1—2) — 2az,} /b?n? in comparison with 1, and write a’ 
for a+2v,2z,—2bny), we can write this equation in the en 


HE, HSU OO EI eros Shiva a a E o (2) 
Proceeding precisely as before, we obtain 
n= L (1—cos bnt), 
eee aar S (3) 
and 0=0+ Aa a (1 — cos bnt). 


This value of @ satisfies the conditions that when t=0, 0= 0, and ĝ=0. 
The other limiting value of 6, 0, say, is given by 


a'sin 0 
0, =O)+ ps7 socesecsoocoeocooocooosococcooseccooo (4) 
It remains to determine yy at any time t. We have 
he oe ka hea Cua eee go, Jaren tae (5) 
and therefore bnz +% (1 —2)=8B= 4 (1—22) +bnz,, 
so that ie mezak,- K Naas tet be te oe ae (6) 


But z=z,—ysin 0), and therefore 


vr=b P ECOLO E a a cure (7) 


” sin E 
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approximately. By the first of (3) this becomes 


vy = (bn — 2v,cos 0) aval —cos bnt)+ ry. eaa eena (8) 
This gives} =}, when t=0, and y-=v,, where 
Seas 2a’cos 0 

hap thh- int J TOR ee en (9) 


when t=7/bn and 0=8,. 
It will be observed that, when 6=3(0,+0,); 6 has its maximum value 
a'sin @,/2bn, and that then Y% =} (4a + ya). 


2. Determination of period of rise and fall. The method used 
above is instructive. But we can also proceed as follows, and arrive more 
quickly at some of the results already obtained, and at the same time 
estimate the error involved in the approximation. As in (3), 10, V, we 
have P= A(%—%)(% —Z)(2,—2Z) ; 
and now Z, 2%, are the nearly equal roots of this equation which define the 
limiting circles of nutation of the top, and z is the smaller, that defining 
the lower circle. The root z, is greater than 1. Differentiating we obtain 


Z= (Zim — 2) (23 — Z) — $A(Z — 21) (Sy —Z)y e e cee os (1) 
where z,,=3(z,+2,). From this, putting (=z—z,, we get 
€+6(Zy—2in) C= BAP BAZ, — 21) cece cee evee cen ecenee (2) 
With r=z,—2,, and m?=a(z,—Zm), (2) becomes 
ë+m(¢-— Sr? r2) a E AE een Se N VEN, (2’) 


Neglecting the term on the right, which is small, we get the solution 
a 
~ 8m? 
If A, B are determined’ so that z=z, when t=0, and 2=0 when z=z, and 
when z=z,, this solution becomes 


v2? — A sin mt+B cos mt. 


The period is 27/m= Qa /{u(Z_—2m)}?. 

By substituting the value of ¢ from (3) in the term on the right of (2) we 
might proceed to a second approximation, but for our present purpose this 
is not*worth while. The motion of the axis can be worked out by means 
of elliptic functions, or by various practical processes of quadrature, as 
exactly as may be required in any particular case. 

To compare this result with those already obtained, we have to find a 
value for Z}— Zm. Now from the value of 2? in (4), 16, V, we obtain, by 
putting z, for z, and yy, for Wo, 

a(z—2,)(2,—2) = a(1 — 22) — b?n?(z,— 2) + ry (1 — 25") {Wro(%+2) — 2b}. ...(4) 
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On the left the coefficient of z is a(z,+2,), and on the right it is 
bene + Yro?(1 — 2"), 
Hence we get alz; +2) =bn +y2(1 —2,%), 
or (2g — Sm) = OE E E — A e N a cece ee (5) 
This can be written in the alternative form 
bn? + 8? —28bnz, j 


A(Z; — 2m) = ez Bie ey een ste once eet (6) 
2 
Thus, since m?=a(z,—Z»), we get for the period T of oscillation the 
equation 2r(1— 7,2)? 


A ee (7) 


i (bn? + 8—2 Bbuzy — a (2, + 2n)(1 —2,2)}? 
If we suppose that z,=2,=2%m, and take the value of \ proper to 
Zm, We can put this equation in the form 
T= Qa A 
(C2n?+ Anj ’sin? Om — 2aA2cos On)? 
Here we suppose the motion to deviate infinitely little from being steady, 
that is from fulfilment of the conditions 6=0 and Ņ% = u, a constant. We 
have by the equation of steady motion Cn =(Mgh + A px?cos @)/u. Substi- 
tuting this value of Cn in the expression for the period, we obtain finally 
ra QrAp 
(M2g?h?2-+ A2u4— 2Mgh A u?cos 0)? 
which is the result arrived at in 9, V, above. 

Thus, if we lay off two vectors, one of length Mgh along the vertical 
downwards from the fixed point O, the other of length Ay? from O along 
the axis of the top, the period is the product of 27 into the ratio of the 
length of the latter vector to that of the resultant of the two. The length 
of the equivalent simple pendulum is g/a(z,—%m) for the first approximation 
made, and A?y2g/(M?g?h?+ A? u*—2MghA u?cos 0) for the last. 


he ete Mie (8) 


3. Hrror involved in approximations to motion. By the following 
process, which was used by Puiseux in his discussion of the similar problem of the motion 
of a spherical pendulum (see Chap. XV), we can find limits for the error of the result 

i í Prete fh 
obtained in (3). We have b=a?{(z— 24) (2-2) (2g 9}, 


and as in what follows motion from the lower to the upper circle is alone considered, 
the radical must be supposed taken with the positive sign. Thus, if ¢ be the time from 
the lower circle to any position z between the two limiting circles, we have 


% dz 
art ) 
j ne-a) -s-a 
where z lies between the roots z, and z. Now, clearly, according as we substitute z, or Z 
for z in the third factor z,—z of the quantity under the square root sign in the denominator 
of the integrand, the integral is diminished or increased ; and so we get 


1 fz dz } 1 Z dz 
3 5 <at< F - EER (3) 
(z3 —21)? | (e -3)(2- a}? (23 — 29)? ee = 2) (22—- ay 
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The integral can be evaluated. Putting z-z, =% +u, z,-z=w'—u, that is take a new 
variable v reckoned from the mean circle zm, we obtain 


i De Tiea ah du = mr +sin™! bs ay Teena air eae (4) 
aie- Jw- e 


We have therefore 


l 1 SEA 


Writing m for z and z we get approximately 


{a (e3 —2m)}t=4r +sin-! 2 CCR NE Lek EER SIRS, (6) 
Writing now ¢, for br/ {alez — 2m)}? and putting ¢ for t—t), we obtain 
Biased oe otras gt S aie ete (n) 
or Z—2m =$ (2—3) sin [fa (2; — em)}2t]. J 


But z—z, is what we have called ¢ in 2, VI, above; and thus we have found in an 
entirely different way an equation practically equivalent to (3) of that section. All the 
necessary conclusions as to period have already been drawn. 

If now |r| be the numerical value of the error involved in the approximation, made 
above, to the time of passage from the lower circle to any value of z arrived at before the 
upper circle is reached, the ratio of the error to the whole time is |7/t|, and we obviously 


have ij l 
| ie (2,—%0)"__(23- 4)? 
t 1 
(23 -3)? 
2 
i a T E OE EEO 8 
that is 4 = (8) 
Thus, if f denote a proper fraction, so far undetermined, we have 
aa \ 
t= af), TEFA Wg eoeseresoesrsooesosossoesoecoesesesosoeo (9) 


and therefore in the equations above we must replace ¢ by 


a A 
PAG] 


In the discussion which will be given in a later chapter, of the motion of the axis of a 
top, the quantity E NE will again appear, and we shall then, by means of 
elliptic functions, give equations for the determination of the motion to any required 
degree of exactness. Disregard of the error here exhibited enables the inversion of the 


function {a (z; m Der in order to give z, to be carried out as an affair of circular functions. 
We can now find y. Let, as before, Ym be the value of y for z=z,. Then 


bitZn +m (1 — Zs?) = bre + WL — 2) = By. N (10) 
PM Meee = 
and we get by subtraction Y Yn Aa e E re es (11) 


Now, since z=2m+%, we obtain 
1 1 i) 1 1 Qemb+ur 1 
(ee ee ae ee ae bee ee eee 
Rei! Vent HU? ( 1 a Wnu+ur 1 ) 
TTS Tae See aan Ee 
M a Caa oS octdasiesseteacse: (12) 
ae ay 1-2 
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The process of expansion still further is obvious and easy. For the present we neglect 
terms in y which involve the second and higher powers of v. Thus we get approxi- 
mately, by substituting from (7) above for u, 


Y= Ọm Peah ‘gin [{ a(23— 2m)}? bl eae a (18) 


This equation may also be written in a form, easily derived from (10), 
B—bnzm 2Bzm—bn(l +n), J 
p= eee + CETE w sin [{a(z; — zm)} tt]. EE e E (14) 

Both (13) and (14) may be corrected by inserting the corrected value of w, both in the 
terms here included and in any further terms which have to be added from (12) to give a 
more exact value of y. 

Integrating (13) and (14) we get an approximation to the value of the angle turned 
through by the top about the vertical in time ¢, measured from the instant at which the 
axis is in the mean circle, Thus 


`, 2b a | 
=a "a cos t, 
E 5 iin reme Ree one t (15) 
ee brim, 2B%m—bn(1+2Zm)_, | 
or y= zz% t TET u COS pt, 


where p={a(2—2m)}2 
For the passage from the lower to the upper circle the angle y is given by 


B—bnim 22m —bn(L +m’) , ol 
y A ae TW foveeeesseesssessennecee (16) 


4. Theory of the upright or “sleeping” top. When the axis of the top 
is at rest in coincidence with the upward vertical there is no distinction 
between the angular speed of rotation n and the angular speed yy about 
the vertical. The kinetic energy is then $Cn?, and the potential energy 
Mgh. The total energy E is thus $Cn?+Mgh. This is the case in which 
the upper and lower limiting circles for a point P on the axis of the top 
have shrunk to a single point, the zenith of the sphere on which P is 
always situated, the case in fact of steady motion in the circle z=1, of 
zero radius. 

Let now, when the axis is thus at rest in the vertical position, a 
horizontal impulse be given to the top so that the axis is set suddenly in 
motion with angular speed Â: the kinetic energy is increased by the term 
346.2. Then the energy equation becomes 

Bie $ (A024 Cir? He Molin «ce. ota vp A (1) 
Also the A.M. about the vertical is Cn, so that when the axis ceases to be 
coincident with the vertical we have @=Cn/A=)n. 

When the axis of the top has moved away from the vertical, the term 
iAV?(1—2) appears in the kinetic energy, and as the kinetic energy of 
spin remains unaltered we must have 

LAV?2(1 —2?) + $A0?=4A62-+ Mgh (1—2) .occcceeeccceeeees (2) 
But in the present case 8=bn, and so 


W(1 —2) = B—bnz=bn(1—z). 
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Thus (2) becomes bn? rat PO a (les ecco een (3) 
since @=2Mgh/A. Hence, if z define the limiting circle to which the axis 


of the top passes when disturbed from the vertical, we have 62=0, and 


so from (3) {6,2+a(1 —2)}(1+2)—B'n2(1—2) =0,.... cccesseecereneeee (4) 
or, writing y for 6), 
y2(1+2)+ {a(1+2)— Bn? (1 —2)=0. senescere (4) 


5. Stability of upright top. Graphical representation. We can lay 
down a graph of this equation with coordinates y, z. The graph (Fig. 26) 


a>o a>o 
Fia. 26 (1). Fic. 26 (2). 


is a cubic curve, of which we can trace the chief properties as follows. 
Putting z=1 we get y?(1+2)=0, 

so that for this value of z there is a vertical tangent which touches the 
curve at the point z=1, y=0. If in(4’) we put y=0 and reject the factor 
1—z we get a(1+z)—b’n?=0, 

so that there is a vertical tangent which crosses the line y=0 at the point 
z= —l1 +b’ ja. 

Besides these there is a vertical asymptote, the equation of which is 
z=—l. 

We can now draw the graphs for different cases. First for a negative, 
that is the case in which the action of the gravity couple is to bring the 
axis of the top back towards the vertical, when caused to deviate from it, 
the right-hand or determining branch of the curve extends from the 
tangent z=1 to z=—1 [Fig. 26(1)]. If we draw a line parallel to the 
axis of z, at distance Â, from that axis, it meets the curve in a point, the 
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z of which is very nearly unity, unless @, is great. Thus, if Ô, is small, the 
limiting circle is very near the zenith of the unit sphere, and we see that 
the axis of figure does not deviate far from the vertical. The dependence 
of the deviation on the value of Â, or y is very clearly shown by the graph. 

Next we take the case of a positive. Here the result will depend on whether 
the spin is so great or so small as to make —1+b?n?/a>1 or <1. In the 
first case the vertical tangent corresponding to the value — 1 +b°n?/a of z lies 
beyond the line z=1, and as shown in Fig. 26 (2) the determining branch 
of the curve extends from the line z=1 to the line z= —1. The line y= 0, 
for 6 small, therefore cuts the branch at a 
point the z of which is very nearly unity. 
This is the case of what has been called in 
14, V, above a “strong top.” 

In the other case [of —1+b?n?/a < 1, with 
a> 0] the determining branch of the graph 
lies between z= —1 and z=0’n?/a—1, and so 
the line y=6, cuts the determining branch 
at a point the z of which, for a small value 
of 6,, is only very slightly different from 
b’n?/a—1; and there is no possibility of 
intersection between this value of z and z=1. 
Thus, on the slightest disturbance, the axis 
of figure passes from the position z=1 to a 
limiting circle at the finite distance 2—b?n/a from the point z=1. ‘This 
is the case of the so-called “ weak top.” [The relative diagram is Fig. 26 (3).] 


a>o 


Fie. 26 (8). 


6. Analytical discussion of stability of upright top. The results stated 
above as to the stability of the upright top may be established very 
easily in the following way. Let l1—z=a; then z=1—w and 14+z2=2-z2. 
Hence (4’), 4, becomes 


i? RON = DOr 7) DY? Oo acs no vee A (1) 


a quadratic in w The roots are real if (b’n?-2a+y’)>—8ay. This 
condition 1s manifestly fulfilled if a> 0, and also when a < 0 if b?n?—2a 
be not zero, for we can make y? as small as we please. Solving the 
equation (1) we get 


pee 24 eae aa ome oh 
Ua 


Now, since z cannot exceed 1, æ is essentially positive, and so (when the 
roots have opposite signs) we have only to consider the positive root. It 
will be shown later that, in all the cases considered here, the axis comes 
back periodically to the vertical, in each case in a finite time, even in the 
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case described below as unstable, provided that in that case the disturbance 
0, is not zero. We now take the different cases seriatim. 

(1) a is negative. Here both roots of the quadratic are positive, 
since the sum and product of the roots are both positive. Denoting 
b’n?/a—2 by —m? we get 


= }(m2—L)_*(me—£) eee N : 
2 TEO u Tce whe 
a(m?—*) 


for we must take the smaller root, inasmuch as the larger far exceeds the 
diameter of the unit sphere. It is clear from this that æ can be made as 
small as we please by taking y sufficiently small. The motion is therefore 
stable for the upright position of the top. 
(2) a is positive. We have here two sub-cases: (a) b’n?/a—1>1, or 
°n?/a—2 > 0, and (8) b?n?/a—1 < 1, or b’n?/a—2<0. In the former we 
put b’n?/4a—2=m?*. Then the equation has a positive and a negative 
root. The former is 


; } 
n e aneen] 


a 


and so, by taking y sufficiently small, we can make æ as small as we please. 
The stability however is not so decided as in the former case, for in that 
m?—y?/a, which enters into the denominator of the term 8y?/a(m?—y?/a)?, 
is greater in value, since | m?|=|b?n?/a|+2 as against | m? |=| bn? /a—2 |, for 
a positive. 
In the sub-case (8) we make b’n?/a—2=—m?*. Here the roots have 
opposite signs (since @ is positive). Hence we have 
oo} nt—¥) +'(m2—2) T 
Os 2 u EYN: 
a(m -2 


2 
For y? however small this gives x=m?. Thus the smallest disturbance of 
the top from the vertical gives a limiting circle at the approximate distance 
2—b?n?/a from the upper pole (z= 1) of the unit sphere. 

This last case is of great importance as affording a criterion of distinction, 
for the motion of a top at least, between stability and instability. The 
value of « may be small in the unstable case, but its smallness does not 
depend on the smallness of the disturbance, but on the excess of zero over 
bn? — 2a. 

In the transition case, of bn? = 2a, we have 


E ERE nè 
ETET Ca 

and, clearly, in this case we must regard the motion as stable, since x can be 

made as small as we please by making the disturbance sufficiently small. 
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The transition from stability is gradual, since, as b?n?/a is diminished from 
equality with 2, the distance 2—6’n?/a of the limiting circle gradually 
increases. 


7. Time of passage of weak top from limiting circle to any value of z. 
In the case of 6’n?/a—1 < 1 [a positive], the weak top, we can calculate the time of passage 
of the axis of the top from the limiting circle for the value zero of 6). This will be 
sufficient, as the top being unstable in the upright position the slightest disturbance will 
be enough to set it in motion towards a lower position of the axis, We get easily from 
(3) (4) for the value of 2? the equation 


EEE rd Ge) (area { (le a nance cemoocnansascoud e (1) 
Now one root of the equation {a(1+z)—0n?}(1 —z)?=0 
: bn? 
is e Ny 
a 


and the other two roots are both equal to 1. We call these roots 21, 223,23. The large 
root of the cubic coalesces with z,, which is 1. Thus we can write the equation for z? as 
#=a(e-4)(1-2)} 


and therefore adt= iy OFS eh het ee eee (2) 


(@-a)h—2) 


To integrate this we put (z — 2) =u, and obtain, after reduction, 


2d 
adie t eressenecocescceccsocssocesecseceacerceceo (3) 
Thus we find by performance of the integration 
Sey ZHAN 
E wee pon Oe 8) ACE eee Ta (4) 


(aah E Aaea 
No constant of integration is required if ¢ be reckoned from the instant at which the axis 
is at the limiting circle z,=b?n2/a—1. 

Thus we have the result that the time taken by the top to pass from the position given 
by the limiting circle to the upright position is infinite. Similarly, if the top start from 
the upright position on account of a vanishingly small disturbance Oy, the time of passage 
to the limiting circle is exceedingly great. 


8. Calculation of azimuthal motion for weak top. We can also calculate 
the angle y turned through in the present case in any time ¢ reckoned from the same 
zero of time. We have ~=bn/(1+z). Hence, by the value of z obtained above, 


bn dz 
aè (2-2) %(1 - 2) 
By the same transformation as before we get 
d pee Qdu 
atl (u+) 
or dy Al da + o a) ee E E NE (2) 
a 


l-au 1l+z,+0 


Integrating, we find 
1 2 4 = 2 
1 bn Dpi at te-a +tan( iy a A A (3) 
2 (abn? ~ (1-2 - (2-2)? l+2 
As time passes and the axis approaches the upright position (without ever reaching it) 
the value of y increases indefinitely, that is the axis describes on the unit sphere an ever 
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narrowing spiral, in consequence of the first term on the right in the value of y. The 
term tan ~1{(z—z,)/(1 +2,)}3 remains finite. If the motion starts from the limiting circle 
in the opposite direction, an exactly similar spiral (turned however the opposite way) is 


described. The two branches form a curve symmetrical about the meridian through the 
starting point. 


9. Periodic motion of weak top. If 6) is not zero, there is in this (unstable) 
case of a positive and 6?n?/a—1 < 1, periodic return of the axis of the top to the vertical 
position. In fact the path described by the axis on the unit sphere does not differ very 
much from that described in the case of stability. We can find the motion to a high 
degree of approximation by the process already employed. We have now 


O — 22) =2=[6,2(1 +2) + {a(1 +2) — bn (1—2)](1—z). eese: (1) 
One root of the equation 2=0 is z,=1, and another is 4=b?n?/a—1+¢, and a third is z,. 
Hence, of course, 2=a(z—2)(1—2)(4—2), 
and, dt= 7 2 E te aeria ta antes (2) 
a*{(2— 4%) (1 —2)(23—2)} 
Clearly, if we integrate from z=z, to any value of z between 1 and z, we obtain 
7 1 i| dz = 7 l f dz iach (3) 
a?(23— 21)? J2,(2—%)(1 —2)}? a2(z3—1)?J(z2-4). -2)} 


We take a new variable u, such that z-z =% +u, l—z=w'—u, that is take a new 
variable u reckoned from the circle midway between the pole z=1 and the circle z=2,.. 
Now we have, as in 3, 


5 dz u` du k z 
= = + -1_, Say (4) 
Vereen eer eel 


Thus the inequality written above becomes 
—1_(4r+sin> 2) LE r 
talz -a)? i {a(z—-1)} 


The approximate value of ¢ reckoned from the instant at which the axis intersects the 
mean circle [where z=}(1+%)=Zm, Say,] 


(ar+sin-1%). E TTA (5) 


= : sin7 ee A) pdodo nd Saancoecdonc donne O A OERO (6) 
(alsem Y 
The time from u= —u' to u=w' (the half period) is thus 7/{a (z3 fm). 
If we write now m={a(23— Zm)}2 we get w=w'sin mt, or 
Ga Zoe UP RINIWIUER wer urigac aA a A E E (7) 


so that z differs from the mean value zm by a time-periodic term which passes through all 
its values in the period 27/{a(z3 — Zn)} 7 the time of passage from the pole to the limiting 
circle and back. 


10. Determination of azimuthal displacement for periodic motion of 
weak top. To find ¥ we have, since B=bn, 


1 1 i 1 l u u? 1 


ac ima lene Peek ee, (+z,°* Aten" Le’ 


MION DAR (2) 
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This expression may be carried as far as may be desired by substitution for 1/(1 +z) on 
the right of the expression on the right, and so on. It is sufficient at present to use the 
first two terms on the right of (2). Thus we get 


; bn ( u ) bn ( MES ) 
= = = A E E T 3 
y 1+2m 1 l+ 2m l +2m i erry aa á ( ) 
and therefore y= w f t+ 1 w’ cos A +Y (4) 
mA ae) J ge E I A Sac cae 


The time ¢ is here reckoned from the instant at which the axis is at the mean 
circle zm. Hence, at =0, we have 


bnw 
Vena e EO a OE E E A A (5) 
After half a period, that is m/m, the axis is again at the mean circle, and 
bn 1 ( u' ) 3 
Ve EN ola SEA Rochas Sen e E AA (6) 


In this interval the axis has risen to the vertical and fallen again to the circle zm. 
After another half period, during which the axis falls to the limiting circle and rises 
again to the circle zm, the value of y is given by 
y=" ae (27 +H) +h. oes TERA Ve OR (7) 
The orthographic projection of the path on a horizontal plane is therefore a “rosette,” 
like that indicated in Fig. 27. 


Fic. 27. 


11. Path of weak top with reference to horizontal axes of x and y. 
The equation of the path with reference to horizontal axes of v and y through the pole as 
origin can be found as follows. Equation (7), 9, can be written 

cos 0 — cos Am =$(1 — cos 64) sin mt, 
or 2sin $(0+ On) sin $(An — 0)=sin? $6, sin mt. 
Since the angles 0, Om, 0, are all small, we write angles for sines, and obtain 
=m —46,? sin mt, 
or, since 9,27=26,,7, PPS 0 AL Sim N ee wa e a a E A eae (1) 


From this we deduce O= 0n (COEM BIN KTN eA E EA EEA E ER (2) 
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by choosing the sign of the square root so as to make @ diminish at the instant ¢=0, as it 
does in (7), 9. Writing now z=@cosy, y=Osinwy, we obtain 


v= 96,,(cos $mt—sin mt) cos y, \ (3) 
E E 2Gin inh) ay POTEET EEO ORES I 
At t=0, we have, if we suppose that then y =0, 
i bn 
= ¿=-—} = y= 0, e EN N A A 4 
L=Omn, £=—-4MIn, Y=0, ¥ Ont yg (4) 


12. Equations of motion of upright top derived from first principles. 
The general equations for the turning of the top about the axes Ox, Oy may be established 
as follows from first principles. The angular momenta about the vertical OZ, and the 
two horizontal axes, given by the horizontal projection of OE and OD, are respectively, 

Cneos6+Aysin?@, —Crsin6+AysinOcos6, Ad. 
These become, with sin @=6, cos 0=1, 
Cn, — Cn0+AŅ0, Aĝ. 
Thus, since OD is to be regarded as having turned forward from Oz through the angle y, 
the angular momenta about Oz, Oy are, 
(CnO—Av6)sinw+AGcosy, -(CnO—Av6)cos + Asin, 

which can be written Ai+Cny, Ay—Cnaz, of which the time rates of change are 
AZ+Cny, Aj—Cnz. The moments of the forces are Mge, Mghy about Ox and Oy, and 
so the equations of motion are 

AZ+Cny—Mghz=0, Ay—Cné—Mghy=O, .........cccccecceecseeeee (1) 
as already obtained. 

Clearly these equations can be united in one if we put z=a+7y. We get 

AZ aCe Ware, oa eee (2) 
If we write z=ke*, this gives 
INN OU Ne MG es Oe e oo se aaee E E E AE SESER (3) 
The roots of this equation are real if C?n? > 4MghA. Putting Aj, A, for the two roots 
(real if this condition is fulfilled) we have 
z= hye + kt, 


The constants kı, k in their more general form are complex, and may be written 
ky=a,-18,, kz=a—iß Thus 


Za (Ga — Be E b (ce Pathe Oe a A eedsnatscyasy (4) 

Supposing A,, A, to be real, we get by equating real and imaginary parts on the two 

sides of (4), L=0, cos Ayt+ B, sin Ayt+ ay cos Agt + By sin Àg, } Pee? ety cere (5) 
y=a, sin Ayt— B, cos Ayt+agsin Agt — By cos Age. 


For the values of A we have 


R Re he circa liee Sek 6) 


from which it will be clear, from the condition of reality of the roots, that both roots 
have the same sign. 


13. Discussion of the motion. It may appear from (4) and (5) that we have 
here four arbitrary constants for the complete integral of a linear differential equation of 
the second order, but it is to be observed that the elimination of v or y from (1) would 
give a linear differential equation of the fourth order, the complete integral of which 
would involve four constants. Equations (5) are those which we should obtain by finding 
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this integral: we should obtain no new roots, as the four roots of the determinantal 
equation would be simply Àj, — Àp A», — Àg. 

As the terms are arranged in (5), those in a, give a circular motion of period 27/A, and 
radius a,, those in 8; a circular motion of the same period and in the same direction, but 
of radius 3, and of phase $7 behind the former, if a,, B; be positive. Similarly the terms 
in a, B, give circular motions of periods 27/A, in the same direction and differing in 
phase as before, but of radii as, B, respectively. The values of the radii and the relations 
of phase depend on the initial conditions. 

If the condition for the reality of A,, A, isnot fulfilled, that is if 4A Mgh > Cn’, we have 


M A ehhi ei 1)'}. 
Xs Cn? 
iñ) _ On _ Cn ( 4AMgh 3 

TA ATTAT O a) i 
We thus-get an oscillation in the period 4rA/Cn, affected by an exponential factor. 
Hence in the case of instability the axis of the top does not necessarily deviate far from 
the vertical. This deviation will be slight for a moderate time if (4A Mgh —C?n?)/C’n? 
is very small. Obviously however the disturbed motion does not, for an indefinitely 
small disturbance, coincide with the undisturbed motion, which is the condition fulfilled 
by the so-called stable motion. 

When the axis is nearly coincident with the downward vertical the equations of 
motion (1) apply with change of the — sign before Mgh in each to +, We have then 
the gyrostatic pendulum, in which both motions are stable without rotation. Thus the 
roots in (6) are now real in all cases. This case of motion is discussed in 20, 21, VII, below. 

It will be observed that in the discussion of the upright top given above the two 
unstable freedoms which we have without rotation are stabilised by the rotation. 


14. Estimate of error in approximation. As before, we can form an 
estimaté of the amount of error involved in the approximate equations found above. 
If r be the difference between the approximate value of ¢ found in 9 and the true value, 


1 l 
ee CEN 
Bi 1 


(23 — z) 


ENG 

T Z J 
or a EEANN 
< 1 


Hence, if f denote a proper fraction, 


a=) 


or r= (2 aay E E Oe (1) 


where ¢ is the true value of the time. 

It will be observed that this result shows that the equations are NN inapplicable 
when 6,=0, for then z,=1. 

If we go back to (1), 9, we see that the coefficient of z, when that of 2 is a, is 


2b?n?—a. Now, since z,=1, the sum of the products of the roots taken two and two is 
2,(1+2,)+2,. Thus we obtain 


whe 
| 
= 
< 
~ 


bn? 
23 = a a a ae (2) 
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Now z,=1-—2w’, and so we have 


bn? —a(1—w’) 
yg 


UD i ee Re ee eee ee eee (3) 
_, nt 2a(l ey bn? — 2a (1 — u’) 
and also a A E Gor a FET 
2 bn? — 2a (1 2o 
Thus r=+{7 T -1}. STERN IE ee PEAR cane (4) 


15. Explanation of an apparent anomaly. In the determination of ¥ and 
Wy given in 10 above there is, apart from the fact that the value of u employed is not 
exact, neglect of the term u?/(1+z,)?(1+z) in 1/(1 +z). If $n had been taken instead of 
bn/(1+2) for $}, we should have neglected $bn(1—z)/(1+z); that is the error would have 
been greater than zero and less than 4bnu'/(1—w’). As it is, a closer approximation has. 
been employed. 

It will have been noticed that the difference between the stable and unstable cases 
consists in the fact that the difference 1—z, for the former, diminishes to zero with 
6, while for the latter, however small Å, may be, 1—z, never falls below a lower limit. 
greater than zero. Thus the rosette which pictures the motion of the axis has non- 
evanescent loops in the case of b?n?/a—2 < 0, however slight the disturbance 6, may be. 

The rosette does however depend on the value of 6’n?/a—2, and if this is numerically 
very small, the rosette will be very small, and so the rosette (arising in a somewhat 
different way), which we shall find characterises the stable case, may be actually larger 
than that for the unstable case. 

Now, as has been pointed out by Klein [Bul]. Amer. Math. Society, 3, 1897], the method 
of small oscillations, illustrated in 12, does not give this apparent contradiction of 
instability afforded by the small rosette. He shows however that the complete integral 
for ¢ includes terms which it is legitimate to neglect when 6’n?— 2a is great, but which 
are comparable with b?n?— 2a when this is small. 


16. Stable cases of motion of upright top—We now consider the 
“stable” cases of the upright top under the condition that the disturbance 
from the vertical is negligibly small. As already remarked, these differ- 
from the unstable case, notably in this, that the deviation of the axis from 
the vertical is always exceedingly small when the disturbing angular speed 
is so; while in the unstable case the deviation has the value 2—b?n?/a for 
the least disturbance, and a still greater value when Â, is sensibly greater 
than zero. The magnitude of 2—b?n?/a depends only on the ratio of 
bn? to a. 


Taking then 6, as small, we obtain from (3), 4, 


62(1+z)+b'n2(1—z)—a(1—2?)=6,%1+2), Pac A anes (1) 
or, as we may write it, 
62+ b2n?tan?40 — 2a sin?4 0 = 6.2. oo... cece eeeeece sees (2) 
Since 0 is very small we can deduce from the last equation the relation 
OFRO NAE OO Bie wotsesncthase sna da (3) 


and we have seen in 6 that in the stable cases b’n?=2a. Thus, if 
2n? — 2a > 0, we have 


0= L sin $(b?n?— 2a t + Lcos 4 (bn? — 2a)?t. nats Siren ree (4) 
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If we suppose that 0=0 when ¢=0, this becomes 
Puc Iasi h (Oe 2a) be ee eae (5) 
The period of variation of 0 is thus real, and of value 4a/(b?n?+ | 2u|)?, or 
der [(b?n? — 2a)?, according as a is negative or positive. The value of L, is 
given by L, =26,/(b?n?— Qu)? 
In the present case we have also (since the axis passes through the vertical) 


adn tS atm sh = pin(1 4152). Piet shes (6) 
Thus, subject to an error of amount 
yon] i T a, 
the angle y, turned through in time ¢t from the instant t=0, is given by 
Np Shit! Saher OR, Nee (7) 
The orthogonal projection of the path on a horizontal plane has the 
equations =O COSAP ER P= OSD V sede ae! (8) 
or x = L sin 4 (bn? — 2u)*t cos a (9) 
Fey BATA TU Le Barn rire (rd pai mmo a 


where the origin of coordinates is the projection of the upper pole of the 
sphere. 


17. Azimuthal turning. The angle vy turned through in half a period is 
bn 
aN a S W3 
(b’n? + | 2a p 
where the upper or the lower sign is to be taken according as a is negative 
or positive. It is thus less than 7 in the former case, and greater than 
a in the latter. But it will be seen [from (5) or (9)] that the half-period is 
the interval of time between two successive passages of the axis through 
the vertical position. At an instant of vertical passage the axis is moving 
along an are of a meridian, and the angle between the meridian of one 
passage and that of the next (the difference of “longitude ”) is 
rbn/(bn?+ |2a|)? (that is < r or > 7) 

according as @ is negative or positive. It is most carefully to be observed 
that this is the angle at the pole between the line along which the axis 
leaves the pole and the line along which it returns; in other words, this 
angle is the supplement of that between the directions in which the axis 
leaves the pole at the beginning and end of the interval of time specified. 
It is the angle through which the plane through the vertical and the axis 
of the top swings round in the interval. This plane is to be regarded also 
as swinging round through the angle m at the instant of the passage of the 
axis through the vertical [see 19 below]. 
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The intermediate case is that in which 2a is zero, that is when the top is 
acted on by no forces, or has a value of bn? infinitely great in comparison 
with 2a. The axis in that case describes and redescribes a cone about a 
mean position. 

An extreme case of stability which may be noticed is that in which a is 
negative and bn zero, and the axis of the top is in the downward vertical 
direction. We have then y-=0, and —2a=4Mgh/M(h?+k?)=4g/l, where 
Lis the length of the equivalent simple pendulum. If the axis is slightly 
disturbed from the vertical the equation of motion is 


6+70=0, 
the equation of the ordinary pendulum vibrating in period 27 (ljg). 


18. Stable motion between two close limiting circles near pole. Finally 
we consider the case of motion between two close limiting circles very near the vertical. 
We shall suppose the top to have been started with a.m. about an axis nearly coinci- 
dent with the axis of figure, so that the precessional motion is slow. In this case, 
as we have seen, b?n? must be very great in comparison with 2a. Let u be the distance of 
the circle in which the axis is at any instant from the circle midway between the 
two limiting circles. For the mean circle we shall suppose the value of z to be zm, and 
take the distance between the two limiting circles as 2w’. The root z, is here very great, 
and as the limiting circles are near the pole zg — Zm, 23—2, 23 — 2, are all very nearly equal 
to z,-1. We have, by (2), 10, V, 


E AZ) (= 22) ts 1002) eens aeme E sate cance (1) 
and the limiting circles are determined by the equation 
GEAN LEZI (SOC) = O a e eae meen tease eee er (2) 
The coefficient of z in this equation is 2Bbn—a. Hence, if z3, 2, z, be the roots, we have 
2Bbn — 
2,(2q +31) + 2y%q= eae ? 
or approximately THES WI Ole PHN OS OWS. Ayah anc bebcoooe E A Hose (3) 


The period of oscillation between the circles is therefore [see 2 above] 


2r ffa (Zq—1)}2 = 2a (Bn? — 2a)?, 


nearly, and we have TIE PEN UEDY a e (4) 


or, to a less close approximation, «= Z= Zm FU SIN DIE. mecrea ieren Ene naenin ansi (5) 


It will be observed that the period here obtained is half of the period for the case of 
stable motion through the pole. This is as it should be, for in the present case the 
period is the interval between the two successive intersections of either circle by the axis, 
while in the case of motion through the pole the half-period is the time of passage from 
the limiting circle, through the pole, to the circle again. The second circle has coalesced 
with the pole, and this half-period therefore corresponds to the whole period in the 
other case. 

We have now to consider the precessional motion. We have 
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As the axis, though always near the vertical, does not actually pass through it, we cannot 
put B=bn with exactness, and so we write the equation in the form 


; l bn 1B+bn ; ; 
y= = m LB IY Fry SAY saaraea A ates (6) 
A 1 1 u u? 1l 
Suee 1+z 1+én C d+enP 1+z 
1B+bn 1 +bn = 
we get Yes Btm; fee E T AAEN EA EN (7) 
$ 1B+bn 1 B+bn 
or Pa 2 e e E AE a A en cee eesee (8) 


nearly, where now m=(b?n?— 2a)?. The angle y turned through in time ¢ by the vertical 
plane through the axis of the top is made up of two parts Wi, Ys, of which the second is 
given by 1 B+bn, 1 Bebe 


== ao hn. oases Shr ius ciaieae Ree ANTE 9 
wasa ae Oo (9) 


dt 


p _1fB-bn 1 fi 
For y; we have n=3/ e dt A bn) ocan A AS (10) 
Since the axis does not pass through the pole 1 — zm > w’, and so we can write 
_ 1 B-br dt 1 B-bn dt 
Vi=5 ro ea an Sa wera iced Ee ee (11) 
1 ee mt 
where k< 1. By using the substitution w=tan }mt, we get easily 
V= ec tan~! Fe dugostosneandocuoc onset onoLnos (12) 
m{(1 — Zn)? — wh l- Hy 
Thus we get finally 
; 
Bake - tan} eta, 1 Eben t+: L PEDR i COSME sacicosacao ne (13) 
m{(1 > Zn)? — wh @ Dy: 2 item  2m(1+2Zm) 


19. Extension of case of 18 to that in which axis passes infinitely 

near pole. It is interesting to consider how this investigation can be extended to the 

case in which the axis passes through (or, 

as we shall say, infinitely near) the pole. 

Here 1-—z,=w' +e, where e is small com- 

pared with w’, which in its turn we shall 

regard as small compared with 1. The 

analytical discussion requires very great 

care; but what happens is easily made 

out by a consideration of the geometry of 

the motion. Let the large circle in the 

diagram (drawn for the case of u < 0) be 

the lower limiting circle (z=z,), and let the 

upper be shrunk down to an exceedingly 

small circle c, corresponding to z=] —«, and 

therefore of radius (26)2. It will be seen 

that if 6, be the rate at which Ø is increas- 

ing at a point A at a distance from c large 

compared with e, but still comparatively far 

Fia, 28. from the lower circle, the value of y at the 

small circle, where it is touched by the axis in passing, is approximately 6y/(2¢)2. It is 

obvious that O must, since @ changes very slowly near the pole, be very approximately 
the value of 6 when the axis is passing the pole. 
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Now when the axis actually passes through the pole w loses its meaning, but we are 
led by the foregoing to regard it as becoming infinite just at the pole by the vanishing 
of 2e. By this mode of considering the matter we take 6 as Y, and so regard the 
pole as an infinitely small limiting circle at which there is no 6, since that is replaced 
by the term in ý. In the element of time bisected by the instant at which the axis 
passes the pole, the value of y changes abruptly by r. 

It will be observed that the introduction of this value of y does not conflict with the 


condition y -2)=ßB- bnz. 

For y= 6,/(26)?=6,/0, and therefore ¥(1—2)= 6,6, which is vanishingly small when 6 is. 
Thus y¥/(1—z%) still vanishes as the upper circle is shrunk infinitely near to zero, and 
so is consistent with the vanishing of B — bnz, when z becomes 1. 

We have now to inquire whether this discontinuity in the value of y, as the axis 
passes the vertical, is given by the expression found above for ¥4+¥,. It is clear that 
no discontinuity is given by Y,. It remains to examine Wy. We have 
T B-bn net wk 
m {(1—Zm)? — w2} Q- key 
where #=w"/(1—z,)2, Now k=w'/(1—z,,)=u'/(u' +€), and so as the upper limiting circle 
is shrunk down more and more to zero, radius 1 —k? approaches more nearly to zero, and 
(w—k)/A—k*) too. But ¢ is reckoned from the circle zm, and when the vertical is reached 
we have by (4), 18, t=47/m, and w=tan4mt=tanj7=1. When ¢ increases beyond 
this value w—s changes sign from negative to positive. Thus (w—)/(1 -kÈ springs 
at once from —œ to +. But when w is infinitely near to 1, (w—4£)/(1 — h2)h is 
(1-a +h}, or zero. Hence the sudden change of (w—)/(1— hee from — œ to +a 
is through the value zero, that is tan—!{(w — k)/(1 — heyy changes suddenly by the angle z. 


V= 


20. Interpretation of discontinuity in y at pole. To complete the identifi- 
cation of this sudden change of y with that reckoned above from elementary considera- 
tions, we have to show that the coefficient 


B-bn 
mÅ — 2m)? — us 
has the value 1. First we consider the numerator. We have 
B-bn=Y(1-2)-bn(1-2) 
={ġ(1+2)-bn}e, 
where «=1—z, which in the limit is very small. Now we have seen that if 6) be the 
rate of variation of 0 near the pole we have Y=6,/0. Thus 


B—bn= ee +2)-tn}e 


But for the lower limiting circle defined by 2, (and corresponding to 6,) we have by (1), 16, 
b?n20,2= ĝa +2), 
since bn is great in comparison with æ. Thus 
bn, = Å +2), 


i 1 
and therefore 6,=bn0, ETA 
Thus we find 


B-bn=br( 8 o 1)e Ca ae 1 }e=dn(20'e)8 


very nearly. 
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Next, consider the denominator, remembering that m=6n, approximately. We have 

bn{(l — Zn)? — wE = bn {1 — 2 —2m(1 — Zn) — W2} = bres’ te- Zp (wl +e) — wre, 

Since 1—z,,=w'+e, the last expression can be written 

bni(w +e} — w25 = bn(2u'e)®, 
which is the value obtained above for the numerator. In the limit therefore the 
coefficient is unity. 

The angle Y turned through by the vertical plane through the. axis of the top, in 
a passage from the lower circle past the vertical to the lower circle, and back again past 
the vertical, is from the point of view just presented (that of just grazing an infinitely 
small circle surrounding the pole) made up of 27 given by two discontinuities in y, and 
the angle 
ae 1 B+bn 4r 

DOP ME. a 


with approximately 1+z,=2, B=bn, m = (bn? 2a)?. Thus we may write 


a 
Vim 2n (14579): 


The whole angle turned through is therefore 4r +2ra/b?n?. The change of azimuth 
of the vertical plane through the centre of the infinitely small circle, corresponding to 
the passage of the axis from the small circle to the lower circle, and back again to the 
small circle, is therefore 27 +74a/b’n2, which, whether a > or < 0, agrees with the diagram 
for the stable cases given in Fig. 28. The angle between the directions of two successive 
lines of leaving the small circle is ra/bn. 


Note.--In addition to the diagrams of path given from time to time in the foregoing 
chapters, other possible curves will be included in the chapter on Methods of Calculation 
and Quadrature. 


CHAPTER VII 


GYROSTATS AND VARIOUS PHYSICAL APPLICATIONS OF 
GYROSTATS 


1. Gyrostats. Before proceeding further with the more abstract theory 
of a top, it will be useful perhaps to give an account of gyrostats and of 
some of their applications. The theory of a gyrostat differs from that of 
an ordinary symmetrical top, inasmuch as the motion of the case or frame 
which encloses the flywheel of the gyrostat must be taken into account. 


Fia. 29 (a). Fic. 29 (b). 


Some different forms of gyrostat are here pictured [Fig. 29]. The nearly 
enclosing case of the Kelvin gyrostat [Fig. 29 (a)] was designed rather to 
suggest the idea of a body which, though identical in outward form with 
other bodies, has yet peculiar properties which are only to be explained by 
motions of internal parts, the existence of which is inferred from a study 
of the body’s dynamical behaviour. 

Fig. 29 (b) shows one of Dr. J. G. Gray’s motor gyrostats, supported on a 
skate. The flywheel is the rotor of a continuous current electric motor, 
which can be driven from an ordinary electric light circuit. 
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Fig. 30, (a) and (b), shows an effective form of gyrostat, easily constructed 
by utilising a bicycle wheel on its ball bearings, as recommended by 
Sir George Greenhill. In diagram (a) the wheel is shown supported at 
one end of the axle, which rests in a cup. In experiments with such a 
wheel it is advisable, for safety, always to employ some form of universal 
joint, e.g. the altazimuth suspension shown in (b). 


Fie. 30 (a). £ Fie. 30 (b). 


It has been shown in 2, V, above, how the inertia of the case is taken 
account of when the axis of the flywheel may be taken as also the axis of 
symmetry of the whole instrument. Thus equations (1) to (9) of 1, V, 
contain the elements of the mathematical theory of the subject. 

We shall now consider various examples, in the main such as fulfil, or 
nearly fulfil, the condition that the instrument is supported at a point 
situated on the axis of symmetry. We repeat here, as the equation mainly 
to be employed (when a point O of the axis is fixed), i 

AÖ+ (Cn +C w, — Avy cos 0) sin 0 =K, oo eeees (1) 
where C’ is the moment of inertia and w, the angular speed of the case 
about the axis of symmetry, while K is the couple applied about the axis 
through the point of support, round which the rate of turning is 6. This 
axis is at right angles at once to the axis of symmetry and to the vertical 
(or what corresponds to the vertical if the couple G is not supplied by 
gravity). A is the moment of inertia of the whole instrument about this 
axis, or about any other transverse axis through the point of support. 

Along with (1) goes the equation 

Ayr sin 0@—(Cn+C'o,—2AW cos O)O=L, cee (2) 
for the axis OE at right angles to OC and OD. 

If we do not suppose the top or gyrostat supported on a fixed point, A is 
the moment of inertia about a transverse axis through the centroid, G, while 
the turnings and couples in (1) and (2) now refer to axes through G parallel 
to those already specified. But in this case we have to introduce equations 
for the motion of the centroid. These have the form, 

Ma XPM yf Sey ee ee neater eee a teat (3) 
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where g, y, z are the Cartesian coordinates of the centroid, and X, Y, Z are 
the total applied forces (friction included if there is any) along the axes. 
In the important case in which the point O on the axis is fixed, the values 
of X, Y, Z are given in (3), 1, V, for axes there specified. The present Z is 
however equal to the former Z— Mg. 


2. Reaction of a top or gyrostat on its support. We now consider the 
reaction of a top or gyrostat on its support. First we shall suppose the top 
to be supported at a fixed point on its axis of figure. 

We refer the motion to a vertical axis Oz, and two horizontal axes, one, 
Oz, coincident with OD, the other, Oy, coincident with the horizontal pro- 
jection of OE. The components of momentum in the directions of the axes 
of x and y are respectively Mhi-sin @ and —Mh@cos 0, while that along 
the upward vertical is — Mhô sin 8. 

The rate of production of momentum in the direction of the axis of æ is 
Mh sin 06+ Mhv-6 cos 6, from differentiation of Mh} sin 0, together with 
Mhv-6 cos @ arising from the motion of the axes. The rates of production 
of momentum for the directions Oy, Oz are 

— M6 cos 0+ Mh62sin 0+ Mhy?sin 6, —Mhö sin 6— Mh62cos 0 
respectively. The latter comes entirely from differentiation of — Mhô sin 0, 
since the axes Ox, Oy remain horizontal; the first two terms of the former 
are derived from —Mh6 cos 0, the third arises from motion of the axis Ox. 

If —(X, Y, Z) be the components of the reaction on the swpport for 
axes O(a, y, Z), as specified above, we have, as in (3), 1, V, 

X=MAh(p sin 0+2} cos 0), Y= —Mh(6 cos 0 — Å?sin 6— sin 6), 
Z= M (g—hÖ sin 0—h€cos 0). 

We next take a gyrostat resting on the rim which surrounds its case, as 
in Fig. 29 (a), while the axis of figure is inclined at the angle 0 to the 
vertical. If a be the distance of the point of support from the centroid, 
the centre we suppose of the flywheel, the equations just found apply, pro- 
vided a and 4r —0 be substituted for h and 9, and the sign of Y be reversed. 
M includes the mass of the case as well as that of the flywheel. 

About Ga, drawn from the centroid G parallel to OD, the total moment of forces for 
steady motion (~=p) is —Ma(g+p2asin 6)g cos. If A be the total moment of inertia 
about a transverse through G to the flywheel axis, the a.m. about Gw grows at rate 
(Cn—Apcos ™)usin 6. Hence we get the quadratic for p, 

(A — Ma?) sin 6 cos 6. p?— Cn sin 0. p — Mga cos @= 0. 

3. The Serson-Fleuriais top for giving an artificial horizon at sea. 
The following is a quotation from an article in the Gentleman's Magazine 
for 1754: “Eleven or twelve years ago Mr. Serson, an ingenious mechanick, 
took a hint from the property of a top set a spinning, that the axis of its 
rotation affects a vertical position, and got a kind of top made, whose upper 
surface perpendicular to the axe was a circular plate of polished metal ; and 
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found, as he had expected, that when this top was briskly set in motion, its 
plain surface would soon become horizontal; that all objects at rest, and 
reflected by that surface to an eye also at rest, did appear entirely without 
motion; and that if the whirling plane were disturbed from its horizontal 
position, it would soon recover it again, and preserve it unless disturbed 
anew, or that its velocity was too far diminished.” 

Obviously this device contained a solution of the problem of finding a 
satisfactory horizon for use in sextant observations at sea, when there was 
fog round the sea horizon, and with the aid of George Graham, F.R.S., the 
celebrated instrument maker, it was realised as a kind of top spun in the 
ordinary way by quickly unwinding a band from an axle surrounding 
the axis of figure. At first the Admiralty declined to try the instrument, 
but ultimately it was tried on board an Admiralty yacht at the Nore in 
1743, and favourably reported upon. Mr. Serson was sent by the Admiralty 
to sea in the Victory a little later to test a new instrument, but the ship 
was lost with all on board. Mr. Graham then had one made, and “used 
frequently to express great indignation at the unaccountable disregard of 
so promising a discovery, having himself made many tryals of its pro- 
perties.” [Loc. cit. supra. See also Short, Phil. Trans. 47, 1751-2.] 

It may be stated here that a common level, or a pendulum, is of no use 
for giving a horizontal or vertical direction on a body, like a quickly moving 
boat or aeroplane, which is constantly undergoing varying acceleration. 

Serson’s device has been revived (or independently invented) in France 
within the last twenty or thirty years, and is more or less in use in the 
French navy in the improved 
form given to it by Admiral 
Fleuriais [Fig. 31]. As will be 
seen from the figure, it is simply 
a small top with, as shown in 
the diagram, a certain amount 
of gravitational stability. M is 
about 175 grammes, and Mgh 
is made at least 17:5 grammes. 
[The value of C for a trial 
instrument tested in 1887 was 
490 gramme-centimetre units. ] 
The drive is an air-blast acting on “bucket” depressions round the edge of 
the wheel: the speed is run up to about 80 turns per second before an 
observation, and the blast is then shut off and the air pump reversed so as 
to exhaust the chamber in which the top spins. The speed falls to about 
60 turns per second during an observation. 

The upper circular plane face forms a table which carries at the extremities 
of a diameter two equal plano-convex lenses, L, L’ as shown with their 


Fie. 31. 
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plane faces turned towards one another, and at right angles to the diameter. 
The distance between these faces is the focal length of either lens, and a 
datum-line is drawn on each parallel to the table and through the axis of 
the lens arrangement. 

The diagram sufficiently explains the use of the instrument for sextant 
observations. As will be seen from the diagram, it is carried by the 
sextant behind the small mirror into which the telescope looks. Rays from 
the mark on one of the lenses are rendered parallel by the other lens, and 
are then received by the telescope of the sextant, together with rays from 
the distant object brought into parallelism with the beam from the lenses 
by two reflections from the mirrors in the usual way. A distinct image 
is obtained notwithstanding the spin in consequence of the persistence 
of impressions on the retina. To get good results requires considerable 
practice. 

The spin and moment of inertia of the top about its axis are both so 
great that any precessional motion caused by disturbances is of very long 
period. The precession, in fact, is so slow that successive disturbances due 
to rolling or pitching of the ship have time to annul one another for all 
practical purposes. 

In most descriptions of the action of this instrument which have been 
given it is said to be subject to an inclinational error, T cos //86160 (where T 
is the precessional period of the top and / the latitude), due to the earth’s 
rotation. This holds for a gyrostatic pendulum hung from a universal joint 
or for (the impossible) case of a top supported by a frictionless peg. In such 
a case let the ship be in latitude J, the angular speed w of the earth may be 
resolved into two components, wsin/ about the vertical and wcosl about 
the northward horizontal at the place. As the axis of spin of the top is 
very nearly vertical the former component is of little consequence, pro- 
vided Mgh is large in comparison with Cnwsinl. [See 6 below.] The 
latter, however, if the spin n of the top is counter-clockwise, is producing 
A.M. about an eastward horizontal line at rate Cnwcosl. As there is no 
externally applied couple about this eastward line, the top turns in the 
direction to neutralise this rate of growth of A.M., that is the upper end of 
the axis turns towards the north, and, after a little oscillation, relative 
equilibrium ensues when the gravitational stability gives the couple 
requisite for the steady production of a.m, at rate Cnwcosl. The apparent 
upward vertical is then north of the true vertical, by an angle 0 given by 


CRG COSP AMEI Oy" E A aust (1) 


where h, the distance of. the centroid below the point of support, is taken 
positive. The true latitude is thus south of the apparent latitude as given 
by observations made with this artificial horizon. Since T=27Cn/Mgh 
approximately the inclinational error is as stated above. 
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But in the case of the Serson-Fleuriais level the vertical is defined by the 
interaction of the peg and its supporting cup. If the top becomes slightly 
inclined to the vertical an erecting couple of moment L, depending on the 
design of the peg and cup, the spin and the weight of the top, comes into 
play, and the top erects itself in accordance with the equation 


where @ is the tilt from the upward vertical. If 


L _ leosé 
m” 86160 
there is no error due to the earth’s rotation. 

An exact theory of the inclinational effect of the earth’s rotation is given 
in 6 below for a case in which it has full play, that of Gilbert's bary- 
gyroscope, which is supported on two knife-edges in a line through the 
centre of the flywheel. The theory of erection will be given later. 


4. fGyrostatic observation of the rotation of the earth. Foucaults 
methods. The famous French experi- 
mentalist, Léon Foucault,* suggested two 
ways of determining the rotation of 
the earth. One was observation of the 
apparent turning of the plane of vibration 
of a long pendulum, suspended so as to be 
as nearly as possible free from any con- 
straint due to the attachment of the pen- 
dulum wire to its fixed support. This 
classical experiment was carried out with 
fair success at the Panthéon at Paris, and 
was repeated under the domes of the 
cathedrals of Amiens and Rheims. 
Foucault’s other method was based on 
the fact that a gyrostat, if mounted 
properly, retains unaltered the direction 
of the spin-axis when the supports are 
turned round. Take, for example, the 
pedestal gyrostat of Fig. 32. The flywheel 
is within the frame there shown as carried 
by a vertical rod, which swivels in a 
vertical socket projecting upward from 
the supporting stand. Rods with arrow-points are attached, to be set to 
represent the spin axis, the couple axis, and the direction of rotation. If 


* Comptes rendus, 35 (1852). 
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the spinning gyrostat has its spin axis in any chosen direction, and the 
supporting stand is turned round, a friction couple of some little magni- 
tude is applied to the vertical rod; nevertheless, the direction of the 
spin-axis is not altered perceptibly. Yet the friction couple is sufficient 
to carry the gyrostat round with the stand when there is no spin. The 
spin results in a great increase of virtual inertia for turning displacements, 
as we shall see quantitatively in one of the arrangements described below 
in the present chapter. 

It is to be understood that when there is no weight hung on the gyrostat 
case, the axes XX’, YY’, ZZ’ intersect at the common centre of gravity of 
the flywheel and case, and that there is no friction couple about any of 
these axes. 

When the axis of spin of the pedestal gyrostat is adjusted to be accurately 
horizontal, and to point north, the horizontal component of the earth’s 
angular velocity will have no gyrostatic effect, and the vertical component 
will merely turn the base piece round, and enable the earth’s rotation to be 
seen from the changed azimuth of a mark on the base. Such a mark will, 
since the angular speed about the vertical in latitude l, is wsin/, make a 
complete revolution about the vertical in (1 sidereal day)/sin l. 

Under the conditions stated the axis of spin of the gyrostat, whatever 
its original direction, would preserve its direction in space as long as the 
flywheel was kept in rotation. In 5 the effect of non-fulfilment of these 
conditions in certain respects will be considered. 


5. Gyrostatic balance and gyrostatic dipping needle. Lord Kelvin’s 
methods. At the British Association meetings at Southport and Montreal, 
in 1883 and 1884, Lord Kelvin suggested methods of demonstrating the earth’s 
rotation, and of constructing a gyrostatic compass. One of these had refer- 
ence to the component of rotation about the vertical, the component in fact 
demonstrated by the Foucault pendulum experiment. If w be the resultant 
angular speed, the component about the vertical at any place in latitude J is 
w»sinl, while the companion component about the horizontal there is w cosl. 
Thus at London the component about the vertical is 0°78 of œ, and the 
period of rotation about the vertical is about 30°77 hours of sidereal time. 
(One sidereal day = 8,160 seconds, nearly.) 

Lord Kelvin’s method of measuring w sin / consists in supporting a gyro- 
stat on knife-edges attached to the projecting edge of the case, so that the 
gyrostat without spin rests with the axis horizontal or nearly so. For this 
purpose the line of knife-edges is laid through the centre of the flywheel at 
right angles to the axis, and the plane of the knife-edges is therefore the 
plane of symmetry of the flywheel perpendicular to the axis. The knife- 
edges are a little above the centre of gravity of the instrument, which we 
suppose in or nearly in that plane, so that there is a little gravitational 
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stability. The azimuth of the axis is a matter of indifference, as any couple 
due to the component of rotation about the horizontal is balanced by an 
equal couple furnished by the knife-edge bearings. The apparatus described 
in 6 would serve if the axis of the flywheel were turned through 90° with 
reference to the knife-edges, and scale-pans were added. 

At points in a line at right angles to the line of knife-edges, and passing 
through it, two scale-pans are attached to the framework, and by weights 
in these the axis of the gyrostat (without spin) is adjusted, as nearly as 
may be, in a horizontal position which is marked. The gyrostat is now 
removed to have its flywheel spun rapidly, and is then replaced. It is 
found that the weights in the scale-pans have to be altered now to bring 
the gyrostat back to the marked position. From the alteration in the 
weights the angular speed about the vertical can be calculated. 

To fix the ideas let the gyrostat axis be north and south, and let the spin 
to an observer, looking at it from beyond the north end, be in the counter- 
clock, or positive direction. The rotation of the earth about the vertical 
carries the north end of the axis round towards the west, and therefore 
angular momentum is being produced about a horizontal axis drawn west- 
ward, at a rate equal to Cnw sin l, where Cn is the angular momentum of 
the flywheel. If the sum of the increase of weight on one scale-pan and 
the diminution (if any) in the other be w, and æ be the horizontal distance 
between the points of attachment of the scale-pans, we have 


Cno sin l= wga. 


Thus if C and n are known, wsin l, or w, can be calculated. 

No figures were given as to the forces to be measured in a practical 
experiment; but these may be supplied as follows. We may take the mass 
of a small flywheel as 400 gramnies, its radius of gyration as 4 cm., and its 
speed of revolution if high as 200 revolutions per second. If we take a as 
10 em. we obtain for London the equation 


2r x078 
2 4 
400 x 4 x 4000 x ~ SIGO =10x 981 x w. 


This gives w=0°047, and therefore the weight is 47 milligrammes. It 
would require careful arrangements to carry out the experiment accurately, 
but the idea is clearly not unpractical. With some of the new gyrostats 
that we now have, the mass of the wheel is as much as 2,000 grammes, and 
the radius of gyration is about 75 cm. These numbers bring the weight 
up to 0°82 gramme, at the same speed. 

If the deanitational stability of this gyrostatic balance be removed, that 
is, if the line of knife-edges be made to pass accurately through the centre 
of gravity of the system of wheel and framework, and the axis of rotation 
be placed in a truly north and south vertical plane, so that the knife-edges are 
horizontally east and west, the gyrostat will be in stable equilibrium when 
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the axis is parallel to the earth’s axis, and is turned so that the direction of 
rotation agrees with the rotation of the earth.* For we have then simply 
the experiment, described in Chapter I and discussed in 7 below, of the 
gyrostat resting by trunnions on bearings attached to a tray which is 
carried round by the experimenter. The axis of the gyrostat was at 
right angles to the tray, and when the tray, held horizontally, was carried 
round in azimuth the equilibrium of the gyrostat was stable or unstable, 
according as the two turnings agreed or disagreed in direction. In the 
present case the tray is the earth, the position of the axis of rotation 
parallel to the earth’s axis replaces the vertical: position, and the earth’s 
turning the azimuthal motion. If displaced from the stable position the 
gyrostat will oscillate about it in the period 27(A/Cnm)?, where A is the 
moment of inertia about the knife-edges, and the other quantities have 
the meanings already assigned to them [see (1), 7, below]. 

If the line of knife-edges be north and south, the vertical will be the 
stable, or unstable, direction of the axis of rotation, and there will be 
oscillation about the stable position in the period 27(A/Cno sin lÈ. 

The gyrostat thus imitates exactly the behaviour of a dipping needle in 
the earth’s magnetic field, and thus we have a gyrostatic model of the 
dipping needle. 


6. Gilbert's barogyroscope. It is right to point out that these arrange- 
ments were anticipated by Gilbert’s barogyroscope, which rests on precisely 
the same idea, and applies it in a similar manner. 


Fic. 33. 


In this a gyrostat [Fig. 33] is supported on bearings, fixed horizontally 
east and west, and has a certain adjustable amount of gravitational 
stability supplied by placing the centroid below the line of bearings. 


* This idea forms the basis of a paper by Sire, published in 1858 (Arch. des Sct. Phys. et Nat., 
Genève, 1, 1858). Sire proposed to use this principle for the determination of the earth’s rotation. 
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Let J [Fig. 34] be the (north) latitude of the place, and the axis of 
rotation of the flywheel be inclined at an angle 0 (lower end, say, towards 
the south) to the vertical at the place P. The angular speed, w say, of the 
earth’s rotation can be resolved into two com- 
ponents: one, w sin (l+0), about the axis of the 
flywheel, the other, wcos(/+@), about a line at 
right angles to this axis, and drawn towards the 
north. If n and w be similarly directed, the 
component wcos(/+6) gives a precessional motion, 
which for a proper value of 0 will equal Mgh sin 0, 
the couple about the line of bearings. 

If the line of bearings is horizontally east and west, 
and the flywheel is spun to an angular speed 4, rela- 
tive to the earth, the speed n when the gyrostat is 
set up in position will be ¢+sin(J+6). At this inclination there will be 
equilibrium, and then Cnwcos(l+9)=Mghsin 0. With the understanding 
stated as to the meaning of n this equation is exact. Hence 


Fic, 34. 


CREET oE ag cachet tae (1) 


EN Caren Mah 


If the spin be reversed the inclination is to the other side of the 
vertical, and of amount 6’, given by 


Ornatos iè yell true E Grea (2) 


ores Cno sin l — Mgh ; 


This, in point of fact, is an exact solution of the problem of the action 
of the gyroscopic horizon instrument [3 above], giving the error 6 or 6’ to be 
taken account of when a gyrostat is used as a clinometer or to give an 
artificial horizon. 

If the line of bearings be horizontal, but inclined at an angle ¢ to the 
east and west horizontal line, and the inclination of the axis of rotation of 
the gyrostat to the vertical be 0, then, instead of (2), we have 


Cw Cod kios p TEM rriar n (3) 


tant n N A 


The components of w about the vertical and the horizontal in the 
meridian are wsinl and wcosl. The latter has a component w cosl cos ¢ 
about a horizontal axis at azimuth ¢ to the east of north, for the angle ¢ 
is here taken towards the north at the west bearing. This, in its 
turn, gives an angular speed, about an axis perpendicular at once to the 
line of bearings and to the axis of rotation, of amount wcoslcos ¢ cos 0. 
The component wsin/, about the vertical, gives a component, —wsin/sin 0, 
about the axis last mentioned. The precessional angular speed about that 


VII PHYSICAL APPLICATIONS OF GYROSTATS 137 


axis is therefore w(coslcos ¢cos 0—sin lsin @), Hence, since as before the 
couple about the line of bearings is Mgh sin 0, we get 


Cnw(cos l cos ¢ cos 0— sin lsin 9) = Mgh sin 8, 


and therefore tan @= 


Chrys COON C08 Bs te ebm sean (4) 
Cnw sinl+Mgh 


Here it is supposed that n and w are the same way round. If they are 
not, the denominator (taking the numerical value of 0) must have the value 
Cnwsinl—Mgh, and the upper end of the axis is turned towards the south, 
instead of to the north as in the former case. 


Taking equation (2), and supposing the flywheel to make N turns per second, we 

get nw=27N x 27/86160 = 472N/86160, and 
cos} 
sin 1 SOLOOM GA 
4r?CN 

If A be the moment of inertia of the instrument about the line of bearings 
and T its period as a compound pendulum oscillating about that line, we have 
T=27(A/Mgh})?. Hence, if C=KA, (5) becomes 


tan O = a aa Serea NE E EPEE ENA R (5 


Thus the wheel would turn over in latitude / if we could make N as great as 
86160/£T?sin 7. As Sir George Greenhill remarks (R.G. 7. p. 259), if T were 15 (as in the 
400-day clock), 7 were 30°, and Æ were 2, we should get N=383. Indeed, apart from the 
fact that the ring, in which the top is held, adds to A, the value of & is certainly sensibly 
less than 2 in instruments actually made; nevertheless the speed of inversion is not. 
unattainable. For example, the barogyroscope made by M. Koenigs* may (if there is 
no question of safety) be run up to 55,000 revolutions per minute, or over 900 per second. 
Such a speed would however be as much as, if not more than, a brass flywheel, even of 
small size, would bear. These results are important for various appliances. 


7. Gyrostat with axis vertical, stable or unstable according to direc- 
tion of azimuthal turning. We consider here a gyrostat supported (as 
shown in Fig. 35) by two trunnions screwed to the projecting edge, in the 
plane of the flywheel, on a wooden frame or tray. The axis of the wheel 
is very nearly vertical, and the wheel is spinning rapidly in the direction of 
an arrow (not shown) drawn on the upper side of the case. The centre of 
gravity of the whole instrument is nearly on the level of the trunnions, so 
that there is little or no gravity preponderance. The following experiment 
has already been described in I. 

If the tray be carried round horizontally with constant angular speed 
u in the direction of spin, the gyrostat remains quite stable. If how- 
ever it be carried round in the opposite direction, the gyrostat imme- 
diately turns on its trunnions and capsizes, so that the other end of the 


* Revue Générale des Sciences, Paris, 1891. 
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axis becomes uppermost, and if the azimuthal motion is continued in the 
same direction, the gyrostat is now stable. It will be observed that the 
flywheel is now spinning in the direction of the azimuthal motion. Hence 
the gyrostat is in stable equilibrium when the azimuthal motion is in 
the same direction as the rotational motion. 


Fic. 35. 


This result follows from the 6-equation of motion, which is approxi- 
mately, for the present case, 
A0+Cnyu=0. E A ahs RE alin wate rarer pe eee (1) 


The solution of this equation, if n and u have the same direction so that 
mu is positive, is oscillatory motion of period 2r(A/Cnu)} about the 
vertical position, so that this position is stable according to the definition 
of stability provisionally adopted in 9, V, above. 

On the other hand, if n and u have opposite signs the solution of the 
differential equation is of another form, curiously connected with the 
former, but representing a different state of things. It shows that if 
the gyrostat is disturbed from the vertical position of its axis it tends to 
pass further away from it; the instrument capsizes. The solution in this 
case, to suit the initial condition of 0=0 when t=0, is 


0 =B (er! — e-»'), 


where p=(Cnp/A)? and B are constants. This indicates a continuous 
increase of @ as t increases. 

The two results are indeed indicated by (1). The moment CnuO, regarded 
as a couple producing rate of change AÖ of a.m., is in the first case in 
the direction to check motion away from the vertical position, and to 
bring the gyrostat back to that position, while, in the other case, Crud, 
having the opposite sign, produces A.M. in the direction away from the 
vertical [see also below]. 

It will be seen that in this arrangement of the gyrostat it has one 
freedom of motion as regards inclination of the axis to the vertical; it can 
turn about the trunnions, but not about a horizontal axis at right angles to 
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the line of the trunnions. Hence, as we shall show later, the gyrostat 
cannot have complete dynamical stability. 

Even with gravitational stability of the spinning gyrostat, slow azimuthal 
turning will be consistent with a position of stable equilibrium if in one 
direction, but not when in the opposite direction. 

The inversion of the flywheel brings into play a wrench on the hands of 
the experimenter. A varying couple, lasting during the time of the inver- 
sion, is required to reverse the angular momentum of the wheel in space, 
and this is applied to the gyrostat by the frame at the trunnions, and to 
the frame, because that is kept steady, by the hands of the operator. The 
total change of angular momentum is 2Cn, and this is the time-integral of 
the couple. 

The couple arises thus. Let the gyrostat axis have been displaced from 
the vertical through an angle 0 about the trunnion axis. In consequence 
of the azimuthal motion, at rate u, the outer extremity of the axis of 
angular momentum is being moved parallel to the instantaneous position of 
the line of trunnions, and thus there is rate of production R of angular 
momentum about that line; but, since there is no applied couple about the 
trunnions, the gyrostat must begin to turn about the trunnions to neutralise 
R. This turning tends to erect or to capsize the gyrostat according as the 
spin and azimuthal motions agree or are opposed in direction. In its turn 
however this involves production of angular momentum about the vertical 
for which a couple must be applied by the frame, and of course to the frame 
by the operator. This couple is greater the greater Cn, and therefore if 
the operator cannot apply so great a couple an azimuthal turning at rate 
u cannot take place. With sufficiently great angular momentum the 
resistance to azimuthal turning could, be made for any stated values of 
0 and u greater than any specified amount. 

The magnitude of this couple, which measures the resistance to turning 
at a given rate, is greatest when the angle @ is 90°, that is when the axis of 
the flywheel is in the plane of the frame. 

It is important to notice that if the gyrostat be placed on the trunnions, 
so that the axis of the wheel is in the plane of the frame, azimuthal turning 
in one direction causes one end of the axis to rise, and turning in the other 
direction causes the other end to rise. As the reader will see, this also 
means a reaction couple in the plane of the frame which must be balanced 
by a couple applied by the experimenter. 


8. Top supported by a string attached at a point E of the axis. The 
string is supposed attached at a fixed point D [Fig. 36]. DO is a downward 
vertical intersecting EG, the axle,in O. G is the centroid of the top, and 
is supposed to be coincident withthe centre of the wheel or spinning part. 
We denote the distances DE, EG respectively by l, h, and the angles 0, ¢ 
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are indicated in the diagram. First, we suppose that G is turning about 
the vertical OD with angular speed u, and that as the motion is steady the 
lines DE, EG remain in the 
vertical plane through OD. Let 
A, denote the moment of inertia 
about a transverse axis through 
G, and A=A,+Mk?, that is let 
A be the moment of inertia 
about a transverse axis through 
E. The equations of motion are, 
(1) for the centroid, 
Mp?(lsing +hsin®@) =Tsin ġ, l 
aaa ) 
where T is the pull exerted by 
the cord, and (2) for turning 
round a vertical through G, 


(Cn—A,u cos 0)u sin 0= Th(sin ¢ cos 0+ cos sin 8). .......... (2) 
Substituting in (2) the values of T sin ¢, T cos ¢ from (1), we find 
(Cn — Ap cos 0) u sin 0= My2Al sin ¢ cos 0+Mgh sin 8. .......... (3) 


We consider some particular cases. First, if the string were attached at G the 
moment of forces about any axis through that point would be zero, and there would be 
no couple changing the direction of the axis of the wheel. The identification of the 
angular turning of the axis about the vertical OD with that of the centroid about the 
same line fails, and we see that the centroid goes round the vertical in steady motion 
with angular speed p, while the axis of rotation maintains a fixed direction in space. 

The value of u in this case is given by (1). Putting 4=0, we get 


ell 
E Teos ¢’ 
that is the motion of the centroid is that of a conical pendulum of height / cos ¢. 
If E is above G, equations (1) and (3) become 


Mp*(/sin ġ— Asin 6)=T sin 4, | (4) 
Maksa A iN SAG 10 MILA RAL SAE 
(Cn — A u cos O)usin 0= —Myp2hl sin œ cos 0— Mgh sin 0. .......... AEE S (5) 


The precession (the small root of the quadratic) is now changed in sign. 

If E is below O the radial force available for the circular motion of the centroid about 
the vertical OD acts outwards, and so the motion is not possible without reversal of this 
horizontal force. The substitution for the string support of a strut.acting between a 
point D’ on the vertical below O and the point E (now to the right of the vertical) will 
make the motion possible. 

A diagram, Fig. 36, similar to that of Fig. 19, can be constructed for a top held up by a 
string as described above (see also Greenhill, 4.4.7. p. 12). Along the axle lay off Ge’ to 
represent Cn, and along an upward vertical through G lay off Ge to represent 
A,usin?6+Cncos @. Then, if ck, ck be at right angles to Ge’, Ge respectively, km 
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represents Aju and c'k Ausin 0, while ck represents Cr sin 0— Au cos Osin 0. Moreover 
the moment of T round G is Mg . Gp (see Fig. 36). Hence 


KEK =MJ GD piken Mga CLO, tae aaeeei e e aeieea: (6) 


if n be the point in which a parallel drawn through 4 to Ge intersects Gc, and o the 
intersection of a vertical through p with OG produced backward. Of course kn=mG. 

Let À denote g/u”, the length of the equivalent conical pendulum, and draw downward 
from G a vertical line GU=AÀ. Through } draw a horizontal line in the plane of the 
diagram to meet Gr drawn at right angles to Gk in r, and draw rgs perpendicular to 
Ge’, intersecting pG produced in g. Also along OC make ON=(A,+MhA,”)p, and 
OI=h,+A,/MA,, where h, is the distance OG. Then ck/ke' =kn/km=Gl/Gs=g/(p?. Gs), 
and from these relations we get by (6) 


Ea ts Glare Se 7 
Go Man 7 Me Gs peng ree OP age attain (7) 
From these it follows that Go. Gs=Gp.Gq=OG.GI=A,/M, so that 
GJGIS OCH EC SX CUN ETD, en a EE e A a (8) 


and As is parallel to Ip, and (p, q), (0, s), (O, I) are pairs of convertible centres of 
suspension and oscillation for the top regarded as a compound pendulum with centroid 
G, and each centre of suspension and corresponding centre of oscillation on the axis of 
symmetry. 

Thus, if we draw the axis OG at the given angle @ to the vertical, and make the 
constructions as described above, then draw As parallel to pI and sgr perpendicular to 
OG, cutting in r the horizontal through /’, we find that Gk is perpendicular to Gr. 

In the figure OL’ is also made equal to G/’(=A) and 

OC’ =Cn, OC=(A, 4+ Mh,?) usin? 6+ Cn cos 0, 
the a.m. about the vertical through O, and perpendiculars are drawn to OC from C and 
to OC from C, meeting in K. OR is.drawn perpendicular to OK to meet the horizontal 
through L’ in R, and RL is drawn at right angles to the axis. Thus we get a diagram 
for the point O, which is fixed in the steady motion. The reader may prove that 
KO neni CKe KEKEC OL) ATEMA (OU MATE MA? 
aaa GK o5 Mgsinð Mgsinð OL Mg i uire MOL ’ piti @) 


2 
SB Ole Ee OG OT E Siro te (10) 


[The reader may refer to Greenhill (2.4.7. p. 12) for constructions for particular 
cases, including that for which the thread must be replaced by a strut, as explained 
above. | 

It may be remarked that though the point O is fixed the motion is not simply that 
which would exist if O were really the point of support. The moment causing the 
steady turning would then be Mg/,sin 6, which it is not in the present case, unless E is 
at O, when h=h,. But then we should have in (1) sin $=0, and @=0. 


9. Gyrostatic action of the wheels of vehicles and of the rotating parts 
of machinery. Monorail cars. The wheels of a carriage have gyrostatic 
action when the vehicle turns about an axis perpendicular to the road, 
this is when changing its direction of motion by turning in azimuth. 
When the carriage passes over concavities or convexities in an otherwise 
straight road, no change of direction of the axes of the wheels takes place 
and there is no gyrostatic action. 
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Let the carriage have N equal wheels of moment of inertia mk? each, 
about parallel axes, and let the speed of the carriage be v, in feet per second, 
so that if the radius of the wheels be r feet, their angular speed is v/r. 
Finally, let the direction of motion be changing at angular speed u. 

The A.M. of the wheels, that is Cn, is Nmk?v/r, and to an observer, standing 
behind the carriage and looking forward, this may be represented by a 
single vector drawn out from a point O in the carriage to the left, as shown 
in Fig. 37, for a single wheel. There is stability enough of course to prevent 
turning of the carriage round either rail, but a 
capsizing couple which we can estimate is exerted 
in consequence of the gyrostatic action of the wheels. 
According as the turning with angular speed u is 
towards the observer's right or his left the outer 
extremity of the vector Cn turns towards the 
forward part OA, or the after part OB, of the 
instantaneous position of a fore and aft line, drawn 
parallel to the floor and sides of the carriage, through 
the point O. We suppose here that there are no 
forces, due to position of the carriage or other cause, 
balancing the gyrostatic action [3, III]. Everything 
may be supposed in equilibrium with the carriage moving on the curve with 
the wheels locked, and then the wheels to be set rotating. Hence, as there 
is no applied couple about the line OA, we have initially for turning about 
it the equation A6+Cnu=0; so that the carriage in the first case tilts over 
to the left on its springs, and equilibrium is finally produced, for steady 
turning at rate u, by a reaction of moment MghO=Cnyu tending to turn 
the carriage over to the right, that is towards the inside of the curve in 
which the carriage is travelling. The carriage is now inclined over through 
a small angle 0 on its springs, and the equation is Cnu = Mghé. 

In the other case the reacting couple Cnu tends to turn the carriage over 
to the left, that is again towards the inside of the curve. 

The moment is Cnu=Cuv/r. If R be the mean radius of the curves in 
which the inside and outside wheels are moving, we have u =v/R, approxi- 
mately, and so the capsizing couple due to gyrostatic action is Cnu = C2?/Rr. 
If P be the force applied to the outside wheels, Q that applied to the inside 
wheels, at right angles to the road, we get, in gravitation units, and taking 
0 small, the wheel-gauge as 2l, and h as the height of the centre of gravity, 

Mh wey Mia p ; 
aR a n 
which shows that the gyrostatic moment is the fraction C/Mrh of the 
centrifugal couple. As a rule C/Mrh is very small, and then the gyrostatic 
couple due to the rotation of the wheels of a vehicle is of little importance. 
Super-elevation of the outside rail of a railway curve is not here 


Fic. 37. 
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considered. On high-speed electric railways a carriage on entering or 
leaving such a curve experiences considerable gyrostatic action. [See a 
later chapter on Gyrostatics in Engineering. | 

A monorail car going round a curve of radius R at speed v will, if it 
be heeled over through an angle a towards the inside of the curve, and 
contain a gyrostat of A.M. C’n’, with axis of rotation at right angles to the 
sides of the carriage, have the equation of equilibrium, 


TON C Cnv 
tan a = ans + as) + -MRA Aare cide as oars ere (2) 
In this case the gyrostatic action is all-important for equilibrium. A 
special arrangement is necessary to enable the carriage to get into this 
equilibrium position, and this will be described when we come to deal with 
the more technical applications of gyrostatics. If the gyrostat were fixed 
in the carriage with its spin axis at right angles to the sides, the carriage 
when rounding a curve would heel over to the outside of the curve, as in 
the case of a two-rail carriage, and would be unstable. It would be a system 
with a single unstable freedom, which could not be stabilised by rotation. 

In a motor-car, besides the action of the wheels, there is that of a flywheel 
placed across the motor. Both actions will come into play when the motor- 
car is changing the direction of motion, as in turning a corner, while only 
that of the flywheel has any influence when the car is passing over con- 
vexities or concavities of the road. A fast motor-car may by passing over 
a highly convex part of the road—an old bridge, for example—have the 
grip of the wheels on the ground dangerously reduced, and the steering 
action impaired ; but this has nothing to do with gyrostatic action. 

When the car is rounding a corner, the difference of weights borne by the 
wheels on the two sides is given as before by equation (1). But now the 
fore-and-aft axis of the flywheel is turning towards a transverse, and there- 
fore the growth of A.M. about that axis causes.the car to tilt the other way, 
until a couple is developed to balance the gyrostatic couple Cuv/r. Hence 
more or less weight is thrown on the front wheels than on the back, as 
compared with the distribution of the weight on these wheels when the car 
was running straight forward. If the flywheel as seen by an observer, 
looking from behind, be spinning counter-clock wise, and the car be turning 
to his left, the gyrostatic couple will bring more weight to bear on the front 
wheels than on the back, by the amount C’n’v/gRb, where C'n’ is the a.m. of 
the flywheel, and b is the length of the wheel-base. 

If we take account of the action of the differential gear, we see that 
(2l being the gatige) the angular speeds of the wheels on the two sides are 
given by 


hi) (RE) rab ET ET A R AE (3) 


where R is the mean radius of the curve, and w the mean angular speed of 
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the wheels. The gyrostatic couple for the mean speed v is Cv?/Rr, and so, 
for the weights borne on the two sides, we get 


M,\ _ C IEE 4 
MM fiC aR ; a 


10. Gyrostatic action of paddle-wheels and of screw in steamers. In 
a paddle-steamer the action of the wheels when the course is-being changed 
is just that of the wheels of a vehicle. But the direction of the axis of 
rotation of the paddles is also changed by the rolling of the ship, and this 
gives gyrostatic action about an axis at right angles to the deck. If the 
angular speed of rolling at any instant is w, and the A.M. of the wheels be 
Cn, the gyrostatic action is Cno, and thus, if at the instant the ship is on 
an even keel, a rate of growth Cnw of a.m. about a vertical axis is produced. 
If the ship is then rolling to starboard the direction of this Cnw is round 
from starboard to port, that is against the motion of the hands of a watch 
lying face up on the deck. Hence, if we denote by 0 an angle of turning about 
the normal to the deck, by A the proper value of the moment of inertia of the 
ship for the turning, and by L the couple on the ship due to the now oblique 
motion and to the turning—initially this couple is zero—we have, as in 9, 

A6+Cno=L. 
Thus, initially at least, 6 is in the direction to neutralise Cnw, and 
the ship’s head turns to starboard. The rolling from port to starboard and 
again from starboard to port makes the ship’s head turn alternately to 
starboard and to port—the ship “ yaws” in consequence of gyrostatic action. 
The greater immersion of the paddle-wheel, caused by the rolling, tends to 
correct this. 

In a paddle-steamer pitching has no effect. Changing the course at 
angular speed w gives a rate of growth of A.M. Cnw about a fore-and-aft 
axis, and as a result, since there is no externally applied couple, the ship 
has an angular acceleration of amount Cnw/A in the opposite direction. 
Thus, if the vessel be turned by the rudder, say to port, the vessel will by 
gyrostatic action be slightly heeled over to starboard, and the starboard 
wheel being more deeply immersed will assist the turning action of the 
rudder. Though the gyrostatic action of the wheels is, owing to their com- 
paratively slow speed of revolution, not very great, calculation shows that 
it produces an appreciable variation in the immersion of the wheels. 

The resistance normal to the course gives the radial acceleration in the 
curvilinear motion. 

In a screw-steamer the action of the engines and propeller is to give a 
gyrostatic couple about a horizontal transverse axis when the ship is 
changing its course, and about a vertical transverse axis when the ship 
is pitching. The magnitude is in each case Cnw, and the direction is given 
as in the examples already considered. 
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11. Gyrostatic action of turbines. The use of turbines in screw- 
steamers has considerably augmented the gyrostatic action of the engines. 
This is best illustrated by taking a numerical example. Since the axes of 
the rotors are fore and aft, gyrostatic action only occurs when the ship 
pitches or when she changes her course. In the Cunard ship Carmania 
the total weight of the rotors of the turbines, two on “wing-shafts” 
and one in the middle, may be taken as 200 tons (4 to the wings and 1 
to the centre), and the radius of gyration as 4 feet, so that in ton-foot 
units the moment of inertia of the rotor on each wing-shaft is 1280, 
and the moment of inertia of the central rotor is 640. The number 
of revolutions is 200 per minute, and consequently n is 207/3 in radians 
per second. The ship’s head can be turned about 2 of a degree, or say 7; of 
a radian, in a second. Hence the moment of the couple which must be applied 
by the ship to each wing-rotor to give it the precession which the turning of 
the ship involves, and therefore also the moment of the equal and opposite 
couple exerted on the ship, is 1280 x 207 x1 x 75 X gy =112, in Ton-foot 
units; that is the moment is that which would be produced by a force of 
11:2 Tons, acting at an arm of 1 foot, or a couple of -28 Ton acting at an 
arm of 40 feet, the approximate distance between the end-bearings of the 
turbines. Such a couple cannot have any perceptible effect in producing 
pitching or in straining the ship. [The word “Ton” is here printed with 
an initial capital to indicate its use as a unit of force.] 

If we take 12° as the range of pitching, and the period as 6 seconds, the 
maximum angular speed is 27 x 6/(6 x 57:3)= 1/9, in radians per second, and 
this is to be substituted for 1/75 in the above calculation. The couple is 
thus 83 times the former couple, or 2'3 Tons at an arm of 40 feet; still 
quite a small couple from the point of view of breaking the ship. The 
torpedo-boat destroyer Cobra was lost in the North Sea in 1901, and as it 
was one of the first vessels to be fitted with turbine engines it was thought 
by several people to have been broken in two by the gyrostatic action of 
the turbines, a view which the figures given above for the much larger 
Carmania show to be quite untenable. Pitching, the more serious of 
the two causes of gyrostatic action with turbines, was supposed to have 
caused the disaster, but pitching would produce with turbines a couple 
about a vertical axis, and of course it is absurd to suppose that the vessel 
was destroyed in that way. It was very remarkable that some practical 
engineers seemed to imagine that pitching might give gyrostatic action 
about a horizontal axis. 

We have referred above to the couple applied to the ship by each of the 
rotors. If there were only two shafts, one right-handed the other left- 
handed, the total moment applied to the ship would be zero; but internal 
stresses of a kind easily understood would be set up in the structure. 
These would tend to produce alternate extension and compression at the 


146 GYROSTATICS CHAP. 


stern, and alternate compression and extension at the bow, athwart-ship in 
each case, but these strains would be quite negligible. 


12. Steering of a bicycle, of a child's hoop, or of a wheel in a wheel- 
race. Another example which deserves mention is that of a bicycle 
(which, if space can be spared, will be more fully treated later in this 
work). If the rider feels himself beginning to fall over to one side or the 
other he instinctively turns the bicycle towards that side, and the inertia. 
in the forward movement, assisted by the gyrostatic action of the driving 
wheel, over which the rider sits, causes the bicycle frame to set itself erect 
again. The gyrostatic action will be made out very easily—as in Fig. 37, 
the vector Cn is towards the rider’s left, and the frame, if turned to the 
right or left when inclined over to that side, experiences a gyrostatic couple 
Cv?/rR (where v is the forward speed, r the radius of the wheel, and R that 
of the curve of turning) tending to turn the frame to the upright position. 

A child’s hoop, or the wheel in the wheel-race of military sports, affords 
another example. Each competitor runs forward alongside his wheel and 
guides it more or less adroitly. By careful experimenting or by reasoning 
from gyrostatic theory he can compile a set of rules for use in the game. 

If he runs with the wheel on his right the vector representing 
Cn (=Cv/r) will be drawn out towards him from the centre of the hub 
[Fig. 37]. If he exerts with his hand a downward push on the hub the 
front of the wheel will turn towards him, if he applies an upward force to 
the hub the front of the wheel will turn from him. In the first case the 
couple-axis is drawn backwards, in the second it is drawn forwards, in the 
plane of the wheel, and in such cases the rule that the A.M. vector turns 
towards the couple-vector is easily remembered and applied. 

Again, as the man pushes from him the front or the back end of a 
horizontal diameter of the hub, the top of the wheel inclines towards or 
from him. The same effects are produced by pushing forward or pulling 
back the hub of the wheel. 

Let the wheel be running steadily in a circle of radius R, under the 
influence of a couple, which we may suppose applied by a weight hung on 
the inner end of the hub, so that the whole moving mass is M and the 
centroid is at a distance h nearer the vertical through the centre of the 
path than is the plane of the edge of the wheel, which we suppose to be 
vertical. Let X be the radially inward horizontal force applied to the 
rim of the wheel at its point of contact with the ground, and Z the upward 
vertical force applied at the same point. Then we have 

Kus Mypi( Reh) Cie Mge acme soe e ..ceree (1) 
where u is the angular speed with which the plane of the wheel is turning 


about the vertical, that is also the angular speed with which the centroid is 
turning in its circular path. 
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Taking moments about the centroid we get 
Cru =Zh— X =M AMARE h) Te eseat teenete eate (2) 
But also we have u= V/R, n= Vr, so that (2) becomes 


ce V =Mgh —MurV + Mp2rh. 
Rearranged this equation is 


v( E +r) = h(ru +2) = 2nignt +n{(4) —(rn)}} verre (3) 


Thus V has the smallest possible value for (g/u)? = (ru È, that is for 
r=g, or when the angular speed of the wheel round the centre of the 
curved path is equal to that of a conical pendulum of length (height) equal 
to the radius of the wheel. Then, since u=(g/r), 


Pea mois gat faves: Mic, A Ws (4) 


For a graphical representation of this solution the reader may refer to 
Greenhill, loc. cit. 


13. One spinning top supported by another. Steady motion. The 
axis or stalk of a top which is spinning about a fixed point is prolonged as 
shown in Fig. 38, and carries at its 
upper extremity a small cup, in which a 
second top is supported. It is required 
to determine the conditions of steady 
motion, with angular speed u, and the 
two axes in the same vertical plane. 
Denoting the masses by M, M,, inclina- 
tions of the axes to the vertical by 8, 
0,, moments of inertia about transverse 
axes by A, A,, and a.m. about the axes 
of figure by Cn, C,n,, all for the lower 
and upper tops respectively, and putting 
l for the length of the stalk of the lower 
top, h, h, for the distances of the centroids from the points of support, and 
X, Z for the horizontal and vertical components of the forces applied at 
the cup to the upper top, as shown in Fig. 38, we get for the equation of 
motion of the upper top 


Fic. 38. 


poM, (sin O-F A, sin 0,) =X, MiG Z, aA ae ae (1) 
(Cyn, —A,u cos 0,)u sin 0, = Xh, cos 0, + Zh, sin Oy. ....eceeeeeeees (2) 
Equation (2) is by (1), 


{Cyn,—(A, +M,h,2)u cos 8, }u sin 0, = nM, Lh, sin 6 cos 0, + Mygh, sin 0,. (3) 
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Similarly we get for the lower top, 
{Cn — (A+ Mh?+ M,/?)u cos 0} 4 sin 0 
= u?°M lh sin 6, cos 0+ (M, l+ Mh)g sin O. .......cecee ee eee (4) 
If 6,, 0, be both small these equations become 
{Cin — (A, +M,h,’)u} 48, — Mygh,0, — M; ulh 0 = ah Se (5) 
{Cn—(A+ Mh?+ Ml?) u}40—(M,/+ Mh)g0—M, ulh 0, =0. 
Eliminating 0, 0, between these we get the equation of condition 
{Cyn u — (A1 +M;h,”)u’— Mgh} 
x {Cnu —(A+ Mh?+ M1?) u? — (Ml +Mh)g}— utMPh2=0, ........(6) 
which is a biquadratic for u. 

A third top might be placed on the upper top of the pair just considered, 
and supported as before on a small cup carried by a prolongation of the stalk 
of the top below. This chain of three tops may move in steady motion 
with the axes in the same vertical plane, under conditions expressed by a 
sextic equation in u, which the reader may investigate. 

For a double compound pendulum composed of two rigid compound 
pendulums hinged together, and turning so as to present always the same 
face to the vertical through the point of support, we have only to reverse g, 
and write (since the 6-angles are both small) 

Cn= Cu cos 0=Cu, Omi =Ciucos 0; = Ca: 
Equation (6) becomes 
{(C,— A, — Mh’) u? + Mygh,} 
x {(C—A—Mh?— MI?) uv? + (M+ Mh)g} — uM PPR ?2=0. ......-.(7) 

From (4) above we get by putting M,=0, and reversing g, the exact 

equation of motion of a compound conical pendulum. 


Supposing this compound pendulum to have plane motion, the reader may prove that 
if M,/M be small, and Z be not very great, as in the case of a bell and its clapper, and the 
centres of oscillation of the two pendulums be coincident when the centroids are in line, 
the two pendulums, started together with 6=6, and 6=6,, will vibrate together, so that 
6 remains equal to @,. Thus the bell will not ring. 

One way of curing a bell which behaved in this way would be to lengthen the clapper 
considerably. This is said to have been done for a bell in Cologne Cathedral. 


14. Drift of a projectile. The turbine of a ship moving forward while 
rotating may be compared to a projectile fired from a rifled gun. As looked 
at by an observer at the firing point the rotation is right handed, and the 
shot drifts in its trajectory, which is convex upward, towards the right. 
But the spin vector is for the rotation specified to be drawn forward, and 
therefore the bow of the ship, in consequence of a similar turning of the 
axis due to pitching, would turn towards the left: so that the idea of the 
projectile as a gyrostat moving forward on a convex track with its axis in 
the forward direction throws no light on the drift of the projectile. 
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The cause of this drift is not yet fully understood, but it is connected 
with the rotation, as reversal of the rotation reverses its direction. It 
amounts to ‘25, 1:1, 4-4, 11:5 metres in ranges of 500, 1000, 2000, 3000 metres 
respectively. Since the rapidly rotating projectile tends to keep the direc- 
tion of its axis unchanged, it is presently moving forward on the convex 
trajectory with its axis in the plane of the trajectory, but pointing a little 
upward relatively to the path. Thus it has a motion in the direction of the 
axis together with a lateral component. Hence, as we shall see presently, 
there is applied by the air a couple, which in the absence of spin would tend 
to increase this obliquity of the axis of spin to the direction of motion; but 
as the projectile spins rapidly about its axis, it precesses about the instan- 
taneous position of the axis of the resultant momentum, as explained in 17 
below, with of course modification of the resistance in consequence. As a 
result the projectile moves forward in air, and, relatively to the path, its 
point is directed slightly upward and to the right, and the shot is con- 
tinually deflected towards the right by a side thrust applied by the air. 


15. Turning action on a body moving in a fluid. Before proceeding 
further with the discussion of the motion of a projectile spinning in air, 
it will be convenient to discuss some 
fundamental principles of the dynamics 
of a body moving in a fluid medium. 
Consider first a rigid body of mass M 
moving without rotation parallel to a 
fixed plane (Fig. 39). Take axes@)z, 
Oy from any origin in that plane, and 
let ż, ý be the speeds of the body parallel 
to these axes. The momenta of the 
body in these directions are M#, My, and the body has angular momentum 
M(yé—4n) about an axis of z through the origin, since we may regard the 
body as replaced by a particle of mass M situated at the centroid (co- 
ordinates Ê n) and moving with the velocity (#, ý). The time-rate of 
change of this a.M. is M(ij€—dn), which for the present we shall suppose 
to be zero through the vanishing of ë, 7. 

Now let there be matter set in motion by the body, so that the total 
momentum in the direction of Oz is M,#, and that in the direction of Oy is 
M,y.. Then if we associate these components of momentum with the body, 
we regard it as having inertia M, in the direction of Oz, and inertia M, in the 
direction of Oy. The a.m. about the origin is now M,yé,—M,%y,, where 
&, m are the coordinates of a point, moving with the body, the position of 
which it is not necessary here to specify. The rate of change of this A.M. 
(since =i =0) is M,yé, — Ma, =(M, — M,) ay, since Å =ċ, ù =Y, and there- 
fore does not depend on Ê, n. 


Fic. 39 
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Or, to put the matter in another way, consider a point A of space with | 
which a point B of the body, or moving with the body, coincides at time t. 
By the displacement ż dt of the body in an interval of time dt, B is carried 
this distance parallel to Ox from A, and A.M. Myédt is produced. Similarly 
AM. —Méydt about A is produced by the displacement ý dt of the body. 
Thus zero A.M. is produced on the whole. But if the momentum associated 
with the body be M,# parallel to Oz, and M.y parallel to Oy, the former 
gain of A.M. is M,ya dt and the latter is —M,#y dt, that is A.M. about A is 
being gained at rate (M,—M,)a#y. This is independent of the position of 
A, that is it is the same for all points. 

This rate of gain of A.M. about every point is wholly due to the matter set 
in motion by the body, and is effected by the action of a couple exerted by 
the body on that matter (the aetion 
of a ship, for example, on the water), 
which therefore exerts an equal and 
opposite couple on the body. 

The same result may be obtained in 
another way which is also instructive. 
Let (Fig. 40) the axis of figure of the 
body be in the direction Ox at a 
given instant and remain parallel to this direction as the body moves. 
Then after an interval of time ¢ the point O has been moved to O’, and the 
direction of the axis of figure is now O'g’. Let the direction of the resultant 
virtual momentum of the body be OG for the first position, and O’G’ for the 
second; these resultants (at ¢ and ¢’)@re equal and parallel. Now we may 
suppose the first resultant to have been annulled in time ¢ by a force F 
acting from the point G to O, and the other resultant to have been brought 
into existence in the same time by an equal force F acting from O’ towards 
G. Thus we have acting a couple of moment F.OO’sin(¢—8@), and the 
whole generation of aM. is F¢.OO’sin(@—9@), where ¢ is the angle 
GOzw, and 0 the angle O’Ox. But F is the resultant momentum, which 
may be regarded as represented by OG. Thus the A.M. generated is 
OG. OO’ sin (¢— 0). 

The identification of this with the result already obtained is easy. Taking 
æ and y in the directions of Ox and a perpendicular to Ox in the plane 
of motion, we have 


OGcos¢=M,#, OGsing=M,y, OO’ cosO=at, OO’sin O= xt. 
Thus we get 
OG. OO’ sin (ġ — 0) = OG sin g. OO’ cos 0 — OG cos ø . OO’ sin 0 
= May dt — Mo y= (My— MM) ag brn on el cteode (1) 
As usually we put v for the speed of a body in the direction of its axis, 
we shall in what follows put v for # and w for the transverse speed y. We 
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see then that the couple (M,—M,)vw applied for the time ¢ will generate 
the change of A.M. which grows up in that time. 


16. Turning action of the water on a ship. Why a ship carries a 
weather helm. This is the couple that tends to turn a ship at right angles 
to its course, and that actually sets a ship or plank athwart a stream in 
which it is allowed to drift. It must be counteracted in the case of the ship 
by the rudder. A ship set on a course and left with helm lashed would 
be unstable ; the helmsman has continually to prevent the ship from falling 
off her course, and good steering (steering that is economical of coal) consists 
in correcting each infinitesimal deviation as it arises. For, considering an 
elongated symmetrical body immersed in a medium indefinitely extended 
in each of the directions of motion (so that we are not concerned with 
reactions from the boundaries), let the speed ¢ be that of the body in the 
direction of its length, and ý that in the direction at right angles to the 
length. Let M,—M, be positive. If either « or y be zero the couple 
(M,—M,)#y is zero. Let, for example, y be zero. Then if the length be 
allowed to swerve through the angle ¢ from the direction GB (Fig. 39) in 
which the body is moving, there will now exist a speed # in the direction of 
the length, and a speed y in the perpendicular direction, as shown by the 
arrows, and a couple (M,—M,)#y in the direction of the curved arrow will 
be exerted on the matter outside the body but in motion with it. An equal 
and opposite couple acts on the body and tends to turn it so as to increase 
the angle ¢, that is so as to set its length perpendicular to the course. 
When the length is athwart the course the couple is again zero, but that 
called into play by a deviation of the body from that position is now such 
as to send the body back to it. The body’s position relative to the direction 
of motion is therefore one of instability in the first case, and of stability in 
the second. 

A flat dish or plate, if let fall in water, or a card let fall in still air, with 
its plane horizontal, noves down in stable equilibrium ; if it is let fall with 
its plane vertical, the equilibrium of position in falling is unstable. In this 
case we must associate M, with the axial direction, and M, with a perpen- 
dicular direction, and we see that M,—M, is negative, and there is stability 
therefore in the first case. 

The origin of the couple may be seen in a general way as follows. 
Consider a ship (Fig. 41) advancing with speed ż in the direction of its 
length, and making leeway y, say, to starboard. The bow is continually 
advancing with speed # into undisturbed water, which, on the starboard 
side of the ship, is given speed y to starboard. There is thus a reaction 
thrust on the bow of the vessel in the direction to port. 

We have here the explanation of the fact that a sailing ship generally 
carries a “weather helm,” that is that the rudder must be held turned to 
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leeward to keep the vessel on her course when a wind blows across it. For, 
as stated above, she makes leeway, that is has a speed ¥ to leeward, along 
with the speed # in the direction of her length. Hence, by what has been 

stated above, the couple (M,—M,)ay, on 

l | { { the water, is in the direction of the cir- 

cular arrow A in Fig. 41, and therefore 

ja the reaction-couple, which is of equal 

moment, tends to turn the ship’s head 

in the direction of the arrow A’, that 

is to windward, and this tendency (to 

SE “ gripe,” as it is called) must be counter- 

A acted by a couple applied to the ship by 

Aiai means of the rudder. The tendency of 

a ship to “fall off” her course (and thereby convert her forward motion 

into a component ¢ along her length, and another y at right angles to her 

length), which, as explained above, always exists, is therefore augmented 

by the action of the wind, and the difficulty of steering is increased. This 

effect of the wind is considerable when the ship is driven by sails, and a 

steamer using sails as an auxiliary sometimes gripes so badly, especially 

with canvas on the after masts, as to make it almost impossible to steer. 

Thus sails on steamers used to be almost entirely confined to the foremast, 
and are now in large vessels completely discarded. 

A ship sailing slowly shorewards (for example a yacht leaving moorings), 
when a wind is blowing parallel to the shore, is in danger of running up on 
the wind, and creeping ashore. The proper remedy, if there is room, is to 
set more sail so as to give more steerage way, to enable the ship to be 
steered away from the danger by means of the rudder. 


17. Centre of effort of resistance of a fluid. We shall now consider 
the turning action of the fluid and the stability of a projectile a little 
in detail. The subject of the drift of a projectile will be resumed in 
Chapter XIII. 

It may be noticed here that the existence of this turning action renders 
it necessary to suppose the resistance to a body moving in a fluid (when 
regarded as a localised single force) to act at a point E on the axis of figure 
in front of the centroid O of the external figure of the body. Let F now 
denote the amount of resistance and r — ¢ the angle between its direction and 
the axis of figure. We may apply through O two equal and opposite forces 
equal and parallel to F. The force-system reduces to a force through O 
and a couple, and the moment of the couple is (c,—c,)vw. Thus we have 


BE OR Sind = (6, <> OU a een stele est ae soon Sea (1) 


which determines OE when F and ¢ are known. E is called sometimes the 
“centre of effort.” 
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Supposing F to act in the direction opposite to the resultant momentum 
we have, since now tan ¢=c¢,w/c,v, 


F.OEsin ¢=(¢,— c,)Ie*tan $, 
2 
or F. OB=(c,—4);1v%sec a dea Os ie CL (2) 


Sometimes, as in the investigation of the stability of a spinning projectile 
which follows, it is convenient to write the virtual inertias along and at 
right angles to the axis of figure as M+ M’a, M+ M’B, which take the place 
of c, andc,. We then have (c,—¢,)¢,/c,=M(8—a)(1+«a)/(1+«B), where 
«=M’/M. Thus (2) becomes 
; l+ka 
OB TOSE 

A good example is a submarine or an air-ship. If the craft have no 
buoyancy, then M’=M, and so x=1. For a submarine moving at a certain 
depth there will be a definite horizontal direction of the resultant momentum. 
Let the axis of the boat be turned in a vertical plane from this direction 
through an angle ¢. If l be the height of the longitudinal metacentre of 
the boat, we have, taking account of the couple due to the change of 
direction of the axis, 


V SEPIE AEE ds (3) 


Mg tan ¢ =Mgl tan p— M(8— aT tgh tan $. 
Hence, since M’ = M, we get 
l+a v? 
[=¢t=(R— Sigs Aud dup ance Berane A (4) 


which gives the loss of metacentric height. 


18. Stability of projectile in fluid. We now apply the ideas of the 
foregoing sections to the discussion of the stability of a symmetrical 
rotating projectile in an unlimited frictionless liquid. Let the projectile 
rotate about its axis of figure with angular speed n, so that its A.M. about 
that axis is Cn. But by the preceding section the projectile will experience 
a couple depending on its motion with speed v in the axial direction, and in 
a direction perpendicular to the axis with speed w. The moment of the 
couple is (c,—¢,) Uw, 
where we put, for compactness, ¢,, c, for the effective inertias in the direc- 
tions of v and w respectively, that is what are denoted above by M,, M,. 

Let now the shot have precessional angular speed about an axis parallel 
to the resultant momentum, that is the resultant of cv and cw. This is 
the direction of the impulse which would be required to produce these 
components of momentum. If @ be the angle (the ¢ of 17) which this makes 
CLES oo NO tieua tan o=. OOM T (1) 

1 
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We suppose the motion to be steady. The shot now “precesses” as if it 

were an ordinary top (Fig. 4) spinning about a fixed point O with the line 

of resultant momentum vertical, and endowed with A.M. Cn about the 

axis of figure, and an effective A.M., Ausin 0, about an axis OE at right 

angles to the axis of figure OC, and in the vertical plane containing OC. 

The couple N acts about an axis represented in the case of the top by OD. 
For steady motion we have the equation 


(Gisla co ada o e (2) 


Now N =(c,—c,) vw, and tan 0=c,w/c,v, so that we have 


N= Hamaj tan Gama (3) 
and therefore (2) becomes < 
(Cn — Au cos O)u=2(c,—c6,)vPsec LON ee E E E (4) 


for we suppose that 0 is not zero. If @ were zero, it would mean that w=0. 
The roots of (4) are real if 


y c 
5 = t =e on és 
which gives the least value of n e with the steady motion, that is 
n= Jes aA Aae)" ssesesooososoocoooooseoooooeoo (5) 


Now we can put c =M + M'a, c= M+M’, where M’ is the mass of the 
displaced fluid and a, 6 are coefficients depending on the shape of the body. 


Thus oet AMENDE. oe) Bad Brey a (6) 
If y be the angle of rifling, we have 
1 n? Are R 
tan?y => Ape =@ 3 HM co— ex) Bday hen Pia e (7) 


where d denotes the diameter of the gun at the muzzle, and the minimum 
value of nfv, given by (5), is taken. 

If k,, k be the radii of gyration of the body about the axis of figure, and 
the other axis about which the body revolves with angular speed wu sin 0, we 
have, since it is supposed that the rotation about the axis of figure does not 
set the medium in motion, 


C=Mk?, AFM F Me 
where M’k’,? is the increase of moment of inertia due to the motion of the 
medium caused by the turning round the axis referred to above as corre- 
sponding to the axis OE used for the top. Thus we obtain, putting M'/M =x, 


tanty = (he + ak’), Tage 6-a) eNews wae act ares (8) 
1 


PHYSICAL APPLICATIONS OF GYROSTATS 155 


Now we may apply this theory to a shot in air, and in that case xk may 
be neglected, so that we get ee. 


tan? y = aB- a), ET E E (9) 


which, if a and 8 are known, nSk a lower limit to the angle of rifling 
required for stability. 
So far the quantities a, 8B have only been determined in the case of an ellipsoid 


(see Greenhill, Encyc. Brit., Art. Hydromechanics, §§ 44, 51). For a prolate ellipsoid of 
revolution (an egg-shaped shot) of length of major axis 2a, and of each transverse 


axis 2b, we have the integral i Ez ab?dÀ . (10) 
a pes wt 
from which we obtain a, B by the equations 
I 1-I 1 
= = = Be Fp A cone O Sen S 11 
Tre ene F a) 
If we write x for the number of calibres contained in the length ¿ of the shot, we have 
= 2a/2b, and 
ra a 7 J= g shiri E A ONTO EO See (12) 
(2-1) ; 
a5[ ea 2 = ON P TEA ae 
and 1 EA Ta ae s E (13) 


Let o be the density of the metal of the shot, and in the case of a shell let the cavity 
be homothetice with the external ellipsoidal surface, so that each dimension is the fraction 
J of the corresponding external dimensions. Then 

M=}rozd?(1 - f?) Mk r= poroxd*(1—f*), Mhk2=,boroxd%(l? + d?)(1— f°), ...(14) 
and if p denotes the density of the air or medium, 


, ia Ae! a ae ha 2-172 
M’=}rped?, M’=, es b= a5 Tae HIRO E, conse (15) 
dite pe eee). ts Ta 16 
tan yoo is x+ J: a E a A E A A ( ) 


The ratio o/p may be replaced by 800 times the specific gravity of the metal, since 
water has about 800 times the density of air. 

By means of (16) the following results, which are taken from a larger table given by 
Greenhill (loc. cit. supra), were calculated by A. G. Hadcock. 


TABLE OF RIFLING FOR STABILITY OF AN ELONGATED PROJECTILE xv CALIBRES LONG, 
GIVING y THE ANGLE OF RIFLING, AND p THE Pitcu IN CALIBRES (tan y=7/p). 


PALLISER SHELL, SoLID STEEL SHOT, 
z J=}, Sp. Gr. =8. J=0, Sp. Gr. =8. 
EH y | p (cals.) F p (cals.) 
1 0° ©% | Infinity 0° 0’ Infinity 
2 2 32 71°08 2 29 72°21 
2°5 3 23 53°32 3 19 54°17 
3 4 13 2°79 4 09 43°47 
35 5 02 35°75 4 58 36°33 
4 5 5l 30°72 5 45 31°21 
45 6 40 26°93 6 32 27°36 
5 7 28 23°98 7 21 24°36 
6 9 04 19°67 8 56 19:98 
10 15 19 11:47 15 05 11:65 
o 90 00 0°00 90 00 0:00 
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Mr. Hadcock also gave the following table : 


x£ B-a x B-a 
00 — 2 4°5 0°810 
05 —2°215 5 835 
10 0:000 6 872 
2'0 0:494 a 897 
2°5 0:606 8 915 
30 0:682 9 929 
35 0:737 10 939 
4'0 0778 oa 1:000 


[From Greenhill’s R.G. T., 1914.] 


In the steady motion the centre of the shot moves in a helix with speed parallel to the 
axis vcos 0+wsin 0, and circumferential speed vsin 0—wcos 0. Thus, as the period of 
turning is 27/y, the distance travelled by the shot in each turn can be calculated. 


19. Motion of a rigid body with altazimuth suspension and containing 
a gyrostat—gyrostatic pendulum. (1) With flywheel clamped. We take 
first the case of a symmetrical gyrostat suspended as a compound 
pendulum by a combined vertical swivel and horizontal axis, O say, as 
shown in Fig. 30(6). The “altitude” (inclination 0 to the downward 
vertical) of the axis of figure can thus be changed without changing 
the azimuth, or the azimuth without changing the altitude, or both may 
be changed together. 

First we suppose the wheel clamped, so that it does not rotate on its 
axle. Let the total moment of inertia about any transverse axis through 
O be A, and that for the wheel about its axis be C, while that of the case 
and axle together about the axis of figure is C’. Let the turning about the 
downward vertical be at rate u, in the counter-clock direction as seen from 
below. This gives angular speed «cos @ about the axis of figure, OC say, 
and angular speed usin 0 about an axis OE at right angles to OC in the 
same vertical plane. Now consider a horizontal axis OD drawn outward 
toward the observer. The rate of growth of A.M. about OD due to the 
motion is —(C+C’)u?cos 6 sin 0, arising from the rotation usin 0 about OE, 
which turns OC with its arm (C+C’)ucos @ away from the instantaneous 
position of OD, together with Ay?sin O cos produced, in like manner, by 
the turning of OE towards the same instantaneous position in consequence 
of the rotation about OC. 

To these we must add the rate of growth — AÖ due to acceleration of 6. 
The applied couple is Mgh sin ©. Thus we obtain the equation of motion 


AG+(C+C’—A)p2sin 0 cos 0+ Mgh sin O=0. ........000000 (1) 
The condition for steady motion is therefore 
(CHO SAU COS OEM h= asec eea a (2) 


where now yu and 0 are constants. 
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To find the equation of small vibrations about steady motion we combine 
with (1) the equation 
pei ain7 Oa. (C- CO )c08? 0}. 2G iewsevianies «seme e Seago (3) 
which expresses the constancy of A.M. about the vertical through O. 
Writing U for the terms in (1) which are independent of 6, and putting 
n for the excess of the current value of @ above the steady motion value, 
we obtain TAD 


where in dU/d0 the values of 0 and u for steady motion are to be used 

after the differentiation has been performed. It is clearly only necessary 

to differentiate with respect to @ the expression on the left of (2), substitute 

the value of du/d@ obtained by differentiating (3), and multiply by sin 0. 
Thus we obtain, after a little reduction, 

oC TU TA 3(C +C — A) cos?0— A 
A A+(C+C’—A) cos?6 ” 
The period T of a small oscillation is therefore given by 


== A{A+(C+C’— A) cos?6} \ Ty (6) 
~ ua (C+C'—A){3(C+U'— A) cos?0— A} sin?0 

If C+C’=0, A=Mh?, we have the case of a simple conical pendulum 
oscillating about steady motion, and get the period 27/u(3 cos?0 + TÈ, which 
may be verified directly. If 0 is very small this period becomes 7/y, that is 
half the period of revolution of the conical pendulum. But then the motion 
of the bob is that of a particle round a centre towards which it is attracted 
by a force which varies directly as the distance. The result of a small 
disturbance is to cause the particle to describe an ellipse about the centre 
of force, that is to extend one diameter equally at both ends, and to 
shorten in the same way the diameter at right angles to that, and the 
period of deviation from the circle is then clearly half the time of describing 
the latter. 

If the body be a straight thin rod, the steady motion equation (2) gives 
u=(Mgh/A cos 6)?, so that the period of revolution is 27(A cos 0/ Mgh)*?. In 
this case the period of a small vibration about the steady motion is 


Si ae, 
u \3 cos?0+1 


20. Gyrostatic pendulum with altazimuth suspension. (2) With fly- 
wheel unclamped. We now unclamp the wheel of the gyrostat, and set it 
turning relatively to the vertical plane of the axis OC with vertical speed w. 
The total angular speed of the flywheel is w+} cos 0, and this can only be 
changed by a frictional or other couple about its axis. We shall suppose 
that no such couple exists. The only change to be made in the preceding 


Sa OSOA eee eect ts (5) 


T 


as before. 
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analysis is the substitution of C(w+ u cos 0), or, as we write it, Cn, for the 
A.M. about the axis of the flywheel. The rates of production of A.M. for the 
axis OD are now (Cn + Cu cos 0) u cos 0, arising from the rotation about OE, 
and —Ay?sin @cos@, arising from the motion of OC. The equation of 
motion for OD is now 


A§+{Cn+(C’—A)u cos 0} usin 0+MghsinO=0. ............ (1) 
Along with this we have for the A.M. about the vertical through O, 
Cn cos: 0--(A sin?O + Cicos 0) i= Ge... ncsnesseseteprienea (2) 
The equation of steady motion is 
{Cn—(A—C’)u cos Ora A Mohe E cesses eens (3) 


This equation gives two speeds of turning. If A>C’, as it will be, the 
product of the roots is —Mgh/(A—C’) cos 0, and is negative, for we measure 
0 from the downward vertical, and it is less than 7/2. The directions of 
turning about the vertical are therefore opposed. If n be very great the 
roots differ greatly in numerical value, and the greater is that which agrees 
in direction with the rotation n when both are looked at from above or 
from below. 
The approximate values of the roots are 


Mgh Cn Mgh 
mee Ore aad (A — C’) cos Ot Cn’ 
We can now find the equation of small oscillations about steady motion. 
We write as before 


A+ [{Cr—(A—C’)u cos 0} u sin 0+ Mgh sin 0]y=0, ......... (4) 


where y has the same meaning as before, and @ and u are to have the 
steady motion values in the result of the differentiation. Calculating du/dé 
from (2) and substituting in (4), we get 

4 ACn- 2u(A-—C’) cos 6}2sin26+(A-C’)(A sin?6+ C cos? 6) u2sin? w 

A{A—(A—C’)cos?6} 
Thus the period of vibration is 
[ A{A—(A—C’) cos?6} | 
2r 


Numerator of fraction in (5) 


=0. (5) 


21. Gyrostatic pendulum hung by untwistable flexible wire or 
universal joint. We have supposed the pendulum hung by an altazimuth 
suspension, Sometimes however the suspension adopted is a short piece of 
nearly untwistable steel wire, the upper end of which is rigidly secured in 
a vertical position to a fixed point, while the lower end is rigidly fixed in 
line with the axis of the pendulum rod, as in Fig. 42. Such a suspension is 
kinematically equivalent to a Hooke’s universal joint. 
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The wire is capable of flexure, but resists torsion very much; hence, on 
the supposition that there is only bending, we can find in the following 
manner the motion to which it subjects the pendulum rod. On a circle 
round the case of the gyrostat, coaxial with the pendulum rod, mark two 
points A, B, and let the are AB subtend an angle ¢ at the centre of the 
circle. Now let (as shown in Fig. 42) the pendulum rod move clockwise 
round the vertical in a cone of semi-angle 0, 
through the point of support, with angular ! 
speed u. If the point A always lay in the 
vertical plane defined by the axis of the rod 
at each instant, the rod would turn at angular 
speed u cos 0 round its axis, and in the counter- 
clock direction to an eye looking towards O 
from beyond the gyrostat. But, clearly, in the 
interval in which the vertical plane through 
the rod has turned through the angle ¢, that 
plane, if it contained A initially, contains B at 
the end, and so, to bring A to the position 
occupied by B, we should have to turn back the 
pendulum about the axis of figure through an 
angle ¢, equal to that which the vertical plane 
has turned through. 

The angular speed of the pendulum about the 
axis of figure is thus — ġ + u cos 0 = — u (1 — cos 0), 
in the counter-clockwise direction as viewed 
from below. We suppose the flywheel to turn 
in that direction, relatively to the moving 
vertical plane, at speed w. Hence the total 
angular speed n of the flywheel about its axis 
is w—ya(l1—cos 0). [Here 0 is the acute angle 
measured from the vertical drawn downward 
from the fixed point O: if we measure 0 from 
the upward vertical point we should have 
n=w—p(1+cos 0).] 

Further, the angular speed about OE, drawn to the left at right angles 
to OB, in the vertical plane containing the latter axis, is «sin 0, counter- 
clockwise to an eye looking along EO. We can now find the equation of 
motion for an axis OD drawn out from the paper towards the observer. 
The turning about OE is carrying OB (here the axis of spin) towards 
the instantaneous position of OD, and so the rate of production of 
AM. is Cnusin 0 from the flywheel, and —C’u?(1—cos@)sin@ from the 
symmetrical case. Again, as the axis OE moves with the vertical plane 
of OC, the component turning of that plane about OB gives a rate of 


Fic, 42, 


160 GYROSTATICS CHAP. VII 
production of A.M. —Ay?sin @cos@. The applied couple in the counter-clock 
direction about OD is — Mgh sin @. The equation of motion is therefore 
AÖ +{Cn— Cu —(A—C’)u cos 0}u sin 0+ Mgh sin 0=0. ......... (1) 
Along with this equation we have for the flywheel 


T= = j4 (1 C08, 0) = CONSE. setea «deals a oe» l (2) 
and about the vertical through O the equation of A.M. is 
(A sin?6+ C’cos?6) u— C'u cos 9+ Cn cos O=G. «2... cee eee (3) 
The condition of steady motion is 
{Cn—C’in—(A—C’)u cos O}ut+ Mgh=0. oc... (4) 


As before we can obtain the equation of small vibrations about steady 
motion by differentiating the expression on the left of (4) and inserting the 
value of du/dé from (3); so that we obtain 


Aït S[(Cn—Cu—(A-C)u cos 0} u].sin 6. 7=0, 


or Ajji+[{Cn — 2C u —2(A — C’)u cos 6) SE +A —0)psin 9] sin 0. n =0. ...(5) 
But from (3) we get ; 
du —2(A—C’)usin@cos0+Cnsind—Cusind (6) 
d0 A sin? 0 + C’cos?6 — C’cos 0 
Substituting in (5) we obtain 
— CuK +(A— C)? {A —(A — C’)cos?0 — C'cos0}] sin?0 
A—(A—C’)cos?@—C’cos 0 
where K=Cn—C'u—2(A—C’)u cos 0. 
We shall refer back to the equations now obtained when we deal in the 
sequel with the small oscillations of a gyrostatic pendulum. 


Ag+ 


i= OES 


CHAPTER VIII 


VIBRATING SYSTEMS OF GYROSTATS. 
SUGGESTIONS OF GYROSTATIC EXPLANATION OF 
PROPERTIES OF MATTER 


1. Gyrostatie Spring. Lord Kelvin suggested in a Royal Institution 
Lecture, delivered March 4, 1881 (Popular Lectures and Addresses, Vol. I. 
p. 142) that some of the elastic properties of bodies might be capable of 
explanation by the rotation of their partieles. 
He returned to the subject in his Address as 
President of Section A of the British Association 
Montreal Meeting, 1884. As an illustration of 
the production of elastic quality by motion, he 
proposed a gyrostatic arrangement which should 
have the properties of a spiral spring. As 
shown in Fig. 43, four equal bars freely jointed 
at their ends form a frame, to the ends of a 
diagonal of which are attached hooks about 
which the frame can swivel, so that it can 
revolve about that diagonal without any turning 
of the hooks. At the middle of each bar of the 
frame is placed a flywheel running in its case 
with its axis in the line of the bar. The case 
is rigidly connected with the bar. The direction of spin of each wheel 
is such that if the frame were drawn out into a double line of bars along 
the diagonal, the directions of turning would coincide for all the wheels. 
The gyrostats have all the same mass M, moment of inertia of flywheel 
C, speed of rotation n, and moment of inertia A of the whole gyrostat 
about a transverse axis through its centroid. 

When the frame is hung by one hook, so that the line of hooks is 
vertical and a mass M, is hung on the lower hook, and the frame is there- 
after precessing freely about the swivels, the effect of increasing the weight 
M, is to cause elongation of the distance from hook to hook, and vertical 
vibration of the arrangement about a new equilibrium value of this distance 


Fic. 43. 
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takes place. Similarly if M, is diminished the diagonal is shortened. We 
shall see how the elongation or shortening depends on the increase or 
diminution of M,. 

Attempts made to realise this “ gyrostatic spring balance,” with gyrostats 
first spun and then placed in position, have failed because of the difficulty 
of equalising the rotational speeds; but success can be attained by using 
gyrostats, all precisely alike, in which the flywheels are rotors of electricity 
driven motors, and driving all with the same current. 

We suppose the length of each rod to be 2a, and that the inclination of 
each upper rod to the downward vertical is 8. We find first the energy of the 
arrangement. The distances of the centres of the upper and lower pairs of 
gyrostats from the level of the upper end of the diagonal are æ cos 0 and 
3a cos 0, respectively. Thus the corresponding vertical speeds, taken posi- 
tive downwards, are —asin@.6 and —3asin@.6. Also the distance of 
each of these centres from that diagonal is asin 0, so that the horizontal 
speed in each case is numerically æ cos 0. Ô, Lastly, the vertical speed of 
the lower hook, and therefore also of the attached mass, is — 4a sin 0. 6. 
Hence we get for the kinetic energy 

2{A+Ma?+4(M + M,)a?sin?6}6?+ 2(A + Ma?)u?sin?0+ R, 
where u is the precessional angular speed and R (a constant) is the kinetic 
energy due to the spin of the flywheels. 

The potential energy, measured from the level of the upper end of the 
vertical diagonal, is —49(2M+M,)acos@. Thus we have the energy 
equation é 

2{A+ Ma?+4(M-+ M,)a?sin?6} 6? 
+2(A + Ma?)p?sin?6—49(2M+M,)acos0=K, ............. (1) 
where K is a constant. 

Also there is the equation of constancy of A.M. about the vertical 
diagonal, which, since we measure @ from the downward vertical from 
the fixed point, may be written 

(A +Ma?) usin? 6 — Cn, cos Os Gy ada erie cnmwey e (2) 
where G is a constant. 

Differentiating (1), putting, for brevity, a for A+ Ma?, B for 4(M+M,)a?, 
we get 


(a+ sin?6)6+ 6 sin 0 cos 0. + au sin?+ au2sin 0 cos 0 


TIOCMEM 0 eit Oa ches a e E eas (3) 
But, by (2), ap oH in? = — (Cnu + 2ap?cos 0) sin 0, 


so that (3) becomes 
(a+ sin20)6+ B sin 0 cos 0 . $? — (Cn + au cos 0) u sin 0 
+9(2M 4+ Ma sim OO. a AG ce eee he (4) 
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The steady motion equation is obtained by deleting in (4) the terms in 
@ and in È. 


For small vibrations about steady motion we take 6 as negligible, and obtain by the 
method of 19, VII, 


(a+ B sin? 6) ij — (Cn =I AQUU COS) 0) [27 SING — Ol ara a cue se genenrer es (5) 


in which y and @ are to be understood, after the differentiation is performed, as the values 
for the steady motion, and 7 is the excess of the actual value of 6 above the steady 
motion value. We have, as before, du/d@= —(Cn+2ap cos 0)/a sin 0, and (5) becomes 
i 4 (Cat 2ap cos 0)? + a2u*sin? 0 
a(a+ B sin? 0) 
The period of oscillation of the arrangement is therefore 
ze (A + Ma2){A+Ma?+4(M+M,)a?sin26} 7? 
{Cn +2(A + Ma?) u cos 6} +(A+ Ma?*)*u?sin? 6 

We now investigate the change of equilibrium length of the diagonal produced by 
altering M,. For this we take the steady motion form of (4), and differentiate with 
respect to M,. We get 


ME saa Aeee vngsetn ces aeee tees (6) 


ry du dé ee ea, 
— (Cn + 2ap cos 9) 70 gnien 0M, +ga=0, 


which, by the value of du/d0 given above, becomes, after reduction, 
kas gale Maan 8 en Wee ae E 
dM, {Cn +2 (A + Ma’) u cos 0} + (A + Ma?)*py?sin?6 
Thus the angle 0 diminishes as the load M, increases, that is the vertical diagonal increases 
in length. The length / of the diagonal is 4a cos 6, so that dl = — 4a sin 0. d0. Hence (7) 
gives 


dl 4ga?(A +Ma®) sin? (8) 
M aA A Mapag ee 


This result shows that the action can hardly be described as that of a 
spiral spring. For very fast spin the predominating term in the deno- 
minator on the right of (8) is Cn’, and the elongation produced by a given 
increment dM, of load is nearly proportional to sin?6. If, however, the 
frame be shut up so that each side is very nearly horizontal, and the spin 
be very great, the spiral spring action will, as noticed below, be obtained. 

But (6) and (8) show that even when Cn is zero, the arrangement acts 
as a spring. It is of course very easy to investigate this simple case 
independently. 

A fair idea of the action, and indeed an approximate realisation of the 
property aimed at, is obtained by means of the arrangement shown in 
Fig. 44. A gyrostat is hung with its axis horizontal by a cord in the same 
vertical as the centroid. The flywheel spins, but as there is no couple there 
is no precession. A weight mg is applied in a vertical line at distance / 
from the centroid, as indicated by the diagram ; a slight, very slight, tilting 
of the gyrostat is produced, and the gyrostat moves off with not quite 
steady precession, of average angular speed u. Neglecting the slight devia- 
tion, now set up, of the suspension cord from the vertical, and putting A for 
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the moment of inertia of the gyrostat about a vertical axis through its 
centre, we get for the kinetic energy of the azimuthal motion the value 
LA? +M. The work done by the weight mg in its descent through 

the small distance h involved in the tilting is mgh. Hence 


merga ATE M a I a E Sener E (9) 


As we have already seen, we have in this case «= mgl/Cn. 
Substituting in the equation just found this value for u, and 
supposing that A is great in comparison with ml?, so that 
the term mlu? may be neglected, we find after a little 
| reduction the equation 
h_ Al’g 
wn OCR Ce (10) 

It will be seen that this (to a constant factor) agrees with 
(8) if we suppose Cn very great and 0=437. For this 
value of 0, sin?9=1, and the rate of variation of sin?@ with 
0 is zero, so that-proportionality of A to m is for small 
increments of m fairly accurately obtained. But in strictness the terms 
in A and M in the denominator of the expression on the right of (8), intro- 
ducing «cos @ and usin 0, affect the result. The rate of variation of cos?@, 
or of sin?0, with 0 is numerically greatest when 6=47. 

The action, though it cannot be described as an exact imitation of that of 
an ordinary spring, is very interesting, and is helpful as furnishing a notion 
as to how the elastic properties of bodies may possibly be explained by 
means of a kinetic theory of the constitution of the bodies. 


Fic. 44. 


2. Gyrostat hung by steel wire. Axis horizontal without spin. The 
suspension wire in actual experiments made was long, its upper end was 
fixed and its lower end was attached to the gyrostat rim so that the gyrostat 
turned with the wire when that turned about its axis, and the gyrostat was 
free to tilt as shown in the diagram. Let the gyrostat be turning in azimuth 
so that the wire is twisting or untwisting. Let the wire have torsional 
rigidity 7, that is the couple required to maintain the lower end in position, 
when turned round the axis of the wire through an angle ¢ from the position 
of equilibrium, be rẹ. 

As we shall see, the plane of the flywheel will not remain vertical, and 
we suppose that, at the instant, the inclination of the axis to the horizontal 
is 0, as shown in the diagram, reckoned positive when the turning is in the 
counter-clock direction about the horizontal axis OA, as seen from beyond 
A. If ¢ be, as we assume, always small, O will always be small also. 

Now suppose the angular momentum Cn of the (vertical) wheel to be re- 
presented by OB drawn from the centre O of the gyrostat, and that the 
lower end of the wire is turning in the azimuthal direction indicated by the 
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curved arrow at the top of the diagram. Hence angular momentum is 
being produced about the horizontal axis OA at rate —Cng. The gyrostat 
must be tilted with the end B of the axis up, through the angle 0 (ex- 
aggerated in the diagram), to give a couple for this 

growth of angular momentum. The moment of the | 

couple is Mga@ if M be the whole mass of the gyrostat 
and a the distance of the point of attachment of the 
wire from the centre of gravity O. The total rate 
of production of angular momentum about OA is 
A’6—Cn¢, where A’ is the moment of inertia of the 
gyrostat about the point of attachment E of the wire. 
Putting this rate equal to the moment of the couple in 
the positive direction, we get the equation of motion 


A'0—Cng= —Mgal. e E e (1) 


But in consequence of the turning at rate 6 angular 
momentum is being produced about the upward 
vertical at rate Cné, and the total rate about that 
axis is Ag+Cn@. Hence we get the equation 

AG+CNO= —TOe e dA E (2) 

It is to be noted that the azimuthal motion of the 


tilted gyrostat will cause slight deviations of the long | OA and OB 
4 : i ; represent 
suspension wire from the vertical: these are here a sherizental 
neglected. me 
8 d Fia. 45. 


If now we suppose @ so small, and the period also 
so great, that Ö may be neglected, we have Cn¢ = Mga, and therefore 
Cn¢=Mgad, or Cnd=¢C?n?/Mga. 
Substituting in the equation (2) we find 
CNS 
(At yg )etre=0 ah asa anne (3) 
This is the equation of torsional oscillations, and shows that the virtual 
moment of inertia of the gyrostat as a torsional vibrator is A-+C’n?/Mga. 
This fact was pointed out by Lord Kelvin (B.A. Meeting, 1884]. 
A strict solution of the equations (1) and (2) leads to the same result, and 
to another interesting conclusion. Assuming 
= 6%, p= poe, 
and substituting in (1) and (2), we obtain the equations 
(Ak? — Mga)0,+ iCukp,=9, | 
iCnkO, — (Ak? —1)¢)=0. J 
Eliminating 0), pọ, we find 
AA‘kt—(C2n?+ Mga A+ 7A’ )k? + Maar =0, aseene (5) 
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a quadratic equation for the determination of k?. The roots are certainly 
real if the angular momentum Cn of the flywheel is made great enough. 
They are also positive because, since A, A’, M, g, a, T are all positive, the 
product of the roots Mga7/AA’ is positive, and the sum of the roots 
(C?n?+ MgaA+7A’)/AA’ is also positive. 

If now 7 be made very small, that is if the suspension wire be made very 
long, the product of the roots Mgat/AA’ becomes very ‘small. But the 
coefficient of k? is still numerically great. ‘Thus the equation has then a 
small root and a comparatively large one. The small root is obtained 
approximately from 


— (Cn? + Mga A+ rA) k? + Magar =0, oeeie (6) 
and the large root from 
AAT?E —(O?n? + Mga AFE TAY = 0 oe NE. (7) 
Neglecting the term 7A’ in the expression in brackets, we obtain for the 
small root Mgar 
2 a e a T T a O SS 
ha ELEN pry wr eae rae (8) 
The period of vibration is for this 
Qe Qe l Cnr} 
—— A a pen TA doe MOBS CAG 9 
h oe ( iG. a 


Thus, regarding the matter from the point of view of torsional oscillations 
of a wire of torsional rigidity 7, we see that the moment of inertia of the 
gyrostat as a torsional vibrator on the wire is virtually A+C?%n?/Mga. 

Now take the large root given by the equation 
2_ C'n?+MgaA 


kJ 


k ga eee (10) 
The period of oscillation is 
Dancy Albei m 
T = sT SEET E s esececoooooeosoooscoesssooe ( ) 
Mga + 7 


Thus regarded from the point of view of an oscillation in 0, that is of the 
gyrostat about a horizontal axis through the point of attachment of the 
wire, and in the plane of the flywheel, the motion takes place in the period 
which would exist without rotation either under a couple (per unit of 0) 
Mga(1+C?n?/MAga) with moment of inertia A’, or under a couple Mga 
with moment of inertia A’/(1 +C?n?/MAga). 

The motion of long period and that of short period can exist separately. 
The general motion, however, when the suspension wire is very long, consists 
of vibrations of short period, arising from the virtual diminution of moment 
of inertia just noticed, superimposed on the vibrations of long period due to 
enhancement of moment of inertia of the torsional vibrator. [These rapid 
vibrations are naturally more quickly damped out by the action of friction, 
which is not here considered.] That a virtual enhancement of one moment 


VIII VIBRATING SYSTEMS OF GYROSTATS 167 


of inertia A must be accompanied by a virtual diminution, in the same 
ratio, of the other moment of inertia A, follows from the fact that the 
coefficient of k* in the determinantal equation (5) is AA’. We have thus a 
general theorem of the effective inertias of systems which have two modes 
of vibration. Very probably it has been explicitly stated before. 


3. Gyrostat with two freedoms doubly unstable without spin. We now 
consider the arrangement of a gyrostat mounted so as to turn about two 
axes which are at right angles to one another, and may be regarded, in the 
first place, as both horizontal. We suppose, therefore, that the system has 
gravitational stability or instability in one or both freedoms. Such an 
arrangement is shown in Fig. 46, which represents a motor gyrostat mounted 
on gimbals. In this case the gyro- 
stat, if without spin, is unstable in 
both freedoms. But it is possible to 
have one gimbal ring pivoted above 
the gyrostat, and the other below it, 
and neither of these may be the ring 
on which the gyrostat is immediately 
supported ; or the axis carrying the 
gyrostat may be one about which 
the frame or case of the gyrostat is 
free to turn, and the frame or case 
may be attached to a cross-bar on 
two vertical legs or stilts. Such an 
arrangement has one stability and 
one instability without spin. Both 
the stability and the instability are 
gravitational. Thus if M be the Fic, 46. 
mass of the gyrostat and its attach- 
ments, and} the distance of the centre of “gravity from the axis 
considered, what has been called the “ preponderance,” Mgh, may be either 
positive or negative. 

Let, then, the masses which turn about the respective knife-edges or axes 
be M, M’, the heights of the centres of gravity above (or distances from) 
the axes be h, h’, the moments of inertia about the axes be A, A’, the 
respective angular deflections (supposed small) from the vertical be ¢, y, 
and, as usual, the moment of inertia and angular speed of the flywheel be 
C, n. We get then by the process so often employed above, for the rates 
of growth of angular momentum about the axes, fixed in the present case, 


Ağ+Omb=Mgho, A% Ong =M gyt occ #1) 


* It may be remarked here that if we multiply the first of these equations by 9, the second 
by ý, add and integrate with respect to the time, we get the equation of energy. But the 
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[If the axes be horizontal and at right angles to one another, we might 
take them as parallel to axes of æ and y drawn from an origin on the 
vertical through the centre of gravity for the upright position. Each 
turning is to be taken as positive when it is counter-clockwise to an eye 
looking at the apparatus towards the origin from a point on the axis of 
rotation at a positive distance from the origin. The axis of z may be taken 
downwards. | i 

If, taking the case of double instability without spin, we write B=Mgh, 
B'=M’gk', Equations (1) become 


Ade Cay — Bb 0,0 Aah Cd aB O a (2) 


[The reader will observe that the meaning of y is here different from 
that assigned to the same symbol in the theory of a single gyrostat set 
forth above. | 

Now let PSE sar OCOAIA Biot. dete. Rate nee (3) 


where a and b are constants, which are in general complex numbers, that is 
are of the form a+28, {i=(—1)?} where a and ß are real quantities. Thus 
by substitution in (2) we get 
Oe dean ae J setters 
—ikCna — (k? A+ B’)b=0, 
and therefore by elimination of æ and b 
AA‘kt —(C?n?— AB’ — A’B) 2+ BB’ =0. Loe eee eee (5) 


According to the supposition made above, A, A’, B, B’ are all positive, and 
the roots of the quadratic in k? which we have obtained are real and positive 
if (C’n?— AB’— A’B)? > 4A A’BB’ and C'n? > AB’+ A’B. 

These are the conditions of dynamical stability, for if they be fulfilled @ 
and y represent simple harmonic deviations from the equilibrium configura- 
tion (unstable in the present case without spin). Each deflection may have 
either of the two periods given by the two real roots k,?, k of (5). The 
motion is oscillatory and therefore stable, and there are two modes of 
vibration, which may be taken, either separately or in combination, by the 
gyrostat. Moreover there are numerically equal positive and negative 
values of k given by each value of k?. 

Now it is clear that the four roots provide for the case in which the sign 
of n is reversed, that is for both +n and —n. To settle what roots go 
with +n and what with —n, we may proceed as follows. Suppose that 


(4) 


gyrostatic terms have disappeared, and they contribute nothing in an explicit form to the 
energy expression. The same remark is true of all systems of equations containing gyrostatic 
terms. Hence from the principle of energy alone it is impossible to foresee the existence of 
such terms. It is sometimes asserted that the principle of energy contains all things dynamical. 
Certain special cases excepted, the principle of energy, by itself, is insufficient for the solution 
of dynamical problems. 
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A=A’ and B=B,, then equations (2) can be united in one by writing 
¢= +. Thus multiplying the second of (2) by 7 and adding, we get 


I Weel O EBE O a rae ee a E T (6) 
If now we put C= Ke, 
where K is a constant, we obtain from (6) the condition 
Cm B 
a org celle a th Poa Fs SOR EA A Rath tibet (7) 
Ee 1Cn AB)? 
which yields k= 5 ty 2E (1 — ta) \ SUB. SANT es SRMOTIRE a Roe (8) 


Thus for n positive k has two positive values, and for n negative has two 
negative values. The reversal of the direction of rotation reverses the signs 
of the roots. This will hold also when A and A’, and B and B’, are unequal, 
as there cannot be any change in the nature of the solution brought about 
by the equalisation of these quantities. 

It will be observed that if the spin be rapid the roots are Cn/A and B/Cn 
nearly. These are the angular speeds of possible circular motions, and 
agree with the results obtained above for the steady motion of a top. 


The roots of the quadratic (5) are given by 


paas{ie(1-4¥)'}, IAIN Eadie Mea rn. (9) 


where f=(C?n?— AB’—A’B)/AA’, g=BB/AA’. This gives two positive values of k and 
two negative values, provided g is positive. It will be observed that if B and B’ have not 
the same sign g is negative, and (9) gives two real roots (equal with opposite signs) and 
two imaginary roots. We have just seen that the two positive values of & apply to the 
case of n positive. Now recurring to the case of A= A’, B=B’, we should then have been 
able to realise the solution very simply by writing 
CO ONE E 1) CF (Og 095) CR, E N sen (10) 
where a,, B1, a2, Bz are supposed all real. We shoulca have had 
(=a, cos kt — Bı sin kt + a, cos ket — By sin ket 
+7(a, sin kt + B, cos kyt+ ag sin kat + Bo COS kyt), creeereccrecereceeeees (11) 
and therefore should have obtained the real values of ¢ and y by equating ¢ to the first 
line on the right of this equation, and 7 to the second line. But if we compare (4) with 
the equations we should have if A= A’ and B=B,, we see that we must have for positive n, 
p=a, cos k,t — B sin kt + a, cos kat — Bo sin kof, } bth gat (12) 
W=p,(a, sin kt + B, cos kit) + p(ag sin kot + By cos kat), 
where p={(i2A +B)/(k2A'+B)}? =ib/a, and p,, p, are the positive values of p for k; and kz. 
If we put — č in the place of +7 in the exponents in (10), (12) becomes 
p=a, cos kt + B sin kyt+ a, cos kot + Basin kot, \ a (13) 
y= -pı (a, sin yt — B, cos kit) — py (az sin ket — Bz cos kf). 
Thus we have simply changed the signs of the arguments. In (12) and (13) k, and k, are 
to be taken positive, as the effect of changing from the positive to the negative roots has 


been taken account of in the signs of the coefficients in (13). These changes correspond 
to a reversal of the spin n, as may be seen from the values of the roots of the biquadratic 
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(5) as given in (8). It will be seen that each pair of terms of (12), made up of the first 
term in ġ and the first term of y, or of the second, third, or fourth term in each 
expression, would if p were unity give a circular motion in the positive direction, and 
that similarly the corresponding pairs of terms in (13) would represent circular motions in 
the opposite direction. But opposite circular motions are not superimposed [see 4, below]. 
It is now obvious that there are two modes of motion for each direction of spin provided 
the product BB’ is positive. By the spin the two instabilities which existed without 
spin have been replaced by stabilities. If BB’ be negative there is only one possible 
mode of motion for each direction of spin, and complete stability has not been attained. 


The reader will observe that this analysis of any system with two 
freedoms, gyrostatically dominated, is applicable, mutatis mutandis, to any 
arrangement, e.g. that of the gyrostat on a trapeze, or Lord Kelvin’s proposed 
gyrostatic compass [see 5, VII]. 


4. Gyrostatic system with two freedoms doubly stable without spin. 
Gyrostatic pendulum. Let us now suppose that the two freedoms are both 
stable without spin. Then in equation (2) we have to change the signs of B 
and B’, and then suppose both quantities positive. The equations are now 


Ag+Cny+Be=0, Ay—Cnd+BYW=0. enc (1) 

If we had A= A’, B= P’, we should write the single equation 

WG Ciel BER 0,0 i ecane Ea (2) 
where (=@+7y. The value (=(a+76)e™ would give the equation 

Cn B 
a E A 
k a k i% 0, 
__1Cn 4B?) 

so that k=5 Sie (1 +o) (anyon eras (3) 


Reversal of the sign of n would give simply these roots reversed in sign. 
Thus for a given direction of spin there are two roots k,, —k, of which the 
positive numerical values are k,, k,, and for the reversed spin there are the 
two roots —k,, kg. 


We find in the same manner as before 


p= q cos kt — B sin kt + a, cos kat + By sin het, \ 


Wr =p, (a, sin kt + B; cos kit) — py (ag sin kat — By cos ket). J TTT (4) 
Here p,, pz are taken as the positive values of 
(HA - BIPA’ - B) 
for the respective values of 4”. 
If we change the direction of spin we get 
=a, cos kt + 8 sin kt + a, cos kat — Ba sin kat, \ chee ee (5) 
W=p;(— a, sin ké + B cos kt) + po (ag sin kat + Bz cos kat). 


If p were unity the first pair of terms, or the second pair of terms, one from ¢ and one 
from y, in (4), would give a circular motion in the positive direction, and either pair of 
terms in &, a circular motion in the negative direction. These circular motions are 
reversed in (5). There is thus the remarkable difference between this doubly stable case 
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and the former, that now circular motions in opposite directions can be superimposed. 
The periods of these two motions are 27/k,, 27/ky. The greater angular speed k, which 
for A= A’, B=B’ is Cn/A nearly, is round in the direction of rotation, the smaller angular 
speed k, which for A= A’, B=B’ is B/Cn or (Mgh/Cn) nearly, in the case of gravity is in 
the opposite direction to the rotation n. That is as seen from below in both cases. 


5. Illustrations of effect of spin on stability. The arrangements shown 
in Fig. 47 illustrate this affair of stabilities very well. It is taken from 
Thomson and Taits Natural Philosophy, § 345%. A gyrostat is hung on a 


(an 


ae (( ex 


Fic. 47. 


bifilar sling, the horizontal bar of which can turn about swivels at its ends. 
There are four arrangements: (1), (2), (3), (4). In (8) and (4) the cords are 
crossed by means of a ring placed in one of them. In each case there are 
three gyrostatic modes of motion, two inclinational and one azimuthal. [The 
inclinational mode in which the cords move in the vertical plane is supposed 
annulled by a proper constraint. | 

Without spin of the gyrostat, these are all three stable in (1); the inclina- 
tional mode of shorter period is unstable in (2); the azimuthal mode only is 
unstable in (8); while the azimuthal mode and one inclinational mode are 
unstable in (4). 

As the following discussion shows, with sufficiently rapid spin of the 
gyrostat, in (1) the motion is wholly stable ; (2) has two interlirfked modes, 
the azimuthal and the shorter period inclinational, unstable, and the other 
inclinational modes stable; for (3) the same result holds; in (4) the motion 
is again wholly stable. 

The theory of the arrangement is shortly as follows. It is supposed that when the 
cords are in the same vertical plane the arrangement is symmetrical about the line joining 
the mid-point E of the trapeze, on which the gyrostat is carried, and the mid-point F of 
the line AB. 

Let ¢ denote the azimuthal angle turned through by the trapeze from coplanarity of the 
cords, 7 the inclination of the axis of the gyrostat to the horizontal, and 0 the angular 
turning about the line joining the upper ends A, B of the cords. The angle 6 may be 
taken as the inclination of EF to the vertical in the displaced position. 

The turnings n, 0 we suppose are counter-clockwise when viewed from beyond the right- 
hand end of the trapeze, and we take the position of stability without spin as the normal 
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position. If M be the total mass suspended and ¿ the length of EF, the total moment 
about AB will not differ much from Mgl0, if 6 be small, and / (as in Fig. 47) be great in 
comparison with the distance À of the line of swivels from the centroid of the gyrostat. 
Practically the whole mass M is made up of the gyrostat and trapeze. The moment of 
the forces about the line of swivels is approximately Mghn. We denote the moment 
about the vertical due to the bifilar, when the azimuthal angle is & by LÉ The equations 
of motion are approximately j 
A¢—Cnn+ LÉ=0, 

Bij — MAl6 + Cnét Molin =O, | e (1) 

B'Ö- MAlij + Mgl6=0, | 


for the suspended mass, apart from that attached to the swivels, is practically zero. Here 
terms in 6”, 7? are neglected, all the angles ¢ 7, 0 are taken small, and A, B, B’ denote 
the moments of inertia respectively about a vertical through the centroid of the gyrostat 
and trapeze, about the line of swivels, and about the line AB, and the upper or lower sign 
before L, Mgh, or Mgl is to be taken according as the mode of motion is stable or unstable 
in the absence of spin of the fly wheel. 

If we suppose that C=aeint, nabeimt, Oacett, osrin irni (2) 


and substitute in (4), we get, taking for the present the upper signs in the ambiguities, 
the determinantal equation i 
A (BB' — M?A2/?) p? — (BB'L + A B'Mgh + ABMg/ — LM?h2/? + B’O?n?) ut 
+ (BL + B'LA+ AMAlg + C?n?l) Mgp? — LM?hlg?=0. «00... cee (3) 


When L, Mgh, or Mgl is to be taken with sign minus prefixed, the requisite correction in 
this equation can be made at once. Since B > MA? and B’> M? the coefficient of uê in 
(3) is positive. We can now consider the different cases specified above. 

In case (1) the determinantal equation written as 

apê + Byt+yp?+5=0 

has its coefficients a, 8, y, 6 all real and alternately positive and negative. Hence the 
roots of the cubic in u? are all real and positive. The motion is therefore oscillatory in a 
real period. Each value of p? gives two values of u numerically equal and opposite in 
sign. The motion is thus stable. It is easy to show that when there is very rapid rotation 
of the flywheel, so that the terms C?n? dominate the coefficients of ut and p?, the positive 
values of u correspond to rotation of the flywheel in one direction, the negative values to 
rotation in the opposite direction. 

In case (2) we suppose the inclinational mode, y, to be unstable without spin. We 
shall suppose also that there is complete gyrostatic domination, that is, that Cn is so great 
that C’n? in the coefficients 8, y dwarfs all the other terms into relative insignificance. 
Since 4 is now to be taken with the negative sign the determinantal equation (3) is now 


A (BB! — M?A7/?) p! — B'O pt + C2n?M gly? + LM P2lg?=0. poene (4) 
Here the sum of the roots of the cubic in u? hasa very large positive value 
B’C?’n?/A (BB! — M?h/?), 
and their product a moderately small negative value —LM?g?h//A(BB’— M2422). The 


equation has therefore a large positive root and a numerically small negative root. These 
roots are given approximately by the first two terms and the last two terms of (4). They 
are respectively C2n?2B’ 3 LMghl 
R= E E E (5) 
A(BB’ — M*A2/?) Cn? 


The intermediate root is approximately 
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The small negative value of pu? is characteristic of the azimuthal motion in ¢ and the 
inclinational in , now linked by the gyrostatic action. Hence this combination is unstable. 

In case (3) the azimuthal mode only is unstable without spin. We get exactly the same 
roots, and therefore the same result as to stability as before. 

In case (4) L and Mgh are to be taken with the negative sign prefixed. We see at 
once that in this case all three values of u° are positive. The motion is therefore wholly 
stable. 

In the above discussion the words stable and unstable have been used in the restricted 
sense, that the theorems are only true for a system unaffected by frictional resistance to 
motion. The subject of gyrostatic domination is resumed again in Chapter XX. 


6. Gyrostatic arrangement doubly stable or doubly unstable without 
spin. Fig. 48 shows a device (due to Professor H. A. Wilson) which may 
be modified in different ways to illustrate the theory given in 3 and 4, and 
which is easily constructed. The axis of the flywheel s 
of a gyrostat is carried by a ring movable about 
a diametral axis at right angles to the flywheel c 
axis, and is shown as standing at right angles to 
the plane of the diagram. The axis of the ring, 
BB, is carried by a frame which can turn about the 
line of the bar CC, in one arrangement, which we 
shall refer to as case (a), or about the line C’C’ in 
another, which we shall call case (b). The frame is 
shown in a vertical position in the diagram. The 
upper end of the axis BB passes through a bearing in 
the upper bar of the frame and carries a crank c. 
One end of a spiral spring is attached to this crank, © 
the other end is moored in case (b) to a pillar on the 
upper bar CC as shown in the diagram, and in case (a) to a similar pillar 
on a considerable prolongation of the bar CC to the right. 

It will be seen that there are two freedoms, one of turning of the gyrostat 
about the axis BB, the other of the whole system, either about the axis in 
line with CC or about ŒC. With the freedoms about BB and CC we take 
the spiral spring placed as in case (a); its action on the crank, when that is 
turned out of the plane of the frame by the turning about BB, is then to 
exert a moment tending to bring the crank, and therefore the plane of the 
gyrostat flywheel, towards coincidence with the frame. Thus the two 
freedoms are both stable without spin of the flywheel, the former by the 
action of the spring and crank, the latter because of gravitation. 

In case (b) the arrangement is doubly unstable, for the action of the crank 
is then towards increasing the angle between the planes of the wheel and 
the frame, and the frame is unstable without spin since the centroid of the 
system is above the axis C’C’. 

Let ¢ denote an angle turned through about the axis CC, and let at the 
instant considered the crank be inclined to the frame at the angle 0, both 


Fic. 48. 
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angles being small. Then the directions of spin and of the angles of turning 
$ and 0 when positive, being as indicated, the ¢-equation of motion is 


Ada OTOM ono aisiensats cockbove siete (1) 


where the quantities A, Cn, Mgh have the usual significations, that is M is 
the whole swinging mass, and A is the moment of inertia for the axis CC. 
The distance A is the height of the axis CC above the centroid of the 
system, and in Fig. 48 is positive. 

If 6 be the small angle turned through by the crank, and the length of 
the spring be great in comparison with that of the crank, and the spring be 
considerably stretched when the system is in equilibrium, the force F applied 
by it will be practically constant, and the moment applied by it will, for 
length J of the crank, be F/@. The 0-equation of motion is therefore 

BO Cig E10 = Opecest a reset (2) 


where B is the moment of inertia of the gyrostat about the axis BB. 

Equations (1) and (2) correspond precisely to equations (1) or (2) of 2 
above. i 

Let now the arrangement be made doubly unstable by pivoting it on the 
axis C’C’, and carrying the crank to which the spring is attached to the left 
of B before attachment to the spring, as shown in Fig. 48. The equations 
of motion are now, if h be the numerical value of the now negative height 
of C’C’ above the centroid, 


Ad+Cné—Mgh¢=0, | 
B0 — Cno — Fl0 =0. 
All the conclusions derived above hold for these arrangements. We get 
for equations (1) and (2), the determinantal equation 
ABkt— (Cn? + MghB+ FIA)K?+ MghFl=0, ooien (4) 
a quadratic in k?, the roots of which are real and positive. For equations 
(3), on the other hand, we obtain the quadratic 
A Bkt —(O0?n? — MghB— FIA)k? + MghFl =0, ......0.. ee, (5) 
the roots of which are real and positive if 
C2n? > MghB+ FIA + 2(MghBEIA)?, 
in which F, h are both positive and the positive square root is taken. 


In each case, if Cn be very great, there are two roots which are 
approximately 


fal Cn? + MghB+ AFL MghFl 


nD, FO as a A 

k AB adults = O52 MgB FAF Bea rime tls) 
in one case, and 

2 O'n?—MghB— AFL ih MghFl 

i? = AB ke = ae Moho SAnl yee (7) 


in the other. The first root given in each case is the larger. The first 
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gives a vibration of shorter, the second of longer period, since of course the 
period is 27/k. 

If now we suppose that F is zero, that is that there is no spring, the 
longer period is infinite, and the shorter is 2r { AB/(C2n?-+ MghB)}? in one 
case, and 2a { AB/(C2n?— MghB)}? in the other. This is also obvious from 
equations (1) and (2) or (8). For (2) and the second of (3) become 

Bé—Cnd =, 
and it is clear that if ¢ is kept zero 6 will be zero, so that we have 
Bé=Cnq@. Equations (1) and the first of (3) therefore become respectively 


AERLE MD EO, aris e en eS (8) 
and ga ee im 0. ea i, RR (9) 


In the former case the length of the equivalent simple pendulum has 
been diminished from A/Mh to A/(Mh+C?n?/gB), that is by the amount 
AC?n?/Mh(C?n?+ BMgh), which if C?n? is very great is approximately A/Mh. 
The effect of increased angular speed of spin is therefore towards reducing 
the period to zero. 

On the other hand there is not in the other case any real period until 
Cn? is greater than MghB, and after that continued increase of spin is 
towards giving a length of equivalent simple pendulum equal to ABg/C?n?, 
which again is zero when Cn is infinite. 


7. Gyrostatic control of the rolling of a ship. Controller with 
gyrostat frame clamped. The Schlick con- í 

trivance for diminishing the rolling of a 
ship is an example of the first case. If it is 
left free to precess in the fore and aft 
direction as the ship rolls from side to side, 
and there is no couple on the gyrostat 
in the (fore and aft) plane of precession, 
the metacentric height is increased by the 
amount C%n?/BMg, where B refers to the 
gyrostat in its precessional motion, about | 
an axis parallel to the deck and athwart 
ship. As M is the whole mass of the ship 
this is not a very large increase. 

We may put C’n?/BMg in the form 
4Cn?.2C/BMg, and C/B is about 2 for a 
wheel like a disk. 

In the stilt top (Fig. 49) we have an 
example of the other case. We must have C’n?>MghB, that is 
4Cn? > 4B/C.Mgh, or the kinetic energy of the flywheel greater than 
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the exhaustion of potential energy involved in the descent of the te from 
the vertical to the horizontal position. 

The theory of the stilt top with frictional resistance to both ai is 
practically identical with that of Schlick’s gyrostatic controller of the 
rolling of a ship. We shall consider this contrivance here, and point out 
afterwards the bearing of the results of the discussion of its theory on the 
behaviour of other contrivances. The 
controller is shown diagrammatically in 
Fig. 50. A gyrostat G is fixed so that, 
when the ship is upright and the gyrostat 
is in equilibrium, the axis of the flywheel 
is vertical. The wheel is pivoted in a 
frame F, as shown, which turns on the 
bearings bb, and a weight W gives to the 
whole arrangement a certain amount of 
gravitational stability. A brake pulley 
B surrounds the axis bb, about which the 
frame turns, and friction of a graded amount is applied by a special device. 
. The brake damps out the free oscillations of the system, and also serves to 
reduce the forced oscillations, or rolling, due to the periodic passage of 
waves under the ship. But the action of the brake must not be so violent 
as to prevent the swinging of the gyrostat about the axis bb, as that would 
annul the controlling effect of the arrangement [see 6 above]. 

We consider first the free oscillations of the ship alone, and then of the 
ship and gyrostat together when the flywheel is spinning and the gyrostat 
is free to precess about the axis bb. In the former case we shall suppose 
that there is a resisting force proportional to the angular speed of 
rolling, and that the gyrostat is on board but clamped so as to be out 
of action. 

The equation of motion of the rolling ship is 


Ap NGM Op aie Ni o E es (1) 


where A is the moment of inertia of the ship for the longitudinal axis about 
which she rolls, and M is the righting moment per unit of the angle ¢ of 
heel. N is a coefficient essentially positive which makes Nọ the couple 
resisting the rolling. The solution of this equation is 


2\3 
p=Ke Da! cos ee à yt \ 


2A ne 


which represents an oscillation the amplitude of which diminishes according 
to the exponential factor. Of course if disturbances are introduced from 
time to time the values of K and e will require modification after each. 
For oscillation it is necessary that 44M > N2. 
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If the ship, still with the gyrostat clamped, is rolling in a seaway, the 
equation of motion becomes 
AGEING EMY = C COSp eee ea e ee AAEE (3) 
where p is 27 times the frequency of the periodic disturbance due to the 
waves passing the ship. We must find a particular solution of this equation, 
and this, together with the solution (2), will be the complete solution. 


Writing D for d/dt in (3), we get 

(AD ENDEM) p =C COS pi p ssassenosscnssseae nes seeaeteancteos (4) 
hence ¢ is that function which, when the operator AD?+ND+M is applied to it, 
generates C’cospt. Now it is easy to verify that if we apply this operator to C'cos (pt +a), 
we obtain CK- Ap?-+ M24 N2 ie teat Np 

p + N2p?}? cos (pe+a+ an ara) 

that is, the function is multiplied by {(— Ap?+M)?+N2p}4 and advanced in phase by the 
angle tan{Np/(—Ap?+M)}. It is therefore clear that if we write 


C e a Np 
EE Ap T MPLN p} cos (pi tan -AP FM) EEE ees (5) 
we have obtained a function which the operator specified will convert into C’cos pt, that 
is we have obtained a solution of the differential equation (4). 

The performance of the inverse operation (AD?+ND+M)-* on the function 
C’cos(pt+a) divides the function operated on by {(— Ap? +MY +N2p2}4, and turns the 
phase back through the angle tan-?{ Np/(— Ap?+M)}. This gives an easily remembered 
rule for applying the symbolical method of treatment, which is the best adapted for the 
present discussion. 

We may note here that since D?= — p°, the operator has the form E+FD, where 
E=—Ap?+Mand F=N. This remark is of practical importance, since operators which 
are integral functions of D can all be converted into operators of the form E+FD by 
substitution of — p? for D?, when we are dealing with functions of the form cos(pt+a). 
The performance of the direct operation multiplies by (K?+ F?p 22, and advances the 
phase of the function operated on by the Ka tan! (Fp/E); performance of the inverse 
operation (E+FD)! divides by (E? + F? p3), and turns the phase back by the angle 
tan~! (Fp/E). 

The complete solution of (4) is thus wa 

ae C cos G — tan! a) +Ke ? at cos {ea Not A SESH (6) 
(E2+ F2p2)2 E 2A J 
The second part of this solution is continually being a by friction, but starts 
anew into existence after each disturbance or irregularity of the forced vibration ; for 
example, in consequence of the inequalities of passing waves, or by change of their 
effective period due to change of the ship’s course, or by other disturbances. 

Now let the wave-slope be given by C, cos pt so that the relative slope ¢’ is p +C; cos pt. 
But C, cos pt bears a fixed relation to C’ cos pt; the couple changing the relative slope is 
M(¢+C, cos pt). Hence the couple arising from the slope itself is MC, cosp¢; that is 


MC, cos pt= — C cos pt, or C;=—C’/M. Thus we have by (5) 
, C 7w E l ’ Ep i L 
p =p — Fy 008 PE=C Ep rip) Set pe =Lcos(pt- a), ..... (7) 
_ EX2 + F2p22 
where m OAA Nay al , tana ERY 2 ewe a ee (8) 
M(E?+ F2p2)3 ~ ME — EB? Fp 


The values of E and F are stated above. 
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If a is positive the relative slope is against that of the wave, and if a is negative the 
relative slope is the ane way. But tana is positive or negative according as Ap? is less 
or greater than M — F? 


8. Gyrostatic controller of rolling: gyrostat frame unclamped. We 
now consider the free oscillations of the ship with the gyrostat unclamped, in water un- 
disturbed by waves. This is essentially the problem discussed in (6) above. The equations 


of motion arenow =» Ag + Cn +M$=0, BO-Caht Waa0=0, oeeccccccccccecsseseeee (1) 


if we take no account of frictional or other resistances. Here Cn is as usual the a.m. of 
the flywheel about its axis, B is the moment of inertia of the gyrostat about the bearings 
bb, and Wga is the couple per unit of the precessional deflection 6 of the gyrostat from its 
equilibrium position, applied by the weight W. [See 10 below for a discussion of the 
effect of frictional terms. | 

If we write $=Kett, 0= keist, and substitute in (1), we obtain 


PK A+¢KkCn+ KM=0, Pr?kB-—ikKCOn+ Wgak=0, nocere (2) 

k ikCn kA +M à 

that = a A E EON 3 
i aes K 2?«*B+ Wga ixCn G 
Thus we obtain (AK MBK Woa TOREO E E eit seer (4) 


a quadratic in x?, from which the periods 2r/xk are to be obtained. There are four values 
of k, namely, Ki, K2, — Kı, — Kọ, and the complete solution of (1) for the initial conditions 


p= po, 0=0, $=6=0, is given by 


P= IK COS ea RK COS Kat, O—= Ky SIMIKy e+ hp SUN Koby cenccescceee eee ee (5) 
where Pea Oh. RER een. Crome a a e A (6) 
Now, by (3), we have 
ki kCn x PA+M kz iK On Ëk A+M, (7) 
K, #x2B+Wga ik,Cn °? K, @«.2B+Wga (aves se 


so that in any case whatever, 
Ke ees 24+ Waa) ki (8) 
E” Pa CE a A AO EE 
In the present case kK; = — kK; by (6), and so putting — 1 for 7, we get 
K, (Ak — M)(Bx,2— Wga) (9) 
E” Crea? 1 Pea E E asco ae eee 
If now for M/A, Wga/B we write 4r?F?, 47?f?, where F, f are the frequencies of the free 
oscillations of the ship and gyrostat, the first oscillating with the gyrostat rigidly fixed 
within it, the second when the ship is at rest, in both cases without rotation of the fly- 
wheel, we can write instead of (4), 


(2 Sig T in 1p) Or Sate et rene et Meek (10) 


and for (8) and (9), 
Ky (ky? — 4? EF?) (xy? — 4r?f?) ki (Ka — 4722) («2 —4ntf?), as 
K, kik n? ke KC? Eai sa ate vaio 


9. Gyrostatic controller and ship under forced vibrations. When the 
ship rolls in a seaway the main oscillations of the ship are forced oscillations of the period 
of the waves, and the natural period of the ship is so increased by the gyrostat that any 
resonance effect, due to near agreement of the period of the waves with that of the ship, 
which might exist without rotation of the flywheel, is rendered impossible. For it will 
be noticed that the square of the frequency is now given by (10), being «?/4r?. If we 
consider only the comparatively slow vibrations, we get the approximate value of 
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the square of the frequency from the small root of (10) as F?/(1 + F?//2+ Cn? /4r?f?A B), 
where F is the natural frequency of the ship when rolling freely, and f is the (much 
greater) natural frequency of the gyrostat as a compound pendulum (without spin of the 
flywheel) under the unital couple Wga. 

The differential equations of small-oscillations are now 


Ad+Nd—-Cn64+M¢=C' cos pt, } 
B6+N’6+Cnd+ Wad =0, 
where N¢ is the frictional couple applied by the water to the ship as she rolls, and N’6 is 


the frictional couple applied to the gyrostat frame by the brake B, or otherwise. 
To determine the forced oscillations we put 


P= KE COS (Pi — Oy) as caine ates ade e eaea seamen A a (2) 


and find K and a from (1). The value of @ is then found from that of ¢ by the second 
of (1). The simplest process is perhaps that which makes use of the result of 7 for the 
case of forced vibrations there considered. Putting D for d/dt, we write (1) in the form 
(AD?+M+ND)-CxrDA=C cos pt, } 
(BD? + Wgat+N’D)0+CnrDp=0. 

If we operate on the first of these with BD?+ Wga+N’D and on the second with CD, and 
add, we get BD?+ Wya+N'D 

$= AD?+ND+ M)(BD?+N’D+ Wya) Oni 
But by (1) and (2) we have D?= —p?, and therefore Dt‘=p*. Thus we can write (4) in the 
form 


OE E T OTOT (4) 


E+FD , 
p= EFD cos pi, csesscsococeesesoocososcovcesecosecesecoo (5) 


where E=-Bp+Wga, F=N’, E’=ABpt—(AWga+MB+NN’'+Cn*)p?+ MW a, 
F’= -{(AN’+ BN) p?- NWga - MN}. 


A Ao a i id (E+ FD) cos pt=(E?+ F%p?)? cos (pi+tan= N AAEN OS (6) 


1 pk’ 
vad E+ED) tcospt=——————r cos (p: SE i) se 0 0:0.09\9)0104 00,010 scossi (7) 
a ( ) P (E2 + F2p2)3 E 


Thus we obtain finally 


2 Wp 2)2 / 
KE li (pi+ tan o — tan1PE ) 


(E24 Pp £ 

(E2+ F2p?)? y ( ee Oy =o 4 
or = E- C’cos ( pt + tan $a) ce ceectceeceveenen one (8) 

(E24 F’p2)3 EE’ +pFF 


It remains to find 6. By the second of (3) we have 


Cn D nyaa Cn D 
~ BD?+Wga+N'D E+FD 
Gace — Cin (r- tantr): O A EA E RE (9) 
(BE? +p2k)2 
In the complete values of ¢ and 6 we have to add in (8) and (9) the solutions for free 


oscillations. These equations however give all that we are concerned with when the ship 
is rolling under the influence of a regular succession of waves. 


d= ẹ, 


For a clear account of the theory of ship control, and numerical ex- 
amples, the reader should consult a very instructive paper on “The Use of 


180 GYROSTATICS CHAP. 


Gyrostats,” by Professor Perry, in Nature, March 12,1908. The biquadratic 
equation is solved, and numerical results given for the alteration of period 
and the damping of the rolling of vessels of different sizes, when controlled 
by gyrostatic gear. As a particular case a vessel of 6000 tons, metacentric 
height 18 inches, with a natural rolling period of 14 seconds, controlled by 
a gyrostatic wheel of 10 tons of 6 feet radius, and running at 16 revolutions 
per second, is considered. We shall give later, in Chapter XXIII, on Gyro- 
statics in Engineering, some of the available practical examples. 


10. Theory of two interlinked systems which are separately unstable. 
Stability in presence of dissipative forces. For the interlinked motion of ship 
and gyrostat the complete differential equations, in the case of resistances proportional to 
the angular speeds, are 


Ad+No+Cn6+M¢=0, BO+N’O—Cndt Wga8H=0. oo..eeececceeeee: (1) 


If we suppose that = Ket, 0= keàt, where, as we suppose the motion to be oscillatory, À 
is complex, we get, by substitution in (1), the determinantal equation 


ABM +(AN’+BN)A3+ (C2n2+AWga+BM+NN’)22 
+(MN’+ WgaN)A+MWga=0. soosoo neien (2) 


The stability of the interlinked motions is ensured if the real part of À is negative, and 
this will be the case if the coefficients of A%, A, A and the final term MWga are all positive, 
for AB is positive. This condition is satisfied if the differential equations are as stated 
in (1), and the coefficients A, B, N, N’, M, Wga, Cn are all positive. 

But if the motions are individually unstable when not linked together by gyrostatic 
action equations (1) must be modified by changing Mọ, Wga0 to —M¢, — Waa, leaving 
M and Wga still positive. The determinantal equation becomes now 

ABAX!+(AN’+ BN) A$ + (C2n?+ NN’— AWga— BM) A? 
—(MN’+ WgaN)A+MWga=0. .0...cccccecceceeeeee (3) 


The last term is still positive, and that of A? can be made positive by making Cn? 
sufficiently great; but the coefficient of A has become negative. For stability of the 
interlinked motion all the coefficients must be positive. Hence the only way in which 
this condition can be fulfilled is by changing the sign of either N or N’, that is by causing 
angular acceleration either of the controlled body, or of the frame of the controlling 
gyrostat. 

In the present case the controlled body cannot be a ship, as that has gravitational 
stability, which explains why the controlling gyrostat arrangement is also given gravita- 
tional stability, asin Schlick’s device—the term MWga must be positive. We may suppose 
the controlled body to be a monorail carriage, or the frame of a properly mounted stilt 
top. We shall refer to the body as “the carriage.” 

Let us then suppose that the angular speed of the gyrostat frame is accelerated. We 
therefore change the signs of the term AN’, MN’ in (8), leaving N and N’ both still 
positive. The coefficients of A? and À are both to be rendered positive. . This requires 


BN-AN’>0, WgaN -MN’<0O, } (4) 
or BN =AN’+e, WgaN = MN’ Dn f eesssossosoces 
where e and f are positive. Thus we are to have 

B AN'+e 
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The conditions will therefore both be satisfied if 


BIETA 
Wa Sp eeteetereereeeeeseeeneeseesseeenenes (5) 
In words, this condition asserts that, if the frame of the gyrostat be clamped, the numerical 
ratio | 0/0 | of angular acceleration to angular displacement (friction zero) must be smaller 
than the corresponding ratio | $/| for the carriage. 
It is not a practical solution of the problem to accelerate the carriage and retard the 
gyrostat. If this were done we should have as a condition 


MN’—WgaN <0, 


that is an acceleration coefficient N would be required, sufficient to raise WgaN toa value 
above MN’, where M is, comparatively, very great. 

The acceleration of the gyrostat frame is a means of supplying energy from without to 
the system, the energy necessary to preserve in operation the functions of the apparatus. 
The carriage in its oscillatory motion is retarded by friction, the potential energy ex- 
hausted is constantly greater than the kinetic energy generated by the displacement of 
the carriage itself, and so energy must be fed in at the gyrostat frame to maintain the 
action. 

This stabilising action by acceleration of one side of the compound motion is very 
important ; and it is probable that, by analogy, it may be a guide to the explanation of 
the preservation of the stability of more complicated systems, in the presence of energy 
dissipating influences, and the breaking down of stability, or death of the system, when 
energy can no longer be supplied in the manner prescribed for the system by its 
constitution. 


We shall deal with monorail systems in Chapter XXIII, on Gyrostatics 
in Engineering. 


CHAPTER IX 


THE MOTION OF CHAINS OF GYROSTATIC LINKS. 
MAGNETO-OPTIC ROTATION 


1. Problem of stretched chain of gyrostats. We now consider some 
more general vibrational problems, and take first Lord Kelvin’s problem of 
the stretched chain of gyrostats. This problem, as stated and as worked 
out by Lord Kelvin, was sufficient for the purpose he had in view, the 
illustration of his theory of magneto-optic rotation as caused by the 
presence of rapidly rotating particles in the transparent medium. But it 
is only a particular case of a more general problem which 
we shall consider, and give some examples of, immediately 
after the optical problem has been discussed. 

The chain consists of equal gyrostatic links alternating 
with ordinary rigid connecting links all of the same length 
and supposed to be of negligible mass. In Lord Kelvin’s 
scheme the connection at each junction is made by a 
universal flexure (Hooke’s) joint, and the chain forms an 
open plane polygon, held at its extremities A, B, in the 
line ZZ’ (Fig. 51), by joints of the same kind, and the 
Y whole turns with uniform angular speed u, without 

Jz change of configuration about the line AB. It is required 
to find the form of the chain, when the inclination of each 
link to the line AB is very small. 

A gyrostatic link, the kth in order, whiċh we shall refer 
to as L,, is indicated in the diagram (Fig. 51) with the connecting links at 
its ends, which we shall denote by l, j.4,. [It is to be remembered in what 
follows that the line AB and the line ZZ’ of the diagram are the same.] The 
length of each L is æ, and of each J is b. We put 0, for the inclination of 
the axis of L, to AB, r, Prp for the inclinations of l», U,,, to the same line, 
Y, for the distance of the centroid (the centre) of L, from the line AB, and 
m for the mass of L,. We proceed at once to the case in which the angles 
here specified are all very small. 


Z4 


Fic. 5l. 
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We get first the geometrical equation 


Yrs — Yu = $0 (Opi t+ Oy) + bdpa eee eaaa (1) 
Next, if P be the component parallel to AB of the pull along a link, we 
easily see that for equilibrium this must be the same for every link. The 
component of pull at right angles to AB is Ptang,=P¢,. We obtain the 
equation for the acceleration of the centroid of L, as it moves in its circular 
path about AB with angular speed m, 


VG, — Mp? yy, = — Phy pr e Eea e (2) 
Finally we obtain the gyrostatic equation [see (2), 1, V, above] 
AÖ, + (Crt C’o,— Ap) uO, =} Palpe + y— 204). oeiee (3) 


The quantity on the right is the approximate value of the moment of the 
forces on L, taken about an axis through the centroid of L, at right angles 
to the plane of the polygon, an axis corresponding to GD, of (1), 1, V, above. 
[The exact value of the moment is 

+Pa{(tan ¢,,,+ tan ¢,) cos 6, —2 sin 6,}.] 

We have now to consider the value of the angular speed w in (3). This is 
given by the geometry of the Hooke’s joint, which is equivalent in its action 
to a short piece of quite flexible but untwistable wire connecting the 
adjacent links. Each L when thus joined behaves as if the gyrostatic axis 
were prolonged to intersect the line AB, and were there held by such a 
piece of wire in line at one end with BA and at the other with L. The 
instantaneous axis about which L, turns bisects the angle supplementary to 
6,. If be the angular speed of L, about this axis, we have 


w sin 4(r— S Me sin Oi 
or Qa UBN A O e eneo e E E (4) 


This resolves into a component 2u sin?40, [ = u(1— cos 0,)] about the axis of 
L,, and a component u sin 0, about the axis GE drawn in the plane of the 
polygon at.right angles to the axis of L,. Hence œ= 2u sin?$0,, which is 
negligible when 0, is very small. Even if this angular speed were not 
negligible the smallness of C’ would render the term C’w, inappreciable. 
The precise mode of connection is thus of no consequence. It is, however, 
to be remembered that the angular speed u about AB gives a component 
u cos 0, about the axis of L,, by which the turning of the axis GE is to be 
reckoned, and a component u sin 0, about GE which gives the turning of the 
axis of the flywheel towards GD,. Equation (3) thus becomes 
AG, + (Cn — Au) uO, =} Pal bess F pr 20,). eeens ed (5) 
Equations (1), (2), and (5) solved by the method of finite differences give 
the complete solution of the problem proposed, indeed of a more general 
problem, if it is not supposed that u is constant, and the term A@, in (5) is 
retained. For all three equations are then applicable and changes in 0 will 
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be given according to the imposed conditions. Supposing, however, that 
6,=0, and u a constant, the three equations are 
Yuta — Yu $al Ory + Og) — bpr = 9, 
mip EP an pO ; e a0) 
(Cn — Au)ub,— Pa (pry + pr — 20) = 0. 

From these, as we shall see below, we obtain a simple solution if we 
suppose Y}}ı =Y, =Q, that is, that the centres of the gyrostats are all on the 
line Oz. We pass over this solution for the present. 

In the usual notation of the calculus of finite differences the operator by 
which a quantity u, is derived from wu, is denoted by E, so that tp, = Euz. 
Applying this to the equations in (6) we obtain, if c be written for 
(Cn—Au)u+Pa, 

myy,+P(E—1)¢,=0, SCO 
2c, — Pa(E+1)¢,=0. 

Thus we get, eliminating y,, Op, and ¢,, the determinantal equation 

mel DK Leen Oh a E ou de shit iavan ob dee TS (8) 
where e = 2m u Pa? +be)/P (4c + my?a?). 

If now we suppose that 1—e<1, a condition fulfilled by making P 
sufficiently great, and supposing that u is the smaller of the two roots of 
the quadratic in u which (3) becomes when 6,=0, we get from (8), by 


2(E—1)y,—a(E+1)6,—2bE¢,= | 


writing 1—e=cos a, EE COS UENS Ay ts. heed. aah atresia (9) 
and therefore 
y, =f E*+gE*=f(coska+7sin ka)+ 9 (cos ka — isin ka). ....... (10) 
To obtain from this a real solution we put 2f=A—7B, 297=A-+7B, and 
obtain from (10) Yes MOMMA E BSN KOs. oo daasinrseotaveaande tee (11) 
If x, denote the coordinate parallel to AB measured from the centre of 
the link L,, we have a, =k(a+b), 
so that (11) becomes y= A cos pane sin FaN rade T Soh (12) 


Thus the centroids of the gyrostatic links lie on a harmonic curve of 
wave-length 27(a+b)/a, which may be regarded as the projection, on a 
plane through AB, of the helical configuration of the particles in a circularly 
polarised wave. The period is 27/u, and therefore a circularly polarised 
wave is propagated along the chain at speed u(a+b)/a,=V, say. But 
1—e=cosa, so that e=2sin*4a, or, to terms of the second order inclusive, 


(on. Th 
Ree seer ar IR ara Ge) ) NS (13) 
(2e)? 
The exact value of 1/2e is [see (8) above] 
P(4c +mp’a?) 


4mp? (Pa? + be) 
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But since a is very small we neglect mua? in comparison with 4c, and 
obtain, by the value of c, 


E P f 4 (Bn — yu)ua + 
2e mu (a+b) aP +b(Bn— yuju)’ 


where B=C/(a+b), y=A/(a+b), the moments of inertia, axial and trans- 
verse, per unit of length of the chain. Hence, by (13), 


PERE Be yne | 
venit E M (14) 


But if the links be very small and P be very great, the value of 1/2e 
gives approximately 


pf. P _\*f, ,1@Cn-Ap)u , 
Ceo (matb) | +5 af Cede cow veer e eee (14) 
or, if Au be neglected, 
P(a+b)\3f, 1 On 
v={ m J litz rety) Pree e eee tere esorenee (15) 


Thus, but for the gyrostatic influence, the speed of propagation would be 
{P(a+b)/m}*. Now P is the pull in the chain, and m/(a+) is the mass 
per unit of length, so that if the links be very small (making 1 Ce} very 
great, and therefore a very small, and the wave-length 2m(a+b)/a very 
great) and there be consequently a large number in the wave-length, the 
velocity of propagation is that of a wave of transverse displacement along 
a stretched cord, multiplied by the factor 1 +Cnyu/2P(a +b). 

If à be the wave-length, then, since 27/u is the period, we have approxi- 
mately Au /Qar={P(a+b)/m}?, or P(a+b)=mAX?u?/4r?. Using this in the 
factor 1+ Cnyu/2P(a+b) we get 


5 
op hale dd CO Ee a eee 
Neti an j (42 cat ined asl if a 
or, substituting 2r V/A for m, 
4 
(P(a+b)\? Cn AEU Cn 
Va } +2ay)= eed ate (17) 


nearly. 

Thus we see that the velocity of propagation of the circularly polarised 
wave is increased by an amount proportional to the angular momentum Cn 
of a flywheel, and inversely proportional to the wave-length. 

It will be seen from (14) that the gyrostatic term in the value of V 
changes sign if the direction of the rotation about the line AB is reversed, 
while that of the rotation of the flywheel remains unaltered, or vice versa, 
For either of these cases we have a new velocity V’ of propagation and a 
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corresponding wave-length given by 27/u=’/V’. The difference of the 
velocities is Cn 
VEME Im e e a aaa E A e N (18) 
; mr 


The more exact value of the velocity of propagation in this case (n and u 
in opposite directions) is obtained from (1+), which becomes 


2_P(u+b)(,_ — (Bn+yuyua_ | - 
Vee fi e ap) coe (19) 


2. When vibrational motion of gyrostatic chain is possible under thrust 
or under tension. Also from (14), J, we see that, for n and u in the same 
direction, V? is still positive when for P is substituted — P, provided the 
numerical value of P lies between certain limits, that is the motion is then 
still possible under thrust. This point is not dealt with in Lord Kelvin’s 
paper. If we examine (14) we see that if we take P as the value of the 
thrust, reckoned positive, it must lie between the limits (Bn — yu)u(1+0/a) 
and (Bn— yu)ub/a. It is assumed of course that Bn > yu. 

In the case (19) above, in which n and u are in opposite directions (n and 
z mu being the positive numerical values), V? is positive when 
| Pis greater than (Bn + yu)u(1+0/a), and also when P is less 
+ than (8n+-ymu)ub/a. When P has a value between these 
limits V? is negative, and the motion is impossible. The 
motion in this case is not possible at all under thrust. The 
limits of tension just given are, it will be seen, in a sense 
complementary to those of thrust in the other case. These 
limits of tension and of thrust and their connection do not 
seem to have been worked out before. 

It is important to notice that the gyrostatic chain has 
been supposed to le at each instant in a plane harmonic 
curve having the line AB (or ZZ’, Fig. 52) as axis. [The 
flywheels appear tangential to the curve, but the arrange- 
ment may be different.] It therefore does not directly 
represent by its motion a circularly polarised wave. For 
that we should have to suppose the gyrostats to lie at each 
instant on a helix having AB as axis, and all the gyrostats 
to turn at the same speed in equal circles round the axis. 
By a simpler analysis than that given above, the wave 
velocity may be found for this more general case, instead 
i` of that chosen by Lord Kelvin [see 3 below]. We should, 
Z however, obtain exactly equations (14) and (19) above; 

indeed it is not very difficult to see without further analysis 
that this must be the result. Hence the investigation given above illus- 
trates circularly polarised waves precisely. 


Fic, 52. 
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Now, returning to equation (18), imagine two chains of gyrostats, in all 
respects the same as to lengths of links, masses, and angular momenta of 
flywheels, to exist side by side, each turning in steady motion with 
angular speed numerically u, one about a line AB, the other about a Z 
parallel line A’B’, but in opposite directions, and having each the con- 
figuration shown above to be necessary for steady motion. The wave- 
lengths are A, A’ and the wave-velocities V, V’ [see (17) and (19), 1]. 

Equations (6) give the special solution above referred to, which 
is obvious otherwise. It is that which we obtain by putting y,, 
Yr etc., all zero; in other words it is the solution for which all 
the gyrostats have their centres on the z-axis, and their axles 
and connecting links form a zigzag wave along the z-axis, as 
shown in Fig. 53. — 

Equations (6) regard the values of @ and ¢ as small. But 
the exact equations may be written down and used, and the first 
thing to he observed is that ø= r}, 0,=Or41, or the angles 0, 
¢ are the same for each gyrostat. 

It is shorter to work out the solution from first principles. 
The couple on any gyrostat is about an axis at right angles to 
the paper (see Fig. 53), and has moment «aP sin (0+¢). The rate of 
growth of A.M. about the same axis is (Cn — Apu cos 0)u sin O. But 
Fig. 53 shows that if 0, p be the (acute) angles of inclination of an axis and 
a link to ZZ’, and l=4(a cos 0+b cos ¢), l/b=sin (0+ ¢)/sin 0. Hence we 
obtain a 


| 
| 
\ 
| 
| 
! 
1 
1 
' 
1 
iy 


Z 


Fic. 53. 


(Cn — Au cos 0)u = P A o eaa E ee Ea AA TS (20) 
For @=}7, that is when the gyrostat axles stand across the z-axis, we have 
Sa GO CONG. st Wins tte A A T (21) 


3. Helical gyrostatic chain. The investigation for a gyrostatic chain 
like that just described, but laid with the centres of the gyrostatic links 
uniformly distributed along a helix, and revolving all with the same uniform 
angular speed wu, in circles round the axis of a helix, is comparatively simple. 
The following discussion follows Greenhill (2.G.7., p. 262), with some differ- 
ences of notation and arrangement. It involves only the elementary prin- 
ciples and results as to gyrostatic action set forth in Chapter V. 

Let each gyrostat axis make an angle 6, and each connecting link an 
angle ¢, with the axis ZZ’ of the helix. Also we suppose that each gyrostat, 
axis, and each link, is at right angles to the perpendicular let fall from the 
centre of the gyrostat or link on the axis of the helix. 

Now consider the projection of the arrangement at any instant on a plane 
at right angles to the axis of the helix. The alternate gyrostat axes and 
links show as alternate sides of a polygon, of lengths 2asin@ and 2bsin ¢, 
if we take here 2a and 2b (instead of as before a and b) as the lengths of a 


188 GYROSTATICS CHAP. 


gyrostat axis and a link respectively. These subtend, we suppose, angles 
2a and 26 at the axis. We can now find the geometrical equations and the 
equations of motion. 

The advance along the axis from the centre of one gyrostat to the centre 
of the next is 2(acos@+bcos ¢). The polygonal angle for this is 2(a+ 8), 
and in the time of turning through this angle, that is, in 2(a+,)/u, the 
projection of the helical arrangement on a plane containing the axis seems 
to make the axial advance just stated. The wave-velocity V is therefore 
given by u 
V = (a cos 0 +b cos Darp aE E e Ea os ARE (1) 

If as before P be the pull along the chain, the force on a gyrostat towards 
the axis is 2P sin ø sin (a+ 8). The distance of the centre from the axis is 
asin 0 cot a, and therefore if m be the mass of a gyrostatic link, 

mua sin Ocot a=2P sin osin (A+B). aiaee (2) 
But the geometry gives asin @cota=bsin ¢cosa/sin 8, and so the last 
equation ean be written 


myp2b gT? Sin (OHO eaea aa a a (3) 
eae ; 
This may be written Lees = ii (a+f) 
a 
2 
which is equivalent to 1— ee aye — Ce at eta ae ee (4) 
4 a 


Now the A.M. about a horizontal axis, at right angles to the perpendicular 
from the centre of the gyrostatic link considered to ZZ (the perpendicular 
which is the axis of the couple), is (Cn — Au cos 6) sin 0, and as this axis and 
perpendicular revolve at rate u round ZZ’, the rate of growth of a.m. about the 
perpendicular is (Cn — Ap cos 0)u sin 0, The moment of the couple producing 
this is easily seen to be 2aP{ sin ¢ cos 0 cos (a+ 8) —cos ¢ sin 0}, and so we get 

(Cn — Ap cos 0) usin 0=2aP {sin ¢ cos 6 cos (a+ 8)—cos ġ sin 0}. ....(5) 
But from (2) we obtain 


Oe tn ete BIO COU 
Zen ae sin ¢sin(a+ 8)’ 

Hence (5) becomes 

(Cn — Au cos 0) u + 2a P cos = mp?a"cos 6 cot a cot (a +B). ........ (6) 
From this it follows, since 

th cos 8 
1+tanatan (CPA) =a ETT ene 
that cos 8 _(Cn—Apcos 0)u+2aP cos 6+ mp?a?cosd (7) 
cos acos(a+) — (Cn — Au cos 0) u + 2a P cos ġ PEE 


Also, by (4), the last equation gives 
2 
{(Cn — Au cos 0) u + 2aP cos p)( be 


2 PSE PE ES Se eee eee N 
cosa ED) ~ (Cn — Au cos 0) u +2aP cos p +mp?a?cos 0? inune (8) 
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and theref 
nd therefore Cru —Ap2cos 0+ 2P~ pecos O+b cos p) 


(a4 aoi cate Aen, ate SAT AP AEN Bhat id Eh, 
sol De Cnu — Ap?cos aT cos p + Mmu’a*cos 0 oP 
But by (1), 


sin?(a+8)=sin? {ca cos 0 +b cos ¢) El, 


seen (9) 


and as the line density p is m/(2a cos 6+ 2b cos ¢), we get from (9) and (1) 
(a cos 0 +b cos ġ¥u? 


sin? fa cos 0 +b cos ¢) a 


...(10) 


e 


Cnu — Apu? cos 0+2P za cos 0 +b cos ġ) 
If now we suppose that a+b is infinitesimal in comparison with the 
length V/u, take cos 0, cos ¢ each unity, and neglect mu2a?, we obtain 
Cru — Ap?+ 2aP 
nu Ap’) + 2aP(a + b) f 


P (Cnu— Ap?)a \ 
2 
or V =. (1+ spate OEA E E (12) 


V= a+ yo AEREE 


Dividing both numerator and denominator of the fraction within the brackets 
by 2(a +b) [since £, y are now (C, A)/2(a+b)], we obtain the equation 


gene. Í (Bn —yu)ua \ 
Vv Slee i cea N AT (13) 
which is exactly (14) of 1. 
All the other conclusions of that article—the approximations and the 
conditions under which thrust can be substituted for pull in the chain— 
hold also in the present case. 


4. More general discussion of gyrostatic chain. So far only particular 
cases of the vibrations of a chain of gyrostatic links have been considered. 
Under the condition that the angles 0, ¢ are small, general equations can be 
developed as follows. Let the direction cosines of the axle of the kth gyrostat 
be Pr, qr, 1, and those of the kth link be 7, s,1. Here the cosines taken as 
unity are cos 0, cos. The reference is to a set of axes O(@, y, z), drawn 
from the gyrostat centre O, and such that Oz very nearly coincides with the 
axes of the gyrostatic links. The values of p,q, 7,8 are small since the 
angles they refer to are all nearly $r 

Let 6,, 0,, 0; be the angular speeds about O(a, y, z). Then, since p, q, 1 
are the coordinates of a point on the gyrostat axis at unit distance from O, 
—7=0,2—0,0 = 0,,p =0,2—0,y =6,, nearly. Thus h,=A@,= —Ag, h,= Ap. 
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The geometrical relations fulfilled by the body are 
Lup — L =A Pr H Per Her, Yr — Yu= UM Yat) + 20841. ose. (1) 
The equations of motion of the centroid are, if P, be the stretching force 
in the kth link, 
Me = Plo Pie, MY peso tee in A a E (2) 
If h, h, hg be the components of A.M. about the axes the rate of growth 
of A.M. about a fixed axis with which Oz coincides at the instant is 
hy —NoO3+h 0, We neglect h,0, and get, by the value of 6, obtained 
above, and since h,= — Ag, h,+h,0,=—AgG+Cnp. Similarly for the axis 
Oy the rate of growth of a.M. is AP + Ong. 
The couple about Ox due to the pull of the kth link is 
(Pry — Pys) =a P, (Qi — Sr). 
The couple about the same axis due to the pull of the (k+1)th link is 
OPrii(Gu—Se41), so that the total couple is @P.41(q,— 8:11) +4P.(Q,—%)- 
Similarly we see that the total couple about Oy is 
— A Pry Pr — Tr) — OPP, — fr). 
Thus we have the equations of A.M. 
— Ağ + np = a Prrilgr — Srm) + OP (Ge — 8), i ae (3) 
Ap+Cng= — a Pra(Pr— Tr) — P(e — r). AI 
We can replace these pairs of equations (1), (2), (3) by three single 
equations by writing u=p+iq, v=r+is, w=@+iy. Thus we obtain 
Wy — Wr — UU, H Unis) — 20Y,4, = 0, 
mi — Pye +P, =0,}- -+++------(4) 
Ati, — inú, + a( Prt Py) up — (Pr sVeg + Pt) = oJ 
Thus we have obtained three general equations which we can apply in different cases 
of nearly straight gyrostatic chains. Asa first example we take the helical chain, illus- 
trating a circularly polarised wave, which has been dealt with in the preceding article. 
For this we assume the solution 
Bes ORs k= (ING EW) Cee oie a Meee seen (5) 
where c is the constant step of polygonal angle 2(a+ 3), as explained in 3. If we 
consider the value of the right-hand side of (5) for the (k+1)th gyrostat we see that u 


is the angular speed of the steadily moving helical arrangement about the axis. We 
thus get by substitution in (4), remembering that Pr} = Px, 


R(e*—1)—aM(e%+ 1) — 2bNe“=0, 
Rp? +N P(e%—1)=0, pevceeersceerseeesseeeneeees (6) 
M(- Ap?+Cnp+ 2aP) —aN P(e? +1)=0. 
Now cosc=(e%+e-")/2, and we find by eliminating M, N, R from (6) that 
/ 2 
(Cnu — Ap? + 2aP)( 1- "E J = mpa? 
Pakia Cnu — Ap? +2aP + mpa? ; 
Cnp— Ap? +25 (a+b)P r 
and therefore sin? (a + 8) McDevitt a eld cs a NA, (7) 


~ Cap -Ap +2aP+mpra® 2P 
which agrees with (9), 3. Hence the present process gives the same result as the former 
one. We might-easily have retained cos 6, cos $, and obtained exactly (9), 3. 
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5. Vertical gyrostatic chain under gravity. As another example, take a 
nearly vertical chain of gyrostats stretched by the gravity of the gyrostats themselves. 
The individual gyrostatic links are not exactly vertical, but they are nearly so. Consider 
any connecting link. If there are & gyrostats below it the link, according to the reckoning 
adopted above, is the (4+1)th from the bottom. If we measure z froma point 2(a+b) 
below the lowest gyrostat centre the height of the centre of the kth gyrostat above this 
origin is 24(a+6), and this we call z. Hence £=%/2(a+). The “tension” in the 
(£+1)th connecting link, or Py41, is kmg or mgz,/2(a+6), and that in the link next below 
is mgz,_:/2(a+6). The chain is supposed to be revolving about the vertical in steady 
motion. 

Equations (4) of 4 therefore become, if f=b/a, 


Wry — Uz, — a(uryı + Ux) = 2044 = 0, 


A ZkUk+l — Zk-10k i 


Reg A OE ee (1) 
Adi, — Cni + Sie p 1 lx — (ZkVr+1 + ZkVr)}=0. 


It is fairly clear that as the tension increases, that is at points higher and higher in 
the chain, the inclination of the links to the vertical becomes smaller, but this will be 
made more obvious by supposing the chain to consist of infinitesimal gyrostatic links. 

Putting dz=2a(1 +f), we get, instead of the preceding equations, 


dw utfv dw d(zv) 
dz =0,| 


aut je a 
dz l+f de 9 EE AEA A EPN (2) 


du 


LL p : | 
Sg 8 LE EA v)=0, 


where f=b/a, and y, B are moments of inertia (transverse and axial for a gyrostat) per 
unit of length of the chain, and p is the linear density of the chain, or m/2a(1+/). 

Now (see 1 above) the connecting links and the gyrostat centres are helically arranged 
round the vertical, and adjacent links must be nearly in the same vertical plane. Conse- 
quently w, u, and fv, must have the same sign for their real parts, and likewise for their 
imaginary parts, and the second equation shows that v increases as z diminishes. Thus 
points lower and lower down on the chain deviate more and more from the vertical, and 
the seeond equation shows that this deviation grows with z at a constantly accelerating 
rate, for by the solution in (4) we have gd(zv)/dz= —- Rp’. The last of (2) shows that if n 
is great d?u/di? is also great, that is for the value of uM, and also R must be great. 

If now we reverse g we get a chain standing on its lower end under thrust in rigid 
links. As this thrust is due to gravity, it diminishes with increase of distance from the 
point of support, and so, measuring z upwards as before, we get 


dw utfo 
si EE =U aa Oe A STRC OTRO N E 3 
dat Tey @) 


Thus the instability towards the free end in the former case is replaced by stability at 
the free end in the latter. A fuller investigation would discuss this instability as an 
affair of disturbance of the steady motion. 

A train of carriages passing round a curve may be regarded as a gyrostatic chain, in 
which the precession of each carriage is prevented by a couple applied by the rails. If 
the speed were great enough there would be gyrostatic oscillations of serious amount at 
the rear end of the train, and it would be necessary to avoid these by pushing the train 
from behind. This fact is illustrated by a model invented by Dr. J. G. Gray (see 
Chap. XXIII below). 
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For steady motion at angular speed u about the vertical we have for a continuous 
chain, from the solution in (5), 4, or from (2) above, 


dR M+fN_ Oe 


M(Bun — yp?)+ (MN) {-2=0. 

If we eliminate R and M from these equations we get f 
LAR OS) E E EO at EOT a ES (5) 
pian as (#2- Bun- ek 


When £ and y are zero, or when yy?= Byun, this equation reduces to 


1 dXNz)_ p? 
Ni OF ag? 
that is to EN tN Nn, a Gane asede nee E E (6) 
az EG) 


an equation which gives N as a Bessel function of zero order. 


6. Gyrostat hung by a thread. We may apply equations.(4) of 3 to give 
the motion of a gyrostat hung by a thread, the problem already discussed in 8, VII 
above. We make in (4), 3, P.=0, Pi4,z=mg (since fand ¢ are supposed to be very small), 
and, measuring w from the vertical through the point of suspension, taking the length of 
the thread as 2b, and the distance of the point of attachment to the gyrostat axis from 
the gyrostat centre a, we obtain 


w=aut2bv, mib=mgr, Ati—iCnwt mga(w—V)=O. ceceeeeeceeceeeeees (1) 
If we assume the motion to be steady, and write E 
Nb Oe =e OME ING CR) aa R E Santee O OT (2) 
we find R=Ma+N2b, —mp?R=mgN, (—Ap?+Cnp)M+mga(M—N)=0. ......... (3) 
From the first two equations we get N=aM/(g/y2 — 2b), so that the third becomes 
(Cnp— Ap? + mga) (3: — af ) I a E T es (4) 
If we go back to (2), 8, VII, we find that for a single gyrostat supported by a thread 
(Cn— A u cos O) usin 0 — mga (sin ¢ cos 0+ cos p sin 9)=0, ...ceeeeeeeeseeeee (5) 
or, when @ and ¢ are both small, 
(OR = A nyO- mga laO AON eeann e eraan teaa i (6) 
But (1), 8, VII, gives »(26+a6/p)=g, or 0/þp=g/ap? — 2f, so that 
(Cap — Ap? — ~mga)( -5 -2f ) - mga=0. a tween ace (7) 


This result has —mga in the bracket instead of mga as in (5), 8, VII above, but this 
difference arises from the fact that, owing to difference of arrangement of the links, the 
term Tacos¢sin@ in (2), 8, VII, has the opposite sign to that which it has by the 
equations now being exemplified. 


7. Continuous elastic medium loaded with small gyrostats. Consider 
now a medium endowed with rigidity and containing a uniform distribution 
of quasi-molecular gyrostats, the axes of which are similarly directed. A 
plane wave travels along this direction, which we take as that of the axis 
Oz. The displacements in the wave are transverse to this direction, and at 
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any point O are supposed to be resolved along two axes Oz, Oy at right 
angles to one another and to Oz. 

Consider an element of length dz, at the centre of which is the point O, 
and let its cross-section have dimensions dæ, dy. Let the distributed angular 
momentum (A.M.) be N per unit of volume, so that the A.M. of the element is 
N da dy dz (about Oz), and the displacements at the centre O be £y in the æ and 
y directions respectively. The element is turning with the angular speeds 


EE about axis of y, ae < < 


5 Ot De about axis of æ. 


In consequence of this turning there are rates of growth of A.M. 
0 0€ 
Ot dz 
1, 0 On 
TA at dz 
Hence there must act on the element couples about these axes given by 
d dË 
Ot dz 


© On 
at dz 


NA dæ dy dz about axis of a, 


dæ dy dz about axis of y. 


Pdadydz= =z =i da dy de, 


Qde dy de=—5N $ — dæ dy dz. | 


These are due to tangential stresses, and these stresses it is easy to see must 
be equally distributed, for the axis of æ, over the two sets of planes parallel 
to that axis, that is the tangential stresses must be equally of the types 
(YZ), (ZY); and similarly for the axis of y the tangential stresses must be 
equally of the two types (XZ), (ZX). 

The tangential stress at the point O is thus 4P in the direction of z, and 
— 4P in the direction of y for the planes parallel to the axis of x. Similarly 
we get stresses $Q and —4Q for the planes parallel to the axis of y. We 
denote the forces in the directions of Ox and Oy by X, Y respectively. 

These shearing forces vary from point to point, and clearly the body-force 
in the direction of Oz is for the element 


ox OS tila, 0 On 

az Z dy da = aN 532% x dy gE, SORE eee (2) 
Similarly the body-force in the direction of Oy is 

oY Tete eee 

zz 12 da dy = aa Bp az 0% dy dz. a temas Ae) 


The resultant forces applied in the directions Ox and Oy by the shearing 
stresses due to the ordinary rigidity are, if u now denote the rigidity modulus, 


u VE de dy dz, wo ON Gee dy do, 
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Hence we obtain the equations of motion 
VE 1,90, BE 
Pat gM at op TH aa (4) 
Oe Lae Ce wee A 
Woe PE E renner 


[Equations precisely similar to (4) can be obtained for-the propagation of 
a plane electromagnetic wave in an insulating medium of specific electric 
and magnetic inductivities K, u, magnetised by quasi-molecular magnets 
parallel to Oz, to magnetic moment C per unit volume. If F, G be x and y 
components of vector potential, and «x a constant, the equations of propaga- 
tion are * 
CR Ube sage a G 
W Ku 02 4r ~ Ot 02?’ (5) 
E T ae 
W Ku 4r A 


Thus C is to a constant the analogue of N, the A.M. per unit volume in the 
gyrostatically loaded medium.] 


If we write C= ETN e e SII a E (6) 
we replace the two equations of (4) by the single equation 


ene LE OGIO d Way EE 
Pa Nia Mage eters tneeeeeeeeeeee (7) 


It will be observed that geometrically € denotes the vector of which the 
components are Ê n, and that if ¢ be proportional to e’-™), and, as we 
assume for the present, n be positive, the argument nt in ¢ is positive. 
[Here n is used as the so-called “speed” of the simple harmonic motion, 
and is not to be confused with the angular speed of a flywheel.] Of course 
mz may have either sign in each case. It is important to observe that 


if we suppose e eNe a BHUTAN OF) Meets, SO NR (8) 


we obtain a definite quadratic equation for m? (n is supposed given by an 
impressed vibration). Thus we get two values, equal with opposite signs, 
for the ratio n/m, which is the speed of propagation. One of these is the 
speed in the positive direction, the other is the speed in the negative 
direction. 

From (8) we obtain, by substitution in (7), 


um? — pn? = —1Nm?n, 
TA eed Sa 
or mE ee GRAN ar ates Coane (9) 


* A. Gray, Note on the electromagnetic theory of the rotation of the plane of polarised 
light.— British Association Report, 1891, p. 558. 
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But n/m= V, the speed of propagation of the wave. Hence, if Nn be small 
in comparison with u we get 
4 
E bake 
v=+(") (14; n, SERED RIC (10) 
The value of V given by the upper sign on the right corresponds to the 
value of ¢ given by (6) and also by (8): the other value of V corresponds to 
¢ as given by (6) and also by 


(= (a + iß) enama 


which also satisfies the differential equations. 
If the sign of N (or that of n) be reversed, we get the quadratic 


Either quadratic gives two roots, one positive, the other negative. The 
negative value of n for either is numerically equal to the positive value 
for the other. Thus, if we fix the value of m, the positive value of n gives 
the frequency for one direction of rotation, the other positive value of n 
gives the frequency for the other direction of rotation. 


To realise the solution for two waves existing together, one travelling in the positive 
direction, the other in the negative, but both having positive, we take 


C= (GAR OB) chee) T(t) eerie) Sees Peet. E dace se eisees (11) 
This gives 
(=a cos (nt — mz) + a' cos (nt + mz) — B sin (nt — mz) — B’ sin (nt +mz) 
+7{ cos (nt —mz)+ f' cos (nt + mz) +a sin (nt — mz) + a'sin (nt +mz)}. sosesc (12) 


Thus we obtain 
E= a cos (nt —mz)+ a' cos (nt +mz) — B sin (nt — mz) — B’sin (nt + mz), \ 
n= ß cos (nt — mz) + B'cos (nt + mz) +a sin (nt — mz) + a'sin (nt + mz). 
In the compound wave the corresponding displacements in which the time argument 
is reversed are obtained by substituting —n for n in the foregoing expressions, and mg 


for m, on the understanding that 
3 
{#0 i Rey} Pa Rt SMI, Sate Bee iF (14) 


~ |p 8 p JE 
where on the right 2 is supposed to be positive, and the quantity on the left is the 
numerical value of the ratio. 

These results can be superimposed in different ways. For example, the displacements 
in two circularly polarised waves of amplitudes a,, a, may be written (n positive) 


n 
Mg 


BERRI Ha ar a COR CH MA, J esresctenenenenane (15) 
n= a, sin (nt — mz) — ag sin (nt — moz). £ 


The first terms on the right of (15) taken together constitute a circularly 
polarised wave in which the circular motion is in the same direction as the 
rotation of the flywheels; the two second terms give a circularly polarised 
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wave in which the circular motion is in the opposite direction. Both waves 
travel in the same direction, the first with speed 


Sates =), AE E OE (16) 
the second with speed = = (“YC = Š **). Pesta oi thd itedna isye cbs tee ee (17) 


For a plane polarised beam we take a,=a,. The two oppositely circularly 
polarised waves would travel unit distance in the respective times 


3 7 3 
ips au) Gi EN 
G 1 Some (e HS u ) 
8. Dynamical explanation of magneto-optic rotation. Hence we see 
that in a maintained train of plane polarised waves of definite frequency 


n/2 one circular motion will gain in phase on the other, per unit distance 
travelled, the angle Nn? ( e) 


4 u \pu 
and the plane of polarisation will turn through half this angle. 

It is interesting to compare this with the turning of the plane of polarisa- 
tion suggested by the two chains of gyrostats described at the end of 2. 
As in that discussion u and n were used as the angular speed of the chain 
about the line AB and the angular speed of the flywheels respectively ; 
while here « denotes the rigidity of the continuous medium and 7 the so- 
called “speed” of the impressed harmonic motion, we express the two rates 
of turning in terms of wave-velocity and wave-length, and write L for the 
angular momentum of a flywheel, so that Cn = L. 


The relative turning for the gyrostatic chains is, by (15) or (17), 1, 
2rCnp/P(a+b)ar, 
which, if V?m be put for P(w#+b), becomes 2rLu/mV?A. ` But wA/27 = V, so 
that w4=27V/X. Thus the relative turning for the chains is 
L 
2 
T mV 
The relative turning of the two circularly polarised waves in the gyro- 
static medium is }Nn?/uV, where the letters n and u have the different 
meanings referred to above. But u= pV? and nA =2rV, so that V?=n7)d?/47r?, 
and u=pn*)*/47?. Hence the relative turning in this case is 
T? e . 
pV» 
The two expressions are thus quite analogous, with the correspondence 
N, pto L,m. They differ only by a numerical factor which arises from the 
fact that in one case we have a chain revolving in free space, and in the 


4 
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other gyrostatic elements of a rigid medium moving under the control of 
the rigidity. 

It will be seen that, in either of the gyrostatic illustrations, if the plane 
polarised system of vibrations be reflected back after passage in one direction, 
the turning in the second passage will be in the same direction as in the 
first, so that the total turning will be twice that for a single passage. This 
is the characteristic of magneto-optic rotation as distinguished from the 
rotation produced by a plate of quartz or a solution of sugar, where the 
turning in the forward passage is annulled in the backward passage. This 
points to the fact, already referred to above, that the rotation of the plane 
of polarisation in the latter case is an affair of structure of the medium. 


9. Analogy between motion of the bob of a gyrostatic pendulum and 
that of an electron in a magnetic field. It was pointed out by the author, 
in a Royal Institution Lecture, delivered in 1898, that the motion explicitly 
stated in equations (2), (3), (4), (5) of 3, VIII above is the gyrostatic analogue 
of the Zeeman effect. An electron moving in a circular orbit, in a plane at 
right angles to an impressed magnetic field, would have one period of revolu- 
tion or another according to the direction of its motion, corresponding pre- 
cisely to 27/k, and 27/k,. In fact the motion is exactly analogous to that 
of a rigid pendulum in the bob of which is a flywheel, the axis of which is 
in line with the suspension rod of the pendulum. The pendulum was shown 
in the lecture, and reference may be made to the description given there of 
the apparatus and to the curves illustrating the motion. For simplicity, and 
to bring out the electron analogy more clearly, we suppose the mass to be 
almost entirely in the bob and flywheel, and that, except for the moment of 
inertia, C, and angular momentum, Cn, of the flywheel, the bob may be 
considered as a particle of mass m, the whole mass of wheel and framework 
combined. If h be the distance of the centre of the bob from the point of 
support (where we suppose the two axes to be situated so that A= A’, B= B’) 
we have A=mh? and B=mgh. Thus, taking axes of æ and y coincident 
with the axes about which the turnings ¢, y take place, we have from the 
second and first of (1), 3, VIII, since he = —y, hy =x (and the flywheel is 
supposed to be rotating counter-clockwise as seen by an eye looking upwards 
from the origin), 


MEES D PECONI Die 
mi+ T y+ mg pO my ——- a+myg po 


or E+yy+Ka=0, UY — yA KY HO, vcscsarsccreens (1) 


where y=Cn/mh, «=g/h. 

These are exactly the equations of motion of an electron E supposed 
moving in the direction of the arrow in a magnetic field directed upward 
through the paper (Fig. 54). 
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The electron is charged negatively with a charge of e units and has an 

effective mass m. The intensity of the magnetic field is H, and the magnetic 

inductivity of ‘the medium is u. We suppose the 

4% mass of the electron to be acted on by a force xr, 

where r is the distance of the electron from O. The 

`e convection currents are here eż, —ey in the direction 

of x and y respectively. Hence the electromagnetic 

forces in the direction of y and w are —pueHż and 

ueHy respectively. The value of y is thus weH/m. 

The other outward component forces are then — «g, 

—xy, and the equations of motion. are (1), which, 
by putting z=x+v~zy, we can unite in the single equation 


Fic. 54. 


Z— iyi +Kxz=0. 
Assuming that z= Ke™, (K =a constant), we obtain 
ke?—K—yk=0. 

Again, by reversing the sign of k, we obtain 

k?—x+yk=0, 
so that we have AEREE, 
and if y is small the numerical value of k is given by 
CR $y. 

The frequency of the original vibration was K?/ 27: the imposition of the 
magnetic field has produced two new frequencies ( K? +4y)/2Q7, ae sy)/27, 
one higher, the other lower than the original frequency. The former fre- 
quency is that of electrons describing orbits in the direction shown in 
Fig. 54; the latter frequency is that of electrons moving in the opposite 
direction. Electrons moving along the line of the force H are not affected ; 
hence the spectrum is modified by the production of two satellitic lines, one 
above the ordinary line, the other below it, in the spectrum. 

A gyrostatic theory of the structure of the electron has been suggested ; 
but we do not discuss that here. 


CHAPTER X 


THE EARTH AS A TOP. PRECESSION AND NUTATION. GYROSTATIC 
THEORY OF MOTION OF THE NODES OF THE MOON’S ORBIT 


1. Potential of gravitation. As has been stated above, the earth’s axis 
has a conical motion analogous to that of the axis of a top, and arising 
from a similar cause. In the case of the terrestrial top the motion of the 
axis is produced by the action of a couple due to differential attraction 
exerted by the sun or moon, so that there is a periodically varying rate of 
production of A.M. about an axis through the centroid of the earth and at 
right angles to the axis of rotation. 

The first step in a detailed discussion is the estimation of the couple just 
referred to. The gravitational potential of any distribution of matter at a 
point P distant AP from a point A at which an element dm of mass is 


situated is given by V=x | dm (1) 


where « is the gravitation constant, and the integral is supposed taken 
throughout the whole of the attracting matter. We shall take the centroid 
G of the attracting mass as origin, and refer to axes of which Ge is along 
GP, put r for (#?+y?+2%)*, R for GP, and suppose that A, the position of 
dm, has coordinates æ, y, z. Moreover we shall suppose that GP is great in 
comparison with any distance GA, of an element of the mass from G. 
Noticing that AP?= R?+ r?—2Rz, we obtain 
A Ian 2-3 
v= peda a ee ak (2) 
Expanding the expression on the right and arranging according to 
descending powers of R, we get 


dm y 3æ2—r? 5ar—B8ar? 35xt— 30x1? +3rt ) 

= ere etal Go: 

i =| R (+t oR? t 2R BRI 5z ®) 
i : Gi ie Baer 5a? 38a 

Or, if we write Laas Z,=5 phe Z3=5 i ai 


a2 ve 
phen V=«| (1+ Lat ae tp Bte) ereenn (4) 
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The quantities Z,, Z,,... are the successive zonal harmonics taken with 
respect to the axis OP. 

But now it will be noticed that since G, the centroid, is the origin, 
fædm=0, and so the term containing Z, vanishes in the integration. If 
the distribution of matter is symmetrical about any set of rectangular axes, 
drawn from G as origin, the term {Z,r°dm/R* vanishes also, as the reader 
may prove. 

As an approximation, which is especially close when the attracting system 
has three axes of symmetry, we obtain the aha 


Here we have 
2|amz, = fam (3x? — 2? — y? — 2) = fam 2g? — y? — 2). 


But 22 — y? — 2 =8 +y?+y4+274+27+e°—-3(y?+27). Hence, if A, B, C be 
the principal moments of inertia with reference to axes passing through G, 
and I be the moment of inertia about the axis GP, we have 


2|dmr°Z,= jah hig RN Marien chee ae (6) 


Thus, if M denote the whole mass of the distribution, 


M A+B+C-3I 
Vax pte Share Se ee (7) 


If the material system is not symmetrical with respect to a system of 
axes, the error involved in taking the potential as given by (7) is of the 
order (//R)*V, where l is a linear dimension of the distribution; if there 
is a system of axes of symmetry the error is of the order (J/R)*V. 

There is one case however in which this criterion of error is not applicable, 
in which, in point of fact, the approximation is as close for a distribution 
whose dimensions are comparable with R as for a distribution of very small 
dimensions. If the distribution is a homogeneous sphere, or a sphere made 
up of concentric shells, each of uniform density, its potential at an external 
point is the same as if the whole mass were collected at the centre. Thus, 
if P be external to the distribution, the potential given for a distribution of 
large dimensions, by a chosen process of approximation, is as nearly correct. 
as that obtained by the same process for a point charge o matter at the 
centroid. 

The same remark is true for a distribution which may be regarded as 
made up of successive confocal ellipsoidal shells of small ellipticity, each of 
uniform density. The body is thus an ellipsoid and P is an external point. 
This follows from the theorem of Maclaurin that the attractions of different 
confocal shells on an external particle are proportional to their masses. 
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Since the ellipticity is small, we may consider the potential at P due to a 
small central ellipsoid confocal with the series of shells of which the actual 
distribution may be regarded as made up. Thus, if m be the mass of this 
ellipsoid, and A’, B’, C’ be the principal moments of inertia for it, and I’ its 
moment of inertia about OP, its potential V’ at P is given by 


,  m, A’+B/+C-—3I 8 
Vea Rte ORE Sr A O, (8) 
The potential of the actual distribution is V'M/m, or 


_ M, MA‘’+B4C'-3I' 9 
eee ar JRS ETEA E O AA N a EO ie ( ) 


and, as the reader may verify, by considering the relations of the semi-axes 
of the central small ellipsoid and of the whole distribution, and the conse- 
quent relations of A, B, C to A’, B’, C’, this reduces to 


, M A+B+C-—3I 
veni JR . 


2. Calculation of attractive forces. The force on a particle at P in the 

direction GP is 0V/OR. Hence the attraction is — ƏV /ƏR, and we have 

ƏV M 3 A+B+C-83I 

R ERT T ie Be A A a ts Ne (1) 
From this it follows that if GP be in such a direction that A+B+C=3I, 
the attraction is more nearly the same as if the whole mass were collected 
at the centroid than for any other direction of GP. The earth approximately 
fulfils the condition A = B, and in this case we can determine the directions 
of GP for which A+B+C=8I. For we have 2A+C=3I, and if y be the 
angle which such a direction of GP makes with the axis of symmetry, we 
have also 


I=Ccos’y+A(1 —cos?y)=(C—A)cos*y+A, or 81=3(C—A) cos*y+8A. 
But the left-hand side of this equality is 2A+C. Thus we obtain 
C—A=3(C—A)cos*y, or cos?y= 1/3, 


that is y =cos-1(1/3)?. GP thus makes an angle with the axis of figure of 
54° 44’. Any radius drawn from the centre to a point in latitude 35° 16’ 
fulfils this condition. 

To find the attraction between one body and another, we have first to calcu- 
late the integral [Vdm for the system, that is calculate V for the first body and 
a point at which an element of mass dm’ of the second is situated, and then 
integrate the result throughout the second body. This may be interpreted 
as the potential energy of one body in presence of the other: it is the work 
which must be done in withdrawing one body to an infinite distance from 
the first. If R,, denote the distance between the centroid of the first 
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distribution and that of the second, and W the mutual energy, we have 
approximately 


L Ry ahi 2R,,° a 2R a ) 


where the accented letters refer to the second distribution and the unaccented 
letters to the first. 

Returning to (7), 1, we may notice that if the body have an axis of sym- 
metry, and GP be inclined at an angle @ to that axis, we have 
(C—A)(1—3 cos?@) 

SRR eee 


W=|Vam'=s A’+B’+C’—3I1 ac al 


MEK ete 


for now 3I1=3{C cos?@+ A(1 —cos?6)}. 

Let now the body be a uniform ring of matter of radius a. The approxi- 
mate potential at a distant point on GP, inclined at an angle @ to the axis of 
the ring, is 4a®)(1—8 cos? 0) 

pR eee (4) 
Thus, if we make the ring of radius {2(C—A)/M}, it will have the same 
potential as that given in (8) for the body there considered. The earth 
may therefore be considered as replaced by a ring of equal mass and of 
radius (2(C—A)/M}}, without alteration of the potential at a distant point. 
This radius for the earth is about 54, of the actual radius. 


Be 
V= Nym 


3. Couples applied to the earth by the attractions of the sun and moon. 
We can now find the moment of the attraction of the sun or moon about 
one of the principal axes of moment of inertia of the earth. We shall sup- 
pose that the principal axes are taken as coordinate axes, and that of approxi- 
mate symmetry and moment of inertia C as axis of z. We shall calculate 
the couple about the axis of y. Let a line drawn from the sun to the earth’s 
centre make angles a, 8, y with the earth’s principal axes, and the plane 
containing this line and the axis of y be inclined at an angle 0 to the plane 
of wy. Consider a point on this line at unit distance from the earth’s centre. 
By projecting this point on the axes of æ and z in succession, we obtain 

cos.ad=sin Gcos@, cosy=sin GSIN O e (1) 

But we have I= A cos°a+ B cos? 8 +C cos’y, and so by the values of cosa 
and cos y just obtained, 

T==A:sin? 6. cos*0.4-.B,cos#8.+-C.9in. sim? O e Supe. (2) 

Now £ is the sun’s longitude measured from Y (the first point of Aries), 
and therefore I varies with 6. Going back to (1), 2, and putting W’ for 
the third term of the mutual energy in (2), 2, on which alone any turning 
couple exerted by the second distribution on the first depends, we have 


A+B+C-—3l (3) 


Ee 
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Using the value of I given in (2), multiplying by d8, and integrating from 
O to 27, neglecting variation of R,,, we get for the 8B-average of W’ the 


equation C 


Wn = KM = = (CETL) ORE Tee Pee Oa te (4) 


Rio 

This is not exactly the time-average of W’, but it may be taken as that 
average, if besides the variation of R, the want of uniformity in the varia- 
tion of 8 is neglected. Of course in (4) R,, is a mean distance. 

It is clear that the mutual energy W’, given in (4), may be regarded as 
produced by a uniform ring of matter placed in the plane of the motion of 
M’, of total mass M’, and of radius R,,, with G as centre. The same thing is 
true when the terms not involving I, which are given in (2), 2, are included. 

Now going back to (2), 2, making the accented letters refer to the sun 
and the unaccented to the earth, we obtain for the moment of the couple 
on the earth, tending to increase 6, 


d 3 TM 
ge sakes epee HOME hr 5 
L 5 Al dm 3“ R330 (5) 
where we write R instead of R,,. But by (2) and (1) 


2 tage — Be pa (C—A) sin®B sin 6 cos 6 


= —3x CET COSTA COS Yaaa ea a (6) 


If the line joining the earth’s centre with the sun’s centre is, at the 
instant considered, perpendicular to the axis of y, sin@=1, and @ is (as 
now always) w, the so-called obliquity of the ecliptic. The axis of y is the 
intersection of the plane of the ecliptic with the plane of the equator, and 


the couple is ] 
E EF DAISDR 7 (C—A)sin wcos E SOx (7) 


This clearly is the maximum value of the couple. It tends to increase w. 
But 8 is the sun’s longitude reckoned from ‘?, and the mean value of 
sin? 8 in a complete period of Gis}. Hence the average couple for a year is 
Ln = —3 & pq (OA) sin 0 0080 sesecceseceeestsseee (8) 
on the inexact supposition that 6 varies uniformly, and taking R.as a proper 

mean distance. The same result is obtained by differentiating (4) above. 
Now let the length of the major axis of the earth’s orbit be 2R,; then 
«(M+M’)/R,?=n”, where 7’ is the mean angular speed of the sun round 
the earth. If we write p=M/M’, «M’=n?R,?/(1+ ), we obtain for the 

couple given by (6), 

L=-3 


nv 
is; 
n Ra 3 
= —3 —— a) (ee A) COR MCOS 2) :65.00 N ewer Seaton (9) 


(Cc — A)sin?@ sin 0 cos 0 


p 
2 
l+p 
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The maximum couple, which (if we put R=R,) is double the mean couple, is 
L=~+38 (Re) (CANSIN COS Oy oes ot on house can os (10) 


For the sun and the earth p is exceedingly small and may be neglected. 
It must be taken account of in dealing in a similar way with the effect of 
the moon’s attraction. 
For the moments similarly produced about the axes of x and z, we apie 
likewise Cang n?2 A B-C 
z= — E (B—C)cos 8 cos y, 
me 


R 
ES Ea (A — B)cos a cos 8. 


4. Solar couple on earth regarded as due to sun and anti-sun, or to 
suns mass distributed round the orbit. It may be noticed that, since 
the maximum and mean couples are proportional to sin@cos 0, we may 
replace @ by its complement. Hence either of these couples may be 
obtained by an arrangement which substitutes the complement of w for w 
itself. Thus, if we suppose the sun cut into two halves, and the parts 
placed, as “ sun and anti-sun,” on a line through the centre of the earth per- 
pendicular to the ecliptic, at opposite sides of the centre, and at distance 
equal to the sun’s mean distance, a couple equal to the maximum couple 
will be produced, but in the opposite direction. Thus, with repulsion equal 
to the attraction, this arrangement would reproduce the couple. 

Suppose now that a uniform circular ring of matter of radius R surrounds 
the body of mass M, and has its centre at the centroid G of the latter. Let 
the plane of the ring be inclined at an angle @ to the axis Gz of the body, 
and intersect the plane of xy in a line inclined at an angle a to the principal 
axis Ga, and let a plane containing the axis Gz and perpendicular to the plane 
of the ring meet it in a line Gz’. If @ be the angle which a radius GF of 
the ring makes with Gz’, the projections of GF upon the axes Ga, Gy, Gz are, 

R(sin ¢ cosa+cos ¢ sin sina, sin ¢ sin a—cos ¢ sin O cosa, cos ¢ cos 0); 
and therefore the expressions in the brackets are the three direction cosines 
of GF, (cosa, cos 8, cosy). If now I be the moment of inertia of the body 
about the radius GF, that is A cos?a+Bcos?6+C cos?y, and m be the mass 
of the ring per unit of its circumference, the whole mutual potential energy, 
W, of the body and the ring (total mass M’), is 

MM’, (*A+B+C-—a3lI 
w= fyaw a e| o ria 
But I is a function of ¢ given by the values just found for cos a, cos ĝ, cos y, 
and so performing the integration we obtain 
Wie MM’. A+B+C-—3J 
R 4R? 
where J =A cos 0 sin a + B cos?@ cos?a+C sin?@, .........csceeeees (3) 


Wess 


MRAPI A Met (1) 
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But the direction cosines of a normal to the plane of the ring are easily 
seen to be cos Ô sin a, —cos 0 cosa, — sin 0, for if these are multiplied respec- 
tively by cos a, cos B, cos y, and the products added, the sum is zero. Hence 
J is the moment of inertia of the body about a normal to the ring through 
its centre G. 

The couple applied by the ring to the body and tending to increase @ is 
OW/36, and we easily find this to be 


3 Ma 3 MW 
4“ R339 2“ R 
Thus, if A=B, the couple is 


ew _3 M 
0g. 2" RE 


If M’ be the sun’s mass and R the sun’s mean distance, the couple tending 
to increase the angle between the earth’s axis and the plane of the ring is 
given by (5). In 3 above we found the couple tending to increase the angle 
between the plane of the equator and the plane of the ecliptic, which, as it 
ought to be, is equal to the couple just found with sign reversed. 

If we suppose the mass of the sun distributed in a circular ring in the 
ecliptic with centre at the earth’s centre, and radius equal to the sun’s mean 
distance, we obtain a couple exactly equal to the mean couple calculated 
z above on the supposition that the sun moves uniformly in longitude. It is 
obvious without calculation that this distribution should give the mean 
couple. For each equal element of the ring gives a couple proportional to 
that exerted by the sun when its centre is in that position, and so, if the 
sun moved round with uniform angular speed, the mean couple would be 
equal to the couple due to the ring. 

If the plane of the ring contain the axis of y, then a= 47, and (4) becomes 


ow _3 M 
00. 2 F 


If l, m, n denote the direction cosines of the normal to the plane of the 
ring, we have 


(C— A sin?a — B cos?a) sin O cos 0. ...... eee (4) 


(CTA SnO C08: 0 ve cite e e e n ET (5) 


(OWS O CeO eee (6) 


l= —cos 0 sin a, MLE COSO cosa, n=sini@. eae N (7) 
These give 


cos ĝ=( + mÈ. EEI (8) 


; l m 
sin a= ———, cosa=———_,,, 
(2+ m2) (2+m È 
If the direction cosines J, m, n of the normal to the ring are given, and it 
is required to find the couples turning the body about the principal axes, we 
may proceed as follows. Considering first the axis of æ, let a plane be 
drawn so as to contain that axis and also the normal drawn to the ring from 
the origin, and find the angle which this plane makes with the plane of æy. 
The «z-direction cosine of the normal to the plane just specified is zero; let 
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the others be u,v. Then we have um+vn=0, and therefore u/y= — n/m. 
Thus we get p2/(u2+r)=n2/(m?+n?), or w= —n/(1 —12)}, Similarly we 
get v= m/j(1—/2)?. The angle which the plane containing the axis of x and 
the normal to the ring makes with the axis of y is sin-1{(—7/(1 —l?)*}, and 
that which it makes with the axis of z is sin-!{m/(1 —12)3}. If we call the 
latter angle 0}, we have 


J =Al?+Bm?+Cn?= Al? +(B sin?0, + C cos?6,)(1 —22). .......... (9) 
Thus, for the turning of the body about the axis of a, we get 
At =2(B—C)(1—P) sin Ocoee (OE eee (10) 
1 


Similarly, with corresponding angles 0,, 03, for turning about the axes of y 


and z, as 
— = 2(C— A)(1 —m?) sin 0, cos 0, = 2(A —C) nl, 


CO ca toth negr a win: a SL ban Oana # litte a, we E (11) 
SF =2(A—B)(I — n2)sin cos 6,=2(B—A)lm. 
3 i 
The moments about the axes are therefore 
L,=3 e G @B-O)(L-1) sin 0,0080, = « T (C— Bym, | 
Ly = e p(C—A)(1—m!) sin @,0080,=5 « pa(A— O), p(l) 
20 M z on iMi 
L=3 K pA- BU — n?) sin @,c0s 0:=3 K p B-A). 
If the plane of the ring contain the axis of y, m=0, and 
Ly = 3 e A A N Ra aA (13) 


where @ is now the angle which the plane of the ring makes with the plane 
of yz. This result agrees with that already obtained above. 


5. Mean angular speed of precession. Returning now to the motion of 
the earth, and supposing that the axis of y is the axis, in the ecliptic, about 
which the couple due to the sun’s attraction acts, the mean precessional 
angular speed, u, of the earth’s axis of figure, about a perpendicular to the 
ecliptic, is given by 


Cnu sin o—Aueos o sin w= ca SINOC OS O EEA (1) 


3 KS 
or Cnu — Ap?cos w = 5 ae = A COS Mie de cea clas casa (2) 


Here S is put for the mass of the sun, as presently we shall denote by M 
the mass of the moon. 
The term Ayu?cos@ is very small, and so we have approximately for the 


mean precession 
oe Cnu=3 OEA COSO a ee aN aea EN EN (3) 
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By Keplers third law we have, if, as before, we put m for the mean 
angular speed of the sun round the earth, 


nR = «(S+E)=«S(1+¢), serps Reise ER ORAS (4) 


where E is the mass of the earth. Neglecting E/S, which is about 
1/324000, we obtain from (3) and (4) 
3n? C-A 


y= ASE COS W). eeseeeseseeseesosoresecececose (5) 


Taking a year as the unit of time we calculate the yearly precession, that 
is 2mu/n’. We have Pe OEN 
anom C 
and n/n’ is the number of sidereal days in a year, or 366°25. From observa- 
tions of precession and nutation made by Leverrier and Serret (see Thomson 
and Taits Natural Philosophy, § 828) it is estimated that (C—A)/C=806. 
Also, if w be taken as 23°°5, cosw='917. Thus 
ee ‘917 
nD BCG DEXDOG ees (7) 
The angle turned through in a year in consequence of the angular speed n 
is 27, or 360.x 3600, seconds. If then N be the number of seconds of angle 
in the mean annual precession, we have 
vad 217 x 360 x 3600 
2 366°25 x 306 


COS OERA A. 8d. Se eae (6) 


EN ten oe ee no (8) 


6. Precession due to lunar attraction. We now consider the mean pre- 
cession due to the moon, reserving a more complete discussion for a later 
article of this chapter. Taking a sphere of 
radius equal to the moon’s distance, with centre 
at the earth’s centre G, let it be intersected at 
Z, Z’ by lines drawn from G at right angles to 
the ecliptic and the plane of the moon’s orbit 
respectively [Fig. 55]. These are the poles of 
the ecliptic and the lunar orbit. We consider the 
lunar orbit as it exists at a given instant; the PE E 
variation of its position will be taken account 
of later. Let C be the point in which the earth’s axis meets the sphere. 
Join ZZ’, ZC, ZC by arcs of great circles, and let ZF be a fixed arc of a 
great circle on the sphere. The angle Z’ZC is the longitude Q of the 
descending node of the moon’s orbit, ZZ’ is i the inclination of that orbit to 
the ecliptic, and ZC is the obliquity w of the ecliptic. The angle FZC may 
be taken as the angle turned through in time ¢ in consequence of precession. 
We have, by spherical trigonometry, 

cos Z’'C'= COSA COS W+SIN TSIN OBINI Oa esee eranen ea: (1) 


Z 


N 
a 
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But Z’C is equal to the inclination of the plane of the equator to the plane 
of the moon’s orbit: it corresponds in the present case to the angle denoted 
in 2 above by 6. The part of the mutual energy of the earth and moon on 
which the couple producing precession of the earth depends, is therefore [(4), 3] 


W’=«M CES (4-4 sin’), SoG J SUNS Se ee (2) 


where M is the moon’s mass, and R her proper mean distance from the earth. 
This gives the mean couple for the different positions of the moon in the 
orbit as it exists at a given instant, and may be regarded as produced by a 
uniform circular ring of total mass M, and of radius R, laid in the plane of 
the orbit about G as a centre. Or it may be regarded as produced according 
to 4 by two masses, each 4M, one situated at Z’, the other at the diametrically 
opposite point on the sphere. 

We have to calculate the mean value of W’ for a complete revolution of 
the line of nodes. It is only necessary to find the mean value of sin?@. The 
mean value of cos?ĝ is easily found from (1) to be (3 cos? — 4) cos’w +4 sin?i. 
Hence the mean value of sin?@ is 1— {(3cos?i—+4)cos’w+4sin?7}. Thus 
we obtain, by (2), 


W'=«M a —1+43[(8 cos?i — 4) cos?w +4 sin?i]}. 20.00.20... (3) 
Hence — = 3xM eae COS?2 — 2) SIN W COS W. ae ee e eea aaa E 2 (4) 


This is the couple tending to diminish w. It will be observed that if we 
put 7=0, that is, suppose that the moon’s orbit coincides with the ecliptic, 
the couple agrees exactly with that given by (8), 3 above, when M is substi- 
tuted for M’. 

Just as the solar precession was found in 5, so we now find the lunar 
precessional angular speed yu’ to be given by 


Cry! =3k ENE Costi) COBO. aaasta aco aneeees (5) 


If we introduce the mean angular speed n” of the moon’s radius vector 
we obtain, since n”? R3 =x«(E+M)=«M(1 + E/M), 
pene O 


OT eS ap NSn BOS ieee 
AE Tan CG (3 Cos?2 — 4) COS w. .. 0. ..ee cree eee (6) 
M 
Thus we obtain for the ratio A of the lunar to the solar precession, 
Bn” £c0s"4—} 
aN ery a o (7) 


1+7 

This gives, if we take n”/n’=3663/271=13'4, 1=5° 9’, and so 3cos?i—1 
= 0:988, and E/M = 81:5, 

w _ 134? x 0-988 


rea a (8) 
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The solar precession is 16 seconds of angle in a year, and therefore, according 
to the numerical data here assumed, the lunar precession is 34'4 seconds of 
angle in a year, giving a total of slightly over 50”. The Nautical Almanack 
gives 50⁄4, which, as it happens, is exactly the amount here obtained. 

The observed precession, with E/M =81:5, leads to the value 1/306 for 
(C—A)/C, given by Thomson and Tait [5, above]. 

It will be seen that a total annual precession of 504 gives a complete 
revolution of the equinoxes along the ecliptic in 25,714 years. Now the 
above discussion gives as the total average couple tending to bring the 
equator and ecliptic into coincidence, 


rA +D (C—A)sin o cos o. ae a ee NAA (9) 


If the earth’s rotation were to cease, a couple 3(A+1)«S8(C — A) sin 0 cos 6/R?, 
where @ is the mutual inclination of the two planes, would cause the earth 
to swing about the intersection of the two planes, in a period, when the 
amplitude has been brought down to a small value, given by 

rales KS C-A 

O+2A+1) psr g 9=9, rA dient «ies A (10) 
where R is the sun’s distance. If, as m 5, we put n?R for «S, and 
Cun/n?cos w for 3(A+1)(C—A), this equation becomes 


where u is the total precessional angular speed just calculated. Taking as 
before cos w='917, putting C= A, and using the year as unit of time, we 
obtain as the period of a small oscillation 
> (A cos o a x 26000 
CUAN 36625 
The earth would therefore make one small oscillation in a period of about 
8 years. 

It is to be únderstood that this would not be the actual period of a small 
oscillation if the rotation were annulled. The couple assigned is not, for 
0 =w, the couple which really exists, except at particular instants; it is the 
average couple obtained by considering a much longer interval than the 
derived period of 8 years. 


3 
) =p nearly pis stn tees oe (12) 


7. Precession of the equinoxes, body-cone and space-cone. We have 
seen that the couple exerted by the sun or the moon on the earth, and 
tending to turn it about the axis of æ, y, or z, depends on the difference, 
B-C, C—A, or A—B of the principal moments of inertia, and vanishes 
when this difference vanishes. And taking the axis of y (which of course, 
as one of the axes perpendicular to the axis of approximate symmetry, is in 
the plane of the equator) also in the plane of the ecliptic, we have found the 
average couple which, as it is usually put, tends to bring the earth’s equator 
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into coincidence with the ecliptic. The translational motion of the earth in 
its orbit is ignored, as in itself it has no effect; the change in relative 
position of the earth and sun, which alone matters, is conveniently obtained 
by supposing the centroid of the earth to be at rest while the sun revolves 
round it. 

The couple found plays the part of the couple about the axis OD (Fig. 4) 
applied by gravity to the top spinning about a fixed point. The result is 
the same; just as the top does not fall down, but has an azimuthal motion 
in virtue of the couple, so that the axis of rotation, if the motion is steady, 
moves in a right cone, so the earth’s axis does not approach perpendicularity 
to the ecliptic, but relative to the earth’s centre regarded as a fixed point, 
has a conical motion in space about a line drawn from the earth’s centre to 
the pole of the ecliptic, which answers to the vertical in the case of the top 
(Fig. 4). The mean angular speed of a point on the earth’s axis about 
the axis of the cone is M/Cn sin w, where M is a certain mean value of the 
moment of the couple producing precession, and w is the inclination of the 
earth’s axis to a perpendicular to the ecliptic; and this is exactly analogous 
to the approximate value Mgh sin 0/Cn sin 0, which the theory of the top 
gives for the precessional motion about the vertical. This conical motion of 
the earth’s axis has, as we have seen, a period of nearly 26,000 years, and 
causes the astronomical phenomenon of precession of the equinozes, that 
is, the continual revolution of the line of equinoxes (or line of nodes) in the 
plane of the ecliptic. 

How this phenomenon occurs is illustrated by Fig. 56, which shows one of 
the illustrative models of the Natural Philosophy Department of the Univer- 
sity of Glasgow, a terrestrial globe with the 
lower half cut away, and the upper part 
loaded so that it can turn about a point of 
support at the centre, with the pin P in 
contact with the inside of the horizontal 
ring RP at the top. The pin P is the upper 
end of a cone fixed in the body having its 
vertex at the centre O of the globe; this 
cone rolls on a cone fixed in space, as indi- 
cated in Fig. 4. Here the rolling cone (the 
body-cone, 4, IV above) rolls round on the 
inside surface of the fixed- or space-cone 
(Fig. 14). [In the example of the top 
spinning about a fixed point the body-cone 
rolls round the outside of the space-cone as in Fig. 13.] The space-cone in 
the model is represented by the ring RP, which is enough to guide the 
moving cone; all the rest is cut away, but it is understood that the vertex 
in this case is also at the centre. 


Fic. 56. 
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As the globe of the model (Fig. 56) turns about the axis of figure, the 
cone P rolls on the space-cone, and its axis, travelling round the axis of 
figure, describes a cone in space, in the model a cone of 23° 27’ semi-vertical 
angle. The equator of the globe is shown by the dark line intersecting a 
meridian through P in N. The upper surface of the rim, to which the 
supports of the ring R are attached, represents the plane of the ecliptic, and 
the point N represents the intersection of the equator with that plane. 
N therefore represents an equinox. As, imitating the earth, the globe 
revolves in the counter-clock direction (as seen from beyond P, which may 
be taken as representing the north pole of the earth), the pin P rolls round 
the ring in the clock direction, and so the point N moves from right to left 
along the ecliptic, in the direction to meet the rotation, that is to make the 
equinoxes occur earlier in time. This is the precession of the equinoxes, 
the direction and mode of production of which are completely illustrated 
from a kinematical point of view by the model. 

If the model were enlarged to the size of the earth and rotated with the 
same speed as the earth, the diameter at the north pole of the cone, fixed in 
the earth with vertex at the centre, which rolling on the internal surface of 
a cone of semi-vertical angle 23° 27’, with its vertex also at the centre of 
the earth, would give precessional motion of 25,800 years’ period, would be 


8000 x sin 23° 27’ 
3664 x 25,800 


miles = 21 inches. 


This is the solution of the old Glasgow Natural Philosophy question, some- 
times phrased as “Find the diameter of the north pole of the earth” [see 13, I]. 
In 4, IV, the rolling of the body-cone on th2 space-cone has been ex- 
plained. In Fig. 57 the two cones are shown for the case of precession of 
the earth’s axis. OZ is the perpendicular to the 
piane of the ecliptic, OC the earth’s axis of figure, sone 
OI the instantaneous axis of turning, and OH the 1 
axis of resultant a.M. The vertical angle of the 
body-cone is 2a, that of the space-cone 2(6+<a). 
The angular speeds are yy about OZ, n about OC, 
and y sin @ about OE, which is at right angles to 


OC. If at the same time the body is turning 


KC 
\ 
about an axis OD at right angles to the plane ' 


COZ, there is also a component 6 to be taken 0 
into account. In the case of steady motion the eae 
instantaneous axis is OI, and the angular speed E 
about it is (n2-+1/?sin?6)?. 

By the turning about OI, with angular speed (n?+y}?sin?0)}?, the axial 
point C, which lies in a plane at right angles to OC and containing the 
point I, has speed OI cos a sin a (n?+1/2sin26)?, that is. OIn sina, at right 
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angles to the paper. This must be the same as the speed OÑ% cos asin 0 
in the circle of radius OI cos a sin ©. Hence we have 
n tan a =} sin 6. 

In the case of steady motion the axes OI, OC, OH, and OZ are in 
one plane, the resultant A.M. is (Cn? + A%j?sin26)?, and according as © is 
> or < A, the axis OH is nearer to or farther from OC than OI. We 
have tanIOC=yvsin6/n, tan HOC= AŅ sin 0/Cn. If there is turning 
about an axis OD at right angles to ZOC, the resultant angular speed is 
(P+n2+ysin?6)?, and its direction makes with OD, OC, OE angles whose 
cosines are (Ô, n, y} sin 6)/(@2+n2+ysin26)?. The resultant A.M. on the 
other hand is (A262 + Cn? + Ah} ?sin? 0, and, if we call this H, its direction 
makes angles with OD, OC, OE, the cosines of which are 

(AO, Cn, Aw sin 0)/H. 


8. The free Eulerian precession. Results of theory and of observation. 
If the body be under the action of no ext@rnal forces the direction of OH 
remains invariable, and the motion of the body after any transient disturb- 
ance must be consistent es this fact. The per of motion are (see 8, IT) 


a% B- 0)6,6,=0, B&2—(C—A)0,0,=0, Os (A—B)8,0,=0, ...(1) 


where 6,, 02, 0; are the piak speeds about the A axes for which 
the moments of inertia are A, B, C. If A=B, which is approximately true 
for the earth, the third equation gives C@,=constant. The other equations 
become, if we write n for the constant ie 


dio AO =, Aant Ane O ekai: 2) 
Eliminating 0,, we obtain 
Or wee 
ANE eh oh gton. pele toate (3) 


[Equation (3) may also be obtained from the ordinary equations of the top (e.g. the 
first two of (1), 16, II, or (1) of 9 below) with the right hand sides put equal to zero. The 
angular speeds 6,, 0 are to be identified with the @1, Wp of (2), 1V, and ¢ is to be 
equated to zero, observing however that, though 6,= —wsin 6, 6,.=6, 

on —wsin 0— by cos 0+ 64, a fy sin 0+ Ë. 
Hence, since n= Pie i cos 6, 
—wsin 9= 2 n§ +264 00s 6, = dub sin 0. 


These values, substituted in (1), 15, II, give exactly equations (2) obtained above. | 
From (3), if p=n(C—A)/A, we find 


0 5 Ecos (MEA Oe iced os cae eee A acess (4) 
where E and a are constants. This gives also 
Q= Esin (pitka) nra 13 antes. a e A {5) 
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If C — A is small the differential equations show that 0}, 0, alter only slowly ; 
their actual values are determined by observation. The values found in- 
dicate, since A=B very nearly, a resultant of A0, and B0,, of magnitude 
AE, inclined nearly at 45° to either component in the plane of the equator, 
and revolving in the body in that plane with angular speed n(C—A)/A. 
The invariable line OH lies in the plane of this constant resultant and OC, 
about which the a.m. Cn is also constant. After any disturbance OH remains 
inclined at a constant angle to OC, and, as the plane HOC revolves in space, 
describes a cone in the body about OC as axis, and makes one revolution 
in the period 27A/n(C—A), But 2r/n is one day and A/(C—A)=306 
nearly. Hence the invariable line, which is fixed in space, describes the cone 
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Fic. 58. 


just specified-in 306 days ; in other words, the axis of figure revolves round 
the invariable line in a cone of semi-vertical angle COH in that period. 
This angle tan-!(AE/Cn) is small, and is not to be confounded with the 
very much smaller mean angle [about 0:00867”], between OC and the instan- 
taneous axis, OI, of rotation, which causes the slow continuous precession. 
If the magnitude of E is sensible this revolution of OC should show a 
variation of latitude of places on the earth’s surface, the more considerable 
the greater the value of E, since tanCOI=E/n. But determinations of 
latitude by observations of the altitude of stars show only a very slight 
variation, and therefore we must conclude that E is small. Observations 
made at Berlin, Potsdam, and Prague in 1889-90 to detect this effect showed 
changes of only about half a second of angle. Though small, this variation 
was no doubt real, as the latitude of a place can be determined to 1/10 of a 
second, which corresponds to three yards on the earth’s surface. In 1891 a 


214 GYROSTATICS CHAP. 


German expedition was sent to Honolulu in order that observations might 
be made simultaneously there and at Berlin. Since the two places are 171° 
apart in longitude, the latitude of Berlin should increase when that of 
Honolulu diminishes, and vice versa. The diagram (Fig. 58) shows how 
exactly the two variations were found to correspond. 

As to the period however, it was found by Mr. S. C. Chandler at Cam- 
bridge, Mass., by a discussion of observations of latitude ranging from 1840 
to 1891, that the variation ran through its course in 14 instead of 10 
months. The course of this variation of latitude, combined with another of 
yearly period, is shown in the diagram on p. 15. The subject is further 
dealt with in Chapter XI below. 

The free Eulerian precession discussed above is started by some transient 
external disturbance, and is given by the complementary solution obtained 
as above when the applied couples are put equal to zero, and the differential 
equations then solved. We shall see however that the expressions for 


the couples may contribute terms which require consideration to the 
oscillatory solutions. 


9. Precession and nutation from instant to instant. The average 
precession has been determined above. We now try to trace the progress 
of events from instant to instant. Taking axes as before, Gy along the 
intersection of the plane of the equator of the earth with the plane of the 
ecliptic, Gz in the direction of the axis of figure, and Ga at right angles 
to the other two, we observe that the axes Gæ, Gy, Gz correspond to the 
moving axes OK’, OD, OC of the gyrostatic equations, and shown in 
Fig. 12 (p.71). In that diagram the sun is supposed to be at S, a point to 
the left of x on the are DF produced beyond a, and such that the line perpen- 
dicular to OS in the plane DOF lies between OD and OK’. OFD is the 
plane of the ecliptic, DOE that of the equator. If then L be the couple 
at the instant about the axis of æ, M that about the axis of y, we have 
by (2) and (5), 1, V, or by applying at once the method of 5, ITI, 

Av sin 0— (Cn — 2A} cos 6)6 = — L, \ (1) 

AE ONERI O A aud ba hide Sos” es 
The minus sign is placed before L on the right of the first equation because 
it will be seen from Fig. 12 that the rate of growth of A.M. for the axis OE’ is 
the quantity on the left with the sign reversed. The values of the couples 
are given in 3 above for the sun’s attraction. We have by (10) and (11) of 8, 


Te ; ; TRV ; 
AŬ sin 0— (Cn — 2A 4 cos 0)0 = E (C= A) cos 8 cos y, | 


r : er m a Ra? i 

Að +(Cn— Ay cos 6) sin 0= —3 i iene (C—A) cos a cos y. | 
Now we know from observation that n is very great in comparison with 
yr, and y}, itself small, has a long period of variation, and so we neglect all 


(2) 
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the terms on the left of (2) which do not contain n. Thus neglecting 
also p we obtain 


Ain e 
g= © cos B cos y, 
: . n/R,\3C—A 
sino. y= -3% (=) G08 cos y. 
But by (1), 3, cos 8 cos y =sin B cos B sin 0, cos a cos y=sin?ĝ cos sin 0, so 


that (3) become 
A 3 2 a Ble 
ail eu 5 STIA 


INR Qaa Yy AE SRA AA at TOMER (4) 
b= PE (R) Ghee 36 a8 


Let now / be the longitude of the sun measured from a fixed plane per- 
pendicular to the ecliptic, the plane xOz of Fig. 12. Then xF=y, aS=l 
(since we measure / in the direction of the apparent motion from the 
fixed plane xOz, where z is the fixed pole of the ecliptic). We put now 
NQ for the longitude of the ascending node, D, of the sun’s orbit. Then 
Q=—(47+v). But by definition (3, above), B= —l— Q =—l+47+y, 
and therefore sin 28 =sin(m —2(/—v,))=sin 2(l— y), cos 28 = — cos 2(l— y). 
Substituting in (4) we obtain 


. 3n? 3C—A . 
ates Beh. C sin 2?(l— y) sin 0, 


2 3 
TEP n s C—A 

To obtain more exact equations we should have to express 1/R? and / in 
terms of the time by means of the theory of motion in a central orbit. We 
should obtain l=n’t+e+2eésin(n’t+e’—f’)+..., and a similar expression 
for 1/R, where e'is the eccentricity. For such developments however we 
must refer to special works on Celestial Mechanics, such as Tisserand, 
Mécanique Céleste, t. ii. 

We may however substitute for | the approximate value n't+e', and inte- 
grate equations (5) with respect to t, assigning to sin 0, cos 0, which are nearly 
constant, values sin a, cosa, which remain unaltered during the period of 
integration. We get, taking R as constant, 


{1 +cos 2(L— Y )} cos 0. 


x 39 (RO =A og yc 
Q= tanli) Sre cos 2(l— Y)sin a, 


Y= po Had ee {n/t +3 sin 2(l—y)} cosa, 


where yy, is a constant. The term n't in the second equation obviously 
arises from the nearly uniform precession, the approximate average preces- 
sion obtained in (5) of 5. 
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The results we have obtained are only approximate. It is easy to form 
some idea of the closeness of the approximations. From (1) we obtain, 
putting w for —Ņ sin 0, and w, for 6, the angular speeds about the axes 
OE’, OD of Fig. 12, p. 71 [to be distinguished from the @,, w referred to in 
8 above], 

io +(Cn— Arp cos 0)w = L,) 

w,—(Cn— Ayr cos 0)o,=M,J ~ 

a symmetrical form a by the opposite signs of the second terms on the 

left, well displays the peculiar property of gyrostatic terms. As a first 
approximation we get, since both yy and 6 are small, 


M L 


AT) 


= Gr 2 Er Pens MEARE: aye chs. cae gen enamel) 
Using these results in the first terms on the left of (7) we obtain 
MRTA dL L A dM 
pe e o e E E a ORo 9 
=- n Ont dt? nt On di 9) 
A repetition of this process gives 


MATASE E AOTM LARE AAM TRAE a 
Ont Cn? iTO dE Unt O dt O de 

Thus, as elimination of w, from (7), and substitution in L and M of the 
values of l and 1/R indicated above, give w, of the form EK cos (n't+f} 
the adoption of the approximations in (8) means the neglect of terms 
of the order Mn?/n? or Ln?/n?. [See Routh, Advanced Dynamics, §525-550, 
where the motion of the ecliptic is also considered. | 


Of ae 


(10) 


10. Graphical representation of effects of variable parts of 6 and . 
The results embodied in (5) and (6) are capable of simple graphical repre- 
sentation. Thus the uniform precession, of angular speed 

3n? C—A 

oer AEO 
may be represented by the motion of a point P}, in a circle of radius equal 
to the mean value of @. Taking the parts of 0 and y, depending on the 
varying parts of Ô and y}, we get the equations 


cos 0, 


T 3m OTA cos 2(1—y)sin 6 rik Elev Maie (1) 
sinð.y= 3 Sosna VASI O COS Os 5 i aa hs: (2) 


If we denote the quantities on the left by y and x respectively, we obtain 


2 


a 3 aj? di e 
K?sin?0 cos?@ K?sin?0 j fee tee eee ree wes eee eree sosse 


where K denotes the common multiplier of the circular functions on the 
right of (1) and (2). 
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Clearly then, if we describe round P, as centre an ellipse of semi-axes 
K sin 0 cos 0, K sin 0, the latter in the direction of CP,, the former at right 
angles to this direction, then a second particle P, describes this ellipse 
(which changes in position as P) moves) in a period, given by the terms 
sin 2(/+ y), cos 2(L+ yy), equal to half the periodic time of the disturbing 
body. 

Successive further approximations would be given by successive ellipses, 
the first round P,, the second round the point describing this, and so on. 
This kind of graphical representation is characteristic of successive approxi- 
mations by periodic terms. 


11. Mean couple tending to bring equator and moon’s orbit into coinci- 
dence. It is proved in (8), 3, that, if R be the mean distance of the sun 
from the earth, the mean ee exerted on the earth by the sun in 
a year is given by 


b= aS ee — Aisin COs ns UN Bases... ones -(L) 


Here S is the sun’s mass. Substituting for w the inclination I of the 
moon’s orbit to the plane of the equator, and in place of S and R for the 
sun putting M’ and R for the moon, retaining M for the earth, we get 
for the mean couple, tending to produce turning of the plane of the 
equator into coincidence with the plane of the moon’s orbit, 


L=— aes ZOU LUGS Ly acess tecersiecetener tate (2) 
or, since (M+ M’)=«M’'(1+ p)= wR, 
Bn 
L= AT ae ah aE ey (3) 


This couple acts about the line of intersection of the two planes, and so the 
earth’s axis turns towards the descending node of the moon’s orbit on the 
equator, with angular speed W’ sin I given by 


sin I. %4 = ee ee z [sin Icos I e a eer) 
This is an average and uniform precessional motion; the inequalities of 
fortnightly period are neglected. The turning indicated is about an axis at 
right angles to the earth’s axis in the plane of that axis and the perpen- 
dicular to the moon’s orbit. We resolve it into two components, one about 
an axis through G (Fig. 55) at right angles to the earth’s axis and in the 
plane of that axis and the perpendicular to the ecliptic, the other about 
an axis through G at right angles to the plane just specified. The first 
component is what we have already denoted by ysin 0, except that it is 
now produced by the moon, and so we have 


"2 N 
$ sin 0= -307 A 2 = sin Icos I cos ZOZ’, aera) 
P 
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The second component is 6, and is given by 
c 19, o 
jE i MA OTA sin Loos I sin ZOZ. ....se.sse(6) 

Now, from Fig. 55, putting 6 for the inclination of the earth’s instantaneous 
axis of rotation to the perpendicular to the ecliptic, and denoting the inclina- 
tion of the moon’s orbit to the plane of the ecliptic, that is the are ZZ’, by 
i, we obtain by spherical trigonometry 

cos l=cos7 cos 0+ sin i sin 0 cos Z’ZC, 
nite C7 2 ae coe reat 
sin 0 
sin I sin ZOZ’ =sin 4 sin Z’ZC, | 
Equations (7) give instead of (5) and (6) the results 
PE 3 n? O—A 
y% sin 0= ETE 
— sin 7 cos 7 cos 20 cos Z’ZC — } sin?i sin 0 cos 0 cos 2Z'ZC}, (8) 
6=— STE 3 et (sin 7 cos i cos 0 sin Z'ZC + } sin? sin 2Z’ZC),. 

The first line of the first equation of (8) gives exactly the result already 
obtained in (3), 6, above, for the mean lunar precession, except that the 
signs of the two results are opposed. This was to be expected however, as 
the result of 6 was obtained from a consideration of a couple opposed in 
sign to that considered above, which is equivalent to taking ysin 0 about 
an axis opposed in direction to that used here. The results therefore agree. 

The .CZZ’ diminishes at rate m because of the motion of Z’, that is, the 
revolution of the line of nodes, and increases at rate p because of the motion 
of C. The value of p is 

3 n? C— 
2n(l+p) O 

The motion of the line of nodes is a regression at rate m, which can be 
calculated from the fact that the line of nodes turns through an angle 27 
in 18 years 7 months, or about ‘02817 radian per month. We can write 


LLL E = D)\bb 6 — Meroe cnn a oc vemssepeuee (9) 


ENO) 


{(cos?z — 4 sin?i) sin 0 cos 0 


(cos?ti — 4 sin?i) cos 0. 


where e is a constant. 

Integrating (8) we obtain 

ei coop sin 4% cos 7 cos 26 Se 
raed m — p (cos?t— 4 sin?7) sin 0 cos O A 
p sin?4 
~ 4(m—p) cos i— 4 sin?i PORRES ENES (10) 

3 mnm?C-—A sint 
21i+p)n C m 

+4 sin ¿sin 6 cos 7 Z0), 
where n is the angular speed of rotation of the earth. 


d= O-— Fa ee AG 
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The coefficient of cos 2Z’ZC in the second of (10) is only about 1/100 of 
that of cos Z’ZC, so that the former term is comparatively unimportant. 
Measured in seconds of angle the amplitudes of sin Z’ZC and cos Z’ZC, in 
the first and second of (10), are respectively 17:4 and 9:3. The ratio of m 
p is great, and so instead of m—p we may write simply m in (10). 

To the lunar precession and nutation falls to be added the solar preces- 
sion and nutation found above. We have seen that the lunar precession is 
about 34” and the solar about 16”. The ratio of the amplitude of solar 
nutation to that of lunar nutation is about 2/15. 


12. Gyrostatic theory of the regression of the line of nodes of the 
moon's orbit. We now give an application of gyrostatic theory to the 
calculation of the rate of regression of the line of nodes of the moon’s orbit 
on the ecliptic produced by the attraction of the sun. For this, the attracted 
body, the moon, which moves comparatively quickly in its orbit, is sup- 
posed distributed round its orbit, in a ring revolving about its axis of 
figure with the moon’s mean angular speed about the earth, and to react, 
as if it were a flywheel, against the couple applied to it by the attraction 
of the sun. The process here adopted is a modification of the device, 
first used by Newton, of disposing the attracted body in a ring round its 
orbit. It is found, as was indeed found by Newton in his calculation of 
the same quantity, that unless the relative motion of the nodes and the sun 
is taken account of, the period of regression comes out too short by about 
7 months. Thus it is not possible to suppose the matter of the sun disposed 
in a ring. 

Hence we keep in the following discussion the sun undisturbed, and 
imagine the mass of the moon equally distributed in a circular ring of 
radius equal to the moon’s mean distance from the earth. It is assumed 
that the eccentricity of the moon’s orbit does not seriously affect the 
revolution of the line of nodes. This eccentricity is considerable, as the 
ratio of the greatest to the least distance of the moon from the earth is 
about 40 to 35. We shall afterwards add some remarks in justification of 
what seems a remarkable process. 

In the ring moon we have C=2A and so C—A=A. Thus we get by 
(10), 4, for the couple acting, 


UZ on AS Spi GCOS On) e er ea (1) 


Here n’ is the angular speed of the sun in the ecliptic round the centre of 
the ring moon, @ is the inclination of the moon’s orbit to the plane of the 
ecliptic, and @ is the inclination to the line of nodes of a line drawn from 
the sun to the centre of the lunar orbit. It is in fact /— & if l be the sun’s 
longitude and Q the longitude of the ascending node of the moon’s orbit in 
the ecliptic. 
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Now the regression of the line of nodes which we are dealing with is the 
precessional motion of the ring gyroscope formed by the ring moon under 
the influence of the couple given in (1), and @ is the inclination of the axis 
of the ring to the perpendicular to the ecliptic. Then if n, be the angular 
speed of the ring, 


Cn,sin 0 om —3n7A'sin 6 cos @sin?(1— 82), 0.0.0... cece eee (2) 
: we U oE S ut ~~ 2 
or, since C= 2A, di WHR COS (L= G2). ak ss poten a O) 


The first term on the right gives the mean rate of variation of Q. 
Denoting it by —p, we obtain 


I2 _ _»4-p.cos2(l—Q), sos tacks Gasca a Ara tere E (4) 


or, since dl/dt=’, 


Í (1-3) =n’ +p—p cos 2(I— 9). ROTO IAA E (5) 


We can write this in the form 
dil- 9) An 
n+p —p cos 2(l— Q) ~ 
which is integrable at once by the substitution u= tan(l— Q). Thus we 


obtain / PE, 
ia 1#) tanila tan AE a or IE ene A (6) 


dt, 


Therefore, as /— Q increases from 0 to 2r, (n/24+2n'p)*t increases from 

0 to 27. Hence the time taken by the line of nodes to make one revolution 

relative to the sun is Der 
Sa fet ie dat aa nia ae ce a Ci 


{=—_—__.. 
(n?+2n’p) 


But if a year be taken as the unit of time we have 27/n’=1, and we can write 


z 


2a N 
pee n 
V (w4 2mp} 
This, as we shall see, is about 18/19 of a year. 
The real rate of regression of the line of nodes is therefore the angular 
speed (n+p =n, and the time of the revolution is 


Pea Cees T (8) 


£ 


2r Qa n 


- ae =". i Bart TA (9) 
(nP HN pP=-n Ww (nEn př- > 
that is the number of years is nw /{(n2+ 2n'p)? =n}. But 
m 1 m { 2p \ Wo Adil PB 
SS br 1 + Say 1 eare Praz 7 10 
mtp — a p 3 2p ( n H p3 4n ee 
142 2) at 
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n 4x365} 
p 3x 273 x 996 


and =S meari y nora ten ee (11) 


Thus the period of revolution of the line of nodes is, in years, 


URTER EA, 
Per ha 9 NATIV «cats cc A testes A (12) 
According to Neison, the period of regression is 18:5997 years. [Young, 


General Astronomy, § 455.] 


13. Estimation of periodic term. The magnitude of the periodic term 
may be estimated in the following manner (see Greenhill, R.G.T. p. 177). 
Taking as the mean angular speed of the line of nodes relative to the sun 
(n?+ Qn'p)’, and putting n’+ ’ for this, we write 


L—Q =(n'+p’)t— AQ. 


“ Rae sae ca E <I p'tan(l— Q) 
Hence tan AQ =tan{(n+p)t—(l— Q)} EEEN rey 
by (6), 12. Multiplying numerator and denominator by cos?(l— Q), we obtain 
after reduction 


z p'sin 2(l— Q) _sin2(l— Q) 
AS = on’ +p —p’ cos 2L— Q) bere eA e ean (2) 
p 


But, by (12), 12, 2n’/p’+1=38, and so the amplitude of tan AQ is 1/38, 
or in angle about 1:5°. 
The couple producing change of the inclination 7 of the orbit to the ecliptic 


is [see (5), 9], L= —3n7A sin isin (J— 2) cos (I— 8), 
or : Mey sin GBI ZL 1D). on seen socanarnsoetaeareauces (3) 
But this is approximately —Cn,d1/dt, and so we obtain 
oi 4, sinisin 2-2) pe Tons eee i (4) 
Integrating with respect to the time, using the approximation 
l— Q=(n' +p)t, 
we find Ai oe Bind 4.009 2UI— Se). dom e a (5) 


8 n(n +p) 
The amplitude of this variation of i is about 9. The addition to 2 is thus 
9’ when the sun is in the line of nodes, and —9’ when l— Q =90°. Thus the 
inclination is 5° 18’ in the former case and 5° in the latter. When the sun 
is halfway between these positions the inclination has the mean value. 
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14. Efect of equatorial belt of earth on motion of moon’s nodes. The 
equatorial excess of matter in the earth exerts also an influence on the 
motion of the moon’s nodes on the ecliptic. If the earth were a sphere, 
either homogeneous or made up of concentric spherical shells each of 
uniform density, it would have no effect on the position of the line of 
nodes. The earth may be regarded as made up of a homogeneous sphere 
surrounded by an equatorial ring, and we have only to consider the effect 
of the latter. The inclination I of the moon’s orbit to the plane of the 
equator varies with the revolution of the nodes of the moon’s orbit on the 
ecliptic from w+7% to w—7, through a range in fact of 22, or about 10° 19% 
In order however to obtain an approximate estimate we suppose I to have 
its mean value w. 

The mass m of the equatorial ring can be expressed by means of the 
moments of inertia of the earth. Let the radius of the ring be r; then we 
have, if I be the moment of inertia of the spherical part about a diameter, 


m +I=0, gm’+l=A, 
2 C—A 


and therefore m= 


From (8), 3, we may take as the couple exerted by one ring on the 
other, tending to bring them into coincidence, 


3 M 


L=—5« ga (C—A)sinw cosa, ET, Ae rae (2) 
or by (1), Ls Se vide SU. w COS waca e e Made. a Th orate (3) 


where M is the mass of the moon. 
We eliminate « as before by the relation 1”R?= «(E+ M), and obtain 


mar A VSI. COS 0). Mine oe ay. (4) 


where p=E/M. This acts on the ring moon, and produces the turning 
round of the line of nodes exactly as that due to the action of the sun 
was caused. 


The couple producing the turning due to the sun was found to be 
Lp == 37 70. Sin? O Cos OSIMO ee crs e O 


where A, is the moment of inertia of the ring moon about a diameter. 
The mean couple is therefore 


Be 18 1, 2A FEUD GCOS. 05 ook yank opened ee a se aE: (6) 


where 7 is the inclination of the moon’s orbit to the ecliptic, n’ the sun’s 
angular speed round the earth. The mean couple L, produces precession of 
the nodes of amount L,/2A, n sin 7, and the couple L precession of the nodes 
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of amount L/2A; 7, sin w, where 7, is as before the angular speed of spin of 
the ring moon. If then T be the period in years of revolution of the 
nodes due to the action of the earth alone, we have 


TERN a _ 1? A(l+p) cost (7) 
BO ECE UZA SEN a a 
S14 TA COS w 


For A,/(C—A), we may write C/(C—A).A,/C=306.MR?/4Er? (that is 
putting C=2Er?, a value which is no doubt too great), so that we obtain 


iL 5 n? E+M R? cosi 
5G 308 i a a Oe soe saes (8) 
iOS arak roogi Grek 
Hence T=306 5 3652 60 917 186 = 156000, nearly ga as (9) 


This number is rather too small owing to the value assigned to ©. Thus 
the effect of the earth’s equatorial belt in producing motion of the moon’s 
nodes is exceedingly slight. 


15. Remarks on gyrostatic method of calculating motion of moon's 
nodes. The gyrostatic determination of the regression of the nodes of the 
moon's orbit on the ecliptic requires perhaps some justification from first 
principles. It is stated by Klein and Sommerfeld (Theorie des Kreisels, 
Bd. III, S. 644) that the gyroscopic process only gives a mode of calculating 
the rate of regression of the nodes on the presupposition of the existence of 
the regression, that in fact an “Existenzbeweis” is wanting, and that we 
neglect the effect of the eccentricity of the lunar orbit. It is no doubt 
assumed in this process that the eccentricity of the moon’s orbit has no 
great effect on the motion of the nodes; but this assumption will be seen to 
be justified when we examine, as we shall now do, how the motion of the 
nodes arises, and consider the result which the process gives. 

With regard to the question of proof of existence, it seems sufficient to 
urge that, if a legitimate process of computation of the action of forces, 
which undoubtedly exist, gives as a result such a motion as that of the 
moon’s nodes, no such proof is needed; the effect is a consequence of the 
configuration of matter and the forces between the different parts. That 
there must be such a motion follows at once from the forces acting on the 
moon. ‘The general nature of these has been sufficiently discussed above. 

We consider then the moon moving in a circular orbit, the plane of which 
is inclined at an angle 7 to the plane of the ecliptic. Through the centre O 
of the orbit draw two normals OZ, OZ’ at right angles to the plane of the 
ecliptic and the plane of the orbit respectively. Along OZ’ we may lay off 
a length equal to MwR?, the a.m. of the moon, taken of mass M moving in 
a circle of radius R with angular speed w about O. We take this length 
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as OZ’. Whatever the position of the sun may be, there is during the 
27:3 days of a lunation a certain average couple exerted on the moon 
producing A.M. about the line of nodes. Thus, taking the effect produced 
in a short interval of time, the result is that the line which at the end of 
that time represents the A.M. in the orbit is now in a slightly different 
position, having moved from OZ’,, say, to OZ’, in the plane containing 
OZ’, and the line of nodes, that is it has moved towards the axis of the 
couple. The a.M. generated is very small in comparison with MøR?, and 
is about an axis at right angles to OZ and in the plane just referred to. 
The length of OZ’ is not changed, its direction only has been altered through 
the small angle Z’,OZ’,, in a plane at right angles to that of the angle ZOZ’,. 
The angle ZOZ’, is therefore very nearly equal to Z’OZ, that is the inclina- 
tion of the plane of the orbit to the plane of the ecliptic has not been 
perceptibly altered. The line of nodes however is now at right angles to 
the plane of ZOZ’,, that is, it has turned through the angle between the 
planes ZOZ and Z’,OZ. - 

In the same way, in the next lunation the line OZ’, is displaced to the 
position OZ’,, and it will be observed that this displacement is in a plane at 
right angles to the plane Z’,QZ. The displacement is not quite the same as 
in the former case, as the position of the sun with reference to the moon’s 
orbit has altered, but the effect is the same; the inclination of the plane of 
the orbit to the ecliptic is not altered, the line of nodes has turned through 
a further angle in the same direction as before. 

This process, which we have regarded as consisting of short finite steps, 
really goes on continuously, and so the A.M. about OZ’ in its continuously 
changing position is never altered in amount. The step of change vanishes 
with the interval of time, and when graphically represented is at right 
angles to the A.M. previously existing., 

When the method set forth is examined it appears that each element of 
the ring is an infinitesimal representative of the real moon, with some 
limitations imposed by the assumed rigidity. As in the case of the real 
moon the couple about the line of nodes varies with the position of the 
element, but the rigidity condition compels the element to remain in the 
plane of the ring. In the actual case of the moon, or in that of a free 
element of a ring of particles (e.g. one of Saturn’s rings), the production of 
A.M. about the line of nodes causes small periodic deviations from motion in 
a plane; but for each element these deviations are nearly the same as those for 
the moon as a whole. Thus, to the degree of exactness with which the moon’s 
actual orbit is a plane curve, we may suppose the ring of free elements to be 
rigid. The rapidity of the moon’s motion in fact justifies this supposition. 

The sun in a revolution round the earth puts the couple on the moon 
through a cycle of changes, and hence the distribution of the mass of the 
moon in a ring and that of the sun in another about the same centre, but 
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laid in the ecliptic and of radius equal to that of the sun’s apparent orbit, 
gives an average, though not a quite accurate one, for the changes of 
position of the moon in a lunation and of the sun in a year. The slow 
motion of the sun however makes it necessary to take account of the 
relative motion of the sun and the line of nodes in order that a satisfactory 
approximation may be obtained, as we have seen above. 

Now it seems fairly clear that the eccentricity of the moon’s orbit could 
in no way alter the general result at which we have arrived, and the motion 
of the line of nodes can legitimately be calculated by regarding the moon as 
a circular ring revolving like a flywheel in its orbit. It is possible to 
assign limits between which the error due to the neglect of the eccentricity 
must lie. The solidity or rigidity of the ring however has no sensible 
influence on the result: a set of discrete particles having the A.M. MoR? is 
practically as effective as a flywheel. Currents of liquid flowing round 
closed channels within a solid body can be, and no doubt are, effective in 
producing gyrostatic action. 


CHAPTER XI 


FREE PRECESSION OF THE EARTH. FURTHER DISCUSSION 


1. Ellipticities of terrestrial spheroid. In the last chapter we have seen that 
the period of the free precession is equal to that of rotation multiplied by the reciprocal 
of the “ellipticity” of the terrestrial spheroid, that is by A/(C—A). This ellipticity, 
which we denote by «, is related to the eccentricity e of a principal elliptic section of the 
spheroid, supposed of uniform density, by a plane containing the axis of symmetry, by 
the equation > Ve 


which it is easy to prove. For we have A=1M(a?+c?), C=2Ma?, and the result follows. 


2 2 2 
The equation of the spheroid is Z “2 AGSanL eth eee (2) 


or, as we may write it, if we suppose e to be small, 
1 


= al A A E eee eteesce sae errs (3) 


where 9 is the vectorial angle measured from the equator in the plane of section. 
Since ¢ is also small, we can write (3) in the form 


PO (VEE ECOS*S) cece nae e aeea ca ctne dase E E SE (4) 

This is the original spheroid. Now consider a sphere of the same volume. The radius 
r,=(a?e)8. But we have, as the reader may verify, 
c=r (l-36). 

Hence (4) becomes r= ieS NE R) a A a a E (5) 


Thus a sphere of the same volume, that is of radius 7,, will, when converted into the 
ellipsoid (4), have the equation (5). 
Now, if (4) had another small ellipticity €’, the equation corresponding to (5) would be 


PENN | te ( COSZ Iran) \seaidec separ E a sae eae aman e ae eiee (6) 
and if the ellipsoid (4) had ellipticity e+’ the equation would be 
Pem lit (E161) (COSZS: =) to ane cece ema ae a a etna (7) 


But now, after the ellipticity € has been imposed with an axis of symmetry OC, let 
ellipticity <’ be imposed about an axis OC’ inclined to the former at an angle a. Any 
chosen radius vector 7, inclined at an angle % to the equator for the axis of symmetry 
OC, will be inclined at the angle 3+<a to the equator for the axis OC’. Hence, by super- 
position, we have for the resulting surface 


P= 1 +€ cos?S+ €'cos?(S +0) —Z(EHE)f. ....ssecerveeceveeeveneewes (8) 
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This can also be put in the form (5), so that it is also an ellipsoid of revolution. To find 
its principal axes we have 


d d ‘ 
-F =nf2e cos $ sin $+ 2e’cos (3+ a) sin (3+ a)}=0. 


If a be small this reduces to tan 23= 24, Bo cree aac E o Ee AEA (9) 


Now $ is the angle which a principal axis makes with the equatorial plane of the 
original spheroid, and by the result just obtained is either —¢'a/(e+¢’) or $4 — e'a/(e+ e’). 
Thus we get two principal axes, one OC’ 
as shown in Fig. 59, and another at 
right angles to OC’ in the plane of the 
diagram. The axis of symmetry, OC, 
for the ellipsoid compounded as explained 
above is, as shown in the diagram, on 
the right of the axis of symmetry of the 
first ellipsoid (that of ellipticity €) and 
inclined to it at the angle «‘a/(e+€’). 


2. Period of free precession 
in terms of ellipticity. We now 
suppose that the second ellipticity e is 
produced by rotation about an axis OI, 
inclined at the angle a to the first axis 
of symmetry OC. Such ellipticity can 
only arise through yielding of the body. 
On the other hand, if there were com- 
plete yielding, as in the case of a fluid Pre 
body, the axis of symmetry of the 
revolving body would be OI. As it is the angle of deflection of the axis of symmetry 
is less than a and greater than zero. 

Let us now assume for a moment that the body is perfectly unyielding. The period 
of free precession can be found in two ways: 

(1) The axes OH (of resultant a.m.) and OI revolve in the body about the axis of 
symmetry OC, in the period T. The three axes are and remain in one plane, that of the 
diagram. The component of angular speed about the axis of symmetry is w cosa, if w be 
the resultant angular speed about OI. Hence | 

2r asa _2r A 
~@cosa CA wo OA 


since a is small. 

(2) The radius of the circle described by the extremity H of the vector of a.m. is 
Hsin (see Fig. 59), and the circumference is 27H sin £, if H be used also to denote the 
length of the vector. But the point H moves tangentially to this circle at rate 


Hw sin(a- 8). Thus _2n sing aw B COR 
w sin(a— sin(a—) w a—B 
A 
Thus we get Paginas} 


3. Positions of axis of figure, instantaneous axis, and axis of resultant 
A.M. As the earth turns the position of the axis OI turns in it. Let now the earth 
yield to the forces called into play by the rotation, and assume that the distribution about 
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OI is at each instant that which gives the ellipticity ¢. The axis of resultant a.m. has 
not quite the same position in space as it would have if the earth were perfectly 
unyielding, and we have now angles a’, B’ instead of a, 8, and e+e instead of e [see 
Fig. 59]. Let a=a'+7: writing n=<a/(e+e’) we have 
ca es A cy 
Umere ere were 
The axis of symmetry OC’ now also changes its position in the body, always being 
found in the plane defined by OI and the former axis of symmetry. The period of the 
free precession is the time of revolution of the new OH in the body about the former axis 
of symmetry. Thus we get, by Fig. 59 and the same process as before, 
+B 2r (ée a RuN ar 
T = ul j Të ( j ) y 
a-p w EE w 
But, since a’ — 8’ is very small in comparison with a’ or 8’, we obtain approximately 
T é 1 Si ii ,) PE = m 
O R AC E 
The period of the free precession is thus equal to that of rotation multiplied by the 
reciprocal of the ellipticity of the non-rotating terrestrial spheroid, that is, the elastic 
yielding of the body to the rotation has no influence on the period of the free precession. 


4. Influence of internal constitution of the earth. The ordinary obvious 
tidal phenomena disprove the old notion that the earth consists of a liquid interior 
surrounded by a solid crust. If this were the earth’s structure, the ebb and flow of the 
water on the surface would be practically non-existent ; the tides would be in the main 
distortions of the enclosing shell. But as regards precession and nutation, such an earth, 
if an oblate spheroid covered by a crust possessed of a high degree of elastic rigidity, 
would behave like a solid spheroid. A perfectly unyielding shell enclosing a fluid 
interior would, as regards the fortnightly and semi-annual nutations, show a difference 
of behaviour; but the slow continuous precession, and (less accurately) the nutation 
depending on the 19 year period of revolution of the nodes of the moon’s orbit, would be 
unaltered. [See Lord Kelvin’s paper loc. cit. below, also Popular Lectures, II, p. 246.] 

The fluid theory is however given up by all students of geophysics, and an 
approximation to the facts of the case is obtained by postulating perfect incompressi- 
bility and high elastic rigidity for the whole mass. The earth is not of uniform density, 
but consists of a dense central part, perhaps to a considerable extent, as has been 
thought, composed of iron, and an outer shell of relatively smaller density. But it is no 
doubt at each point practically homogeneous, and therefore possesses the two principal 
moduli of a homogeneous solid, the bulk-modulus, and*n the shape-modulus or modulus 
of rigidity. The approximation, stated above, consists then in taking / as infinite and n 
as comparable with the value of the shape-modulus for steel. This makes Poisson’s ratio 
—the ratio of lateral contraction to longitudinal extension in a laterally free bar under 
longitudinal pull, which is expressed by (34 —2n)/(6k + 2n)—have the value 4. 


5. Results of elastic solid theory. By a theory given by Lord Kelvin* the 
yielding of the elastic solid earth to the forces applied to it in consequence of its rotation 
has been calculated, with the result that for a value of the modulus equal to that for 
steel the free Eulerian nutation should have a 15 months’ period. As the period is 
14 months, in spite of the lengthening due to the tide of 14 months’ period which the 
precession must produce, the elasticity of the material of which the earth is composed 
must, on the whole, be decidedly greater than that of steel. 


* Math, and Phys. Papers, Vol. III, Art. 45. Love, Hlasticity, second edition, Chap. X. 
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We give a brief account, mainly of results, of Lord Kelvin’s discussion, referring the 
reader to the sources mentioned above for further information. He may also refer toa 
version of this investigation given in Klein and Sommerfeld’s Theorie des Kreisels, in 
which several simplifications are made, which considerably shorten the analysis and do 
not seriously affect the conclusions. 

There are two main physical actions which resist the distortion of a rotating body, 
caused by the forces arising from the inertia of the matter, the so-called centrifugal 
forces. These are the mutual gravitation of the parts and the elasticity of shape. Com- 
pressibility has but little effect. The first can be dealt with by supposing the earth to be 
fluid. If it is also taken as of uniform density, then we have, by the theory of the equi- 
librium of an oblate ellipsoid of revolution rotating slowly about its axis of symmetry, 
for the small ellipticity, €, produced from the spherical form by rotation, the equation 


5 w*R 


where w is the angular speed of rotation, R the radius of the sphere, and g the accelera- 
tion due to gravity at the surface of the sphere. This result was given by Clairaut, in his 
treatise, La Figure de la Terre, 1743. See also Thomson and Tait, Vat. Phil. $$ 794, 800. 

The proof is not difficult. It can be simplified somewhat by taking the potential at an 
external point, as that due to a homogeneous sphere encircled by an equatorial ring, of 
such mass m as to make the ellipticity, (C—A)/A, calculated from the moments of inertia, 
what it is in the actual case. We have m=2(C—A)/R?=2Ae/R?. 

Next the ellipticity due to elastic yielding is to be found. The theoretical discussion 
leads to an ellipticity 15 po?R? 

€ 


-Eora a a We ee Per TAOTE J 
Sous r = 


where E denotes the Young’s modulus and p the density, which is supposed to be the 
same throughout the sphere, and equal to the mean density, 5'5, of the earth. In the 
present case E is three times the rigidity modulus. 

We denote these two ellipticities by «j, €&. It is important to notice that, if experr- 
ments are made by placing a sphere on a whirling table, the ellipticity « is, in conse- 
quence of the smallness of the sphere, in comparison with the earth for example, the 
only one which discloses itself. For we have 


and as g is now the gravitational acceleration at the surface due to the matter of the 
experimental sphere, and E in c.e.s. units is about 2'2 x 10” for structural steel, it is clear 
that « is the only ellipticity of sensible amount. It is otherwise in the case of the earth, 
where R=2 x 10?/r (cms.), and g has R/r (that is 2x 10°/rr) times the value it has for a 
sphere 7 cms. in radius and of the same mean density. Thus, calculating for the earth, 
we get 

Thus ¢,=2e,, nearly. 


6. Period of free precession for earth as rigid as steel. Now however the 
question arises whether both of these ellipticities are to be attributed to the earth. The 
earth was no doubt originally at such a high temperature that it could have no rigidity. 
It would therefore take an oblate figure of revolution, such that the centrifugal forces 
were balanced by gravitation. In that state it solidified, and the balance was not 
disturbed. On this supposition there are no elastic forces in play in the rotating earth 
so long as the angular speed remains that corresponding to the ellipticity. 

There is a discrepance between the actual ellipticity, about 1/300, and that, 1/231, cal- 
culated above. But the latter was found on the supposition of uniform density, and it is. 
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fairly clear that the surface ellipticity of the earth, if the density is much higher toward 
the centre than at the surface, must be less than the value for uniform density. 

This theory of the earth with centrifugal forces balanced by gravitation, and free 
from elastic strain, is no doubt very imperfect. But assuming it we have now, in order to 
calculate the free precession, to inquire what ellipticity the earth would assume if the 
rotation were stopped. [See 5 above.] The rotation acting against elastic forces alone 
would produce ellipticity e. Let e, be the ellipticity arrived at. The elastic forces 
called into play are those which correspond to the difference ¢,—¢;, and balance the 
gravitational forces which remain for e. The mathematical theory referred to above 
gives for this difference the equation 

€— E= Eee +e), or €,=&,7/(e, +69). 

Therefore the free period of precession, calculated for the elasticity of steel, is 
306 (1 + 231/465) (= 458) days, nearly, taking 306 days for an unyielding earth. Thisis over 
15 months. The elasticity of the earth appears therefore to be greater than that of steel. 

It will be observed that the supposition that the earth, in its state of rotation, is 
not under elastic strain, does not mean that the period of free precession is independent 
of elastic yielding. For that period has the value calculated from the figure taken 
when the rotation is zero, and here the elastic yielding is of importance. The factor 
1+231/465 expresses the effect of such yielding. 


7. Rise or fall of earth’s surface for Eulerian precession. As we have 
seen in 15, I, the mean displacement of the axis OI in the Eulerian precession is about 
4 metres (13 feet) on the surface of the earth. In order to calculate what rise or fall of 
the earth’s surface takes place in consequence, we shall consider the change of position of 
the principal axis OC through the institution of rotation w about an axis OI such 
that the distance CI, on the earth’s surface, is 4 metres. By 1 above we have here 
a=74/(2 x 107), since the earth’s radius in metres is 2x 10/7. Hence [Fig. 59] a = 27/10". 
The initial ellipticity is «e, say. The new ellipticity is €,, that is the ellipticity ¢,—« has 
been added. We call this e. Now, by (9), 1, we see that the principal axis has been shifted 
through the angular distance ae’/(e+ ¢’) =27e'/(e+€’) x 107 by the value just obtained for a. 
Thus we can find ¢’ ; for by 2 we have, in days, 1/e for the actual period of variation of 
latitude and 1/e, for the Eulerian period. Hence e/e;=€/(e+¢')=5/7, and é =e. 

If now we take a radius vector in latitude S, we get by (5), 1, for the change of radius 
rje (cos? — cos?($ + a)}=r je'a sin 29. 
This is a maximum if $=45°, Hence, for this latitude the rise or fall is, in milli- 
metres, since «= 1/428, Oe ih) Gre iiia 


^15 428 10! 1-07" 


8. Positions of earth’s principal axes as affected by annual transfers 
of matter. The annual melting and re-formation of polar ice and snow no doubt 
produce a sensible, if small, displacement of the earth’s principal axes of moment of 
inertia. Other efficient causes of such changes are to be found in ocean currents, and 
in the periodic changes in the atmosphere surrounding the earth. The atmosphere is 
carried round by the earth’s rotation, and large changes of this outside rotating mass 
will react on the central body. Atmospheric pressure is higher in winter than in 
summer, and so there is an excess of mass of air over the northern hemisphere in winter, 
and a defect over the southern hemisphere. This excess and defect are very consider- 
able, amounting on the average, according to Spitaler, to the equivalent of about 300 
cubic kilometres of mercury [Petermann’s Mitteilungen, 137 (1901)]. See also H. Jeffrey’s 
papers Month. Not. June 1915 and April 1916, where the annual term is explained by 
systematic high barometric pressure in winter over Asia. 
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To estimate such changes we must notice that as the result of the transfer of a mass u 
from coordinates Xj, Zo to coordinates X, Z, giving rise as it does to changes a, b, ¢ of 
moments of inertia, and producing products of inertia d, e, f, the equation of the momental 
ellipsoid, supposed originally symmetrical about the axis of z, becomes 

(A+a)x?+(A +b)y?+(C+e)2 — dyz — 2eex — fry =l. oce (1) 

Of this surface the principal axes are given by the equations 

(A+a—x)x—fy—ez=0, —fx+(A+b-—«)y—dz=0, —ex--dy+(C+c-—x)z=0. ...(2) 
The elimination of v, y, z gives the usual cubic for x. 

Supposing that « has a value which satisfies the cubic equation, we may find values of 
x, y, 2 which, if we choose the scale of magnitude so that 2?+¥7?4+22=1, may be taken as 
the direction cosines of the principal axes. If the axes are only slightly shifted by the 
transfer of matter, we may, in considering presently the axis OC, put z=y=0, z=1 in 
the small terms of the formulae. Thus, in (2), ex, dy, fx, fy are small terms. The third 
and first of (2) give k=0 +c, and 

CAS) eae gs (NO) Oe eres e ence etree (3) 

Of course GENEZA ata 752) eee AE NE VoL) ey esens (4) 

so that a, b, c, d, e, f can easily be calculated in any given case. 


Let now the transference be along the meridian in the plane AOC, then, denoting the 
latitude by A, we have X =R cos À, Y =R sin À, d=0, 


e=p(XZ-X,Z)=4 falin DA A A N A: (5) 


Let A»=47 and A= jr, so that the matter is transferred from the poles to latitude 45°; 
we have 


By (3), z=3pA/(A—C).1/AR2, But A/(A —C) is for the earth about — 305, and A about 
3M/R?, where M is the earth’s mass. Thus 


This is the angle through which the axis OC has been turned by the transfer, and 
the turning is, as it should be, towards the equator. For a turning of a single second of 
angle, that is for c=7/180 x 3600, we have (irrespective of sign) 

=] mM 
P= T80 x 3600 x 457 
This is about the quantity of matter contained within a sphere of 17 miles in diameter, 
and of the same average density as the earth, or, if the density is that of water, a sphere 


of 30 miles diameter. This quantity of matter would suffice for an ice cap of radius 5°, 
or about 350 miles, about 65 yards in thickness. 


S IOREME 21nd. A NE (7) 


9. Effect of annual transfers of matter in accentuating free pre- 
cession. It will now be evident that the positions of the principal axes of the earth 
may be regarded as affected to a determinate, if not large, extent by transference of 
matter brought about by annual meteorological changes. We can now establish equa- 
tions for any case in which a portion of matter, say of mass p, undergoes progressive 
change of position, and shall find that of the two parts into which the changes of a.m. 
fall, the part due to change of position of the principal axes, and the part due to the 
motion of the shifting mass, the former is the more important. We shall suppose that 
the axes chosen are the principal axes of an invariable part, together with the mass p 
supposed situated, at rest relative to the earth, at a point of coordinates Xo, Yo, Zo, and 
denote the moments of inertia for that distribution by A, B,C. The products of inertia 
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for that distribution are zero. We denote by u, v, w the components of am. due to the 
motion of the mass u relative to the earth. If the coordinates of p be X. Y, Z we 
have by (4), 2, II, s I : ; R ; 

U=p(VZ—ZY), o=p( ZX XL) wa pL = VR) es ns ieee (1) 
But in consequence of its motion with the earth the mass u has components of A.M. 

ap—fqa-—er, —fp+bq—dr, —ep-dq+cr, 
where a=p(Y¥?+Z?—Y2?—Z,),...5 @=p(YZ—YoZpo); «--- 
The total components, wv’, v’, w, say, of the a.m. of the travelling mass are thus 
u=u+ap—fa-—er, v=v—fptbg—dr, w=w-—ep-— dq+er, 
or, if we neglect the terms in p and g in comparison with those in 7, 
AE er, 0 SV — Ary, 10) = WAR T T N E E Q) 
The equations of motion are, if L= Ap, M= Bq, N=Cr, 


ftw) +9(N-+’) — r(M+v)=0, 
Í (M ho) (LEW) —p(N+w)=0, |as (2) 
ÍN +w!)+p(M +0)—q(L+w) =0, 

since there are no external forces. These become, if A=B and terms in w are neglected, 


Ap-(A-— C)qr= — ou —er)+r(v - dr), 


Aġ-— (Č-A)rp= -2 (w-d) 1(U— Er), E (3) 
Cr =— Swen). 


Here it is to be noticed that by simply omitting the terms in r, we obtain the equations 
for the case in which w, v, w are the total components of A.M. of p. 

If we put z=p+ig, — =u +i’, we can write the first two equations of (3) in the 
single equation Az+i(A —C)rz— É ESO ea E EE E e AARE S EEEE eE (4) 
where of course z is not to be confounded with the z used in 8 above. 


Now if, as we suppose, the changes are unaccompanied by the action of external forces, 
the direction of the axis OH of resultant a.m. is not changed in space, nor is the value 
H of this a.m. affected. Also both p and g are small, and so the instantaneous axis is, 
and remains, nearly coincident with the axis OC and with OH. Thus is nearly equal to 
o=(p?+?+r2)4, and since in the circumstances o can only change slightly the variation 
of r is small. Neglecting this in small quantities of the second order we have, putting w 
for 7, NA ON =O) ge 6 te bacO, ec E (5) 
where w is to be treated as a constant. A forced periodic change in z will accompany the 
periodic variation in £, and z will also be subject to periodic change in the free period of 
variation of position of the earth’s instantaneous axis. The transport of matter will give 
the necessary disturbance for the production of oscillations, which will then proceed 


until they are damped out by friction. If 2z/e be the forced period and 27/n the free 
period, we have the solutions 


Get, Ae ee Miz — bene ec REE EE cares ee AE seas ate: (6) 

By substitution in the differential equation we obtain 
OSE Olpe WY iMac drwy AEE ON Ree CS RS oe! 7 
bai Ad SOA) ons Caen i danaises dels bisisloeine ( ) 


since n=(C—A)w/A. 
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Likewise EEE A A E A O a A AE EE (8) 
is a forced solution which gives 
; c—w , 6-O 
a=a hea Aiea: E E A E ET (9) 


The complete solution is the sum of the two forced vibrations and the free vibration. 
The coefficients a, a’ are complex ; putting a=6+7y, a’ =’ +7y’, so that B, B’, y yare 
real, we find finally for the most general forced vibrational solution 


(0) 


Az=(B+iy) EE (cosct+isin et) + (B +4) E (cos cé— isin ct). n.n... (10) 
ESIA Tebon reno _(eto, T070 ')si 
ee Ap=(5F2 8 +552 p )eoset aan eo ergy Oe a (11) 
eF EON c+w c-o , 
Aq- (428 ETE p )sin ct + (SEE yS y Neos er, 
To complete the solution we have to take account of the free vibration given by 
(B +iy) (cos nt+isin nt). 


Thus we have to add to the expression for Ap the terms 
B cos nt—y sin nt, 
and to the expression for Ag the terms 
B sin nt+y cos nt. 


From (10) we can trace the effect of near coincidence of the forced and free periods on 
the amplitude of Ap and Ag. Take the solution z=ae, so that only the first terms in 
the brackets on the right of (11) come into the account. Let the period 27/w be that 
of the earth’s rotation, and 27/c be 12 while 27/n is 14, when a month is the unit of time. 
We find that (c+w)/(c—7) is about 7 times (c+ w)/c, that is 7 times the value it would 
have if n were very small. For the solution a’e~*“ the amplitude is about 7/13 of 
what it would be if n were very small. The amplitudes of the former solution are thus 
greatly magnified by the approximation of 7 to c. 


10. Comparison of terms. The values of u, v, due to the annual displacement 
relative to the earth, are small in comparison with the terms wd, we; for the frequency of 
the earth’s rotation, w/27, is about 366 times that of the annual change. This can be 
easily proved by (1), 9, assuming that the coordinates X, Y of the mass p are 


h AEK FARM Ch eX =Y eB Ch U= Aeria daer EnS (1) 

Then again wd, œe are great in comparison with wd, we, and so the equations of motion 
become Ap—(A-—C)gr=—w'd, Ag—(C—A)rp=0re, enesesse (2) 
or by (3), 8, P +n(£-y)=0, 1_n(2—2) =o, ESERE PEE EA A ERARA (2') 


where n=(C-—A)w/A. Now by (8), 8, x,y are, with reference to the original axes OA, OB, 
the direction cosines of the principal axis which has superseded OC in consequence of 
the transference of matter, and p/w, g/w, 1, are the direction cosines of the instantaneous 
axis. Denoting the two last by A, p, we get 

REA HI) Ay fl WK Hb) Oe E nigesestesnon (3) 
This equation is due to Sir George Darwin [PAil. Trans. R.S. 167 (1877)]. 

Obviously by the theory of revolving axes the interpretation of these equations is that 
the axis of rotation is turning at each instant with angular speed n, in the clockwise 
direction, round the instantaneous position of the changing principal axis of moment of 
inertia. 
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Instead of the two equations (3) we may write (as we no longer require z in either of 
its former significations) 


Cnn t i= nidan sansa eee o aaa A (4) 
where =À +ip, z=%+iy. Putting 


a A AEE E E NS (5) 
n : 
wego Sae J | 
Now let a= +iy, and we get 
Z Y (COS CO OSIVO) enum D Eea eE Ae E A (6) 
that is o= B cosci =y sin ct, Y=L/siN Ch-+ y COS CiN epre (6) 
Hence (= (B+ iy)(cos CEA SINNCL) o A ae actin ten eee (7) 


and we have values of À, » corresponding to v, y, which are simply «, y multiplied by 
n|(n — ©). 
Another solution is GUO Ee IG = OC aici a ia ames eens cea O O E (8) 


with the condition, given by the differential equation, 


From this we get 
z=(f' +77’)(cos et — isin ct), (=57 (6 +7y’)(cos ct — i sin ct). 
Thus, combining the solutions, we obtain 
x=(B+f')cosct—(y—y')sinet, y=(B-B’)sin ct+(y+y’) cos ct, 
7 Nes , 
Nea [{(c+n)y+(e—n)y'} sin et —{(e+n)B —(e—n) Bt cos ct], (10) 


pao alet a)y —(¢—n)y'} cos ct + {(e+n) B+(c—n) B’} sin ct]. 


11. Numerical illustrations. As an example, Klein and Sommerfeld take the 
case of a simple harmonic variation of position of the third axis of movement of inertia. 
For this we may suppose y=y’=0, B=—B'. We get x=0, y=2ß sin ct. Hence 


N 


cn 2 ; 
À= -z pP cos Ct, p= Baci 2P SINC PEI A AENA (1) 


We may take c/n=14/12, roughly. Hence, on the supposition that the transport of 
matter takes place in the yearly period, we have 


AE EEAO OE E E A AA a ea o R (2) 


The period 2r/c of the driving “pendulum” is here shorter than the free period of the 
driven, and so we have opposition of phase. If the reverse were the case, that is if n >c, we 
should have agreement of phase. 

The result in (2) is shown graphically in Fig. 60 (ø). The numerals show corresponding 
points in the displacements of the matter and of the axis. These displacements are in 
opposite phases. 

For a perfectly unyielding earth the period would be about 10 months. With this (1) 
would give A=27.2Bcosct, p=3'3.2G6 sin ct, 


a result which is illustrated in Fig. 60 (b). The displacements of matter and of the axis 
are now in the same phase. i 
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It will be noticed that if c were very small, that is if the period of the transfer of 
matter were very great, we should have, instead of (1), 


A=< 2B cos ct, m=O ane a a ea (4) 


On the other hand, if c were very great in comparison with x, that is if the forced period 
were very small in comparison with the free period, we should have 


OP na : 
À= -7 2B cos ct, uoa Bawo Aa a (5) 


Thus in the former case À would be very small, while u would be identical with y, that is 
the curve for the rotation axis would agree with the curve of transfer of the inertia axis. 


7 


3 
(6) 

Fic. 60. 
In the latter case neither À nor » would be appreciable, though u would be of a higher 
degree of smallness than À. Hence a very short forced period would have practically no 
effect in disturbing the axis of rotation. The magnification of amplitude due to the 
approximation of the periods, 12 to 14 in one case and 12 to 10 in the other, is very 
obvious by comparison of (2) and (3) with (4) and (5). 

In the case of a displacement of the inertia axis represented by an elliptic curve, we 
can resolve this into two linear components, and find for each an elliptic curve for the 
corresponding progressive displacement of the rotation axis. Thus we get two elliptic 
curves which compounded give the path of the rotation axis. This would give, according 
to (10), a curve for the general case, depending on the different components and their 
phases. 


12. Systematic observations of variation of latitudes at different 
observatories. Since the publication of the chart given in 15, I above, for the five 
years from 1890 to 1895, many observations of latitude have been made, with the result 
that all the previous conclusions as to period, etc., have been confirmed and made more 
precise. 

In the first place, observations have been made at a number of stations on the parallel 
39°'8 of north latitude. These stations and their longitudes are 


Mizusawa, Japan, - - - - - - - A=-141° 8 
Tschardgui, Turkestan, - - : 3 3 2 = 61.09 
Carloforte, Sardinia, - - = 2 E n a ESTO 
Gaithersburg, U.S.A., - - - - - z = qe i 1 
Cincinnati, he - - -~ E f Z 4 84 95 
Ukiah, ” F A E a J f z +123 13 


The sign — indicates east longitude, the sign + west longitude. 
This arrangement for systematic observations at stations differing considerably in 
longitude enables simultaneous control observations to be made at a number of different 
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stations. Take, for example, the station Ukiah in the United States and Tschardgui in 
Turkestan. These differ in longitude by 184° 42’, that is they lie nearly in the same plane 
through the earth’s axis. Hence, if a diminution of latitude is observed at one station, 
an equal increase of latitude ought to be observed at the other. 

Again, the two stations Carloforte in Sardinia and Cincinnati are 92° 44’ distant in 
longitude. Hence, when there is a maximum or minimum of latitude at one of these 
stations, there ought to be zero change at the other. 

The importance of such simultaneous observations was made clear in 1891, when a 
German expedition was sent to Honolulu to make simultaneous observations of apparent 


+030 +020 +010 aoo -010 -020 -030 


+030 +020 +0.10 00o -010 -020 -030 
Albrecht, Astr. Nachr. No. 3489; Nature, May 12, 1898. 


Fic. 6]. 


latitude in conjunction with observers in Berlin. Honolulu lies about 171° west 
of Berlin, so that the two places are about 43° on the two sides of a mean meridian. 
Thus a maximum at Berlin should coincide with a minimum at Honolulu, and wee versa. 
Fig. 58 (p. 213), which shows some of the results obtained at the two places, proves in a very 
striking manner that this is the case. The changes of latitude observed, it will be seen, 
vary in magnitude from zero to ‘3 of a second of angle, and there can be no doubt, from 
the striking agreement of the maxima and minima, that the variation of latitude does 
take place, and is measured with great accuracy. 

For each station in the list given above very systematic series of observations have 
been carried out for several years. The difference from the mean latitude for each station 
is equated to the form xcosX}+ysinX+z for each jy year, where x denotes the move- 
ment of the pole on the Greenwich meridian, and y the movement in the perpen- 
dicular direction. It will be clear that for two stations differing by 180° in A, cosA and 
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sind will have opposite signs, while if A differs by 37 at the stations, the value 
zcos+ysin À at one will correspond to — vsin À +y cos À at the other. The term z has 
caused a good deal of discussion : it is believed to be due partly to meteorological causes.* 

The results are given in the Resultate des Internationalen Breitendienstes published by 
the Zentralbureau der Internationalen Erdmessung, Berlin.t 


13. Diagrams and tables of later results. Albrechts diagram of the motion 
of the pole for the five years 1890-1895 is given on p. 15. It is repeated here for com- 
parison with his diagram for the six years 1906-1912, which we also give. 


n 
Bos -0:0 -01 -0:2 -0:3 J -04 


+01 


+0-2 


+0-3 +0-3 


+0-4 


+03 -0-3 
Fic. 62. 


The following table kindly supplied by the Astronomer Royal, Sir Frank Dyson, gives 
the dates of maximum variation of latitude for Greenwich during the last twenty years : 


18972 11 19078 1:2 
83 12 9°0 12 
9:5 il 10°2 11 
1900°6 15 113 Gi 
2'1 10 12:4 1:4 
371 12 13:8 13 
4:3 ei 151 1:05 
54 TO 16:15 
6'4 12 a 


The differences in the second columns give the intervals between the successive maxima. 
The mean interval, it will be seen, is 1'172 year, or 428 days. 


* The z term is discussed by H. S. Jones in The Observatory, Feb. 1916. 
+See also Astronomische Nachrichtung, 192 (1912). 
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The curve of Fig. 63 shows the variation of latitude at Greenwich for the interval from 
1911°7 to 1916°0. It will be seen that the interval of 4 years and 34 months includes 


-~ - Breitendjenst 


-5 -6 -7 -8 -9 -0 -1 N3 -4 -5 -6 -7/-8 -9 -0 1 -2 -3 -4- 
1914 1915 


Fic. 63. 


rather over 3% periods. The observations made at Greenwich are systematic and com- 
plete, and the co-operation of another observatory 90° distant in longitude would suffice 
to enable a complete and accurate record of the variation to be obtained. 


CHAPTER XII 


CALCULATION OF THE PATH OF THE AXIS OF A TOP BY 
ELLIPTIC INTEGRALS 


1. Eulers parameters. It has been proved in 2, IV that if the system of 
axes O(A, B, C) be regarded as turned to its position from coincidence with 
O(a, y, z) by rotation about an axis OK, the angle Kzy is }(¢—v). Now 
consider the triangle Kza on the unit sphere, centre O. If the direction 
angles of OK with reference to O(a, y, z) be a, b, c, the sides Ka, xz, zK of 
the triangle are a, $7,c, and we get at once, by the fundamental formula of 
spherical trigonometry, 

cosa=sinesin}(¢—y), cosb=sincecos$(p—W). eee (1) 
But from the spherical triangle KzC, which has its two sides Kz, KC each 
equal to c, the base ZC equal to 6, and the angle, S, between the two equal 


sides, we get also sin }9=sincsin 49. 
Eliminating sinc from each of (1) by this relation, we find 
cos asin 3 =sin 40 sin }(p—wW), | (2) 


cos b sin 3 =sin 40 cos 4(ġ — y). J 
The isosceles triangle KzC gives, since L KzC = 4(m—ġ-— y), the two relations, 
cos csin $3 =cos 1 sin }($+ W), Ja 8 (3) 
cos $3 = cos 40 cos $(@+W). 

It is usual to denote the left-hand sides of equations (2) and (3) by Ê n, ¢ x. 
They are in fact parameters used by Euler for the specification of the co- 
ordinates x,, y,, 2, of a point with reference to the axes O(A, B, C) fixed in 
the moving body, in terms of the coordinates a, y, z of the point with 
reference to axes fixed in space. But in 1, IV we have used £ », ¢ for the 
coordinates there specified. As © is no longer required for the temporary 
signification given to it in 2, IV, we take for these four parameters the 
symbols a, p, o, 7, and write 

w=sin Z0sin}(p—y), p=sinzOcos}(~—W), | (4) 
o=cost@sind(p+vy), tr=cos$0cos$(pP+y). | 
It will be observed that ES Ep Eo ET El aeee ese erasi eneo tsa (5) 
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Now let us express the coordinates a, y, z with respect to the fixed space 
axes O(a, y, z) in terms of the coordinates æ}, Yı, 2, with respect to the body 
axes O(A,B,C). We have, as stated in 1, IV, 

æ = (cos 8 cos ¢ cos yy — sin ¢ sin y-)æ; —(cos 0 sin ¢ cos Yr + Cos ¢ Sin Yy: 

+sin 0 cosy. 23, 


with similar expressions for y, z. Also we have 
cos ġ cos Y=} cos (p +y) +4 cos (p — y), 
sin ¢ sin y=} cos (ġ — Y) — 4 cos (p + Y), 
and similar equations. From these we obtain for the part of æ which 


d d 
epends on %, x,{2(7?— p?)—cos 0}. 


But cos 0=0?+7?—0?— p°, by (4); hence the terms just written are 
a, (0 — p?—o? + 7°). 
Similarly, we get for the terms in y, 
2y,(Wp—oT), 
and for the terms in z, 2z (w0 + pT). 


Proceeding in the same way for the values of y, g we get the following 
scheme of relations, which is equivalent to that given for the same co- 
ordinates fn 1, IV: 


Ox, T Oy, y Oz, z 
OH, z; D- p-o? +7? 2(@p+o7) 2(@o — pr) 
OB, y, 2(@p—o7) =O tpi ot 4-5? 2(pr+ Wr) 
OC, 2 2(@Wo + pr) 2(par — 57T) —@?—p?+o7+7? 


2. Quaternion property of Eulers parameters. By equations (2) and 
(3) we have also the values > 


@=cosasin$$, p=cosbsin 4%, o=coscsin3$, T=C08}9, ...... (1) 


which are very important. For another turning Y about the same axis we 
should. have of course the same formulae with the letters a, p, o, 7, and $ 
accented. The resultant 9+9 of these two turnings has the parameters 


w =cosasin}($+9), p”=cosb sin han (2) 
o =coscesin}(S+¥), 7” =cosh($+9’). 
We easily find the relations 
wo =or'+po'—ap' +70, p'=—wo'tprt+oO+7p,) (3) 


o =p — po +0or +rto, T= Tt —00 — pp — ov. J 
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Now, if we multiply together the two quaternions, 
tHtimtjpthke, T +i +jp +k, 
where 4, j, k are unit vectors along the axes O(a, y, z), we get for values of 
T’, 0", p”, o", in the product 
T tio +)p tko", 
just the expressions on the right of (3), as the reader may verify by multi- 
plying out and taking account of the relations 
P=}=k= 1, jk=-—kj=i, ki=—ik=j, Y=—jisk. 
Of course for each set of parameters the condition (5), 1 holds, which amounts 
to saying that the tensor of the quaternion is unity. 


3. Kleins parameters. Four other parameters, a, 8, y, ô, were introduced 
by Klein, and have been extensively used in elliptic function analysis. As 
this is not a treatise on elliptic functions, it would be out of place to devote 
much space to the discussion of these parameters, though they have been 
used by Klein and Sommerfeld in numerical calculations regarding the 
motion of the axis of a top. We may however give here a short explanation 
of their meaning. They are defined by the equations 


B=H(B-y) p=z;(8+y) o=z;a-8) T=}(a+8) - (1) 


With these the relation scheme found above for a, p, e, r becomes 


Ox, x Oy, y Oz, z 


OA, | B+P) | (aptyt) | aay +8) 


OB | @-BPP-) | Ke-B-p+) | —ay +8 


OC, z, —i(aß + 8) —aß+yő ad+ By 


To express these parameters in terms of the, Eulerian angles, 0, ¢, Y, we 
have the equations (4), 1, which by the defining equations, (1) and (3), 1, give 


a= T+ic= coshOe¥Gt = cos 49+i sin 49 cosc, 
B= m+ip=isin }6e-#¢-=sin 49(cos a+ i cos b), TER 
y=—0+ip=isin }0c%4- =sin }9(— cos a +t cos b), 
ô= T—tc= cos}Oe-¥4+ = cos 49— isin $9 cose. 
Clearly these give a — By SP pea ETSL. esenersernereerrieseseres (3) 


It will be seen that if a, B, y, 6 can be calculated, we can obtain for any 
instant the position of the axis of a top. Hence Klein and Sommerfeld 
(Theorie des Kreisels, Heft II) have devoted much space to this calculation. 
As we shall obtain all the requisite numerical results for the path of a point 
on the axis of figure, by a simple process which does not involve these para- 
meters, we do not pursue the discussion of their properties here. We shall 
give only one more set of relations. 
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4. Expression of Klein's parameters by elliptic integrals. Referring 
back to 10, V, we recall that in the general case of a symmetrical top 


a =(a—az)(l—27)—(B—bnzPHP(Z). ea (1) 
If z,, Z, 2 be the roots of f(z)=0, in ascending order of magnitude, we 
know that z,, Z lie between z= —1 and z=1, and that z,>1. Thus writing 
f(®)=a(e—2,)(%,— 2) (2, — 2), we see that (fay is real for z between z, and 
Za, and for z between z and œ. It is imaginary for z between — œ and 2, 
and between z, and z}. By (3), 10 and (1), 11 of V we have 


dz (B—bnz)dz 
= 4 > yY = SR ee ? 
(f(2)} =-2){f(@} 
where we take the positive value of the square root for the passage from 
zZ=z, to z=2,, and the negative value for passage from z, to 2. 
Likewise we have ġ =n — zy}, so that, by the value of y}, 


= (bn— B2)dz_ sy; 
an Ao!” Oreo a aa Aa tinowe (3) 


Now, by (2), 3, above, 
log a=} log (1+2)+4i(p+y)— z log?, see ee (4) 


which we can write in the form of an integral by using the values of 7, Y, 
just written down. Disregarding the constant — } log 2, we have 


i HOPERE a dz 
log a=|{ ee +in(1 "hat o 


jog p= {=O tie- manne oe 


eee [ees hire tec 


ti n 
og = | {=m int} 


from which also additive constants have been omitted. 


a yaa 


Hf 2} 


5. Relations of elliptic integrals. Expression of time of motion by an 
elliptic integral. By these equations the parameters could be calculated 
numerically, but this involves the evaluation of elliptic integrals of 
Legendre’s third normal type. The numerical determination of the azimuthal 
angle y- involves just such integrals, and so far as the numerical tracing of 
the path is alone concerned, there does not seem to be any advantage in 
calculating the parameters. A good deal of elliptic function analysis must 
be employed below, but only so that formulae may be found for the complete 
determination of the motion. In the present chapter we propose to discuss, 
as far as is necessary for practical purposes, the numerical determination of 
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the quantities which determine the position of a point on the axis of figure 
of a top. We begin with a short statement regarding the Jacobian elliptic 
integrals which will be employed in the calculations. 

There are three normal integrals, which are usually written in the forms, 


A da iin 
’ — g2) (1 — 2x2 2. ; 
bergen ike 2) (1 —kèa?)} da 


f- dæ 
0(1—pa2){(1—22)(1 — ka)? 


where 0 < k?< 1 and 0<a<1. These are called elliptic integrals of the 
first, second and third kinds. 
If we put y =2?, so that dæ =dy/2z, the integrals take the forms 


1f” dy 1 s l-y ie i 

ioon aR y ey} 4 
aK dy 
2J0(1—py){y(1—y)(A—ky)}? 


where 0<y<l and -w<p<+l. 
‘If we write «?=sin*¢ where ¢ is an auxiliary angle, not the ¢ of 4, we 
obtain for the three integrals the forms given to them by Legendre, ~* 


pee Teas aaa ee 
Peor? \ Lpa: Bar ERS. 


The first is generally denoted by F(k, p), the second by E(k, ġ) and the 
third by II (k, p, p). Sometimes the parameter p appears with the opposite 
sign. 

If the upper limit of the integrals is 4r, they are said to be complete. 
Then the symbol K is usually employed for the first integral. 

Similar integrals are constructed with the complementary modulus k’ de- 
fined by the relation k?+k’2=1. These are conveniently denoted by 


F(k’, ¢), E(k, ¢), Tk, p, p) and Ki 


The intergal f 1 [z= (2—2,)(2—2)(2,—2) = 


can be reduced to the forms just given for the first elliptic integral by means 
of the substitution 


Raa 
A, 
which gives f an E ES A (1) 
ad aot a-y- ky)” 


where k? =(z,—z,)/(2,—2,), and therefore Ķ'? =(z,—2,)/(z, — 2,). 
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Hence the time ¢ of passage of the axis of the top from the circle z, to the 
circle z on the unit sphere is given by 


wed k | y dy Lae 
(a=) Jo YA- A -y {a@—%) 
where $ =sin1(y*), a has the value 2Mgh/A, and the positive value of the 
square root is taken in each case. j 


Eleng) aC) 


6. Relations of elliptic integrals. Double periodicity of elliptic func- 
tions. We are also concerned with the integral 


where the upper limit lies between z, and — œ. This may be expressed as an 
integral between the limits + 1 and a value of y between 0 and +1. Writing 
1 
Lag) 
and substituting, we obtain, with the understanding stated as to the upper 
limit, f dz a i dy 
azi (zh (yl yh %y)}* 


If z, the upper limit of the integral on the left, be — œ , we get at once 


=" a7 4 x dy a ; 
j= 1 z T = a 2K . 
a Z? (2,—%)' Jo {yd—y)l—ky)}? (23—%) 
We shall in what follows usually denote K/(z,—2,)*, K’i/(z,—2,)* by w, w, 
so that z2 dz Kz 
Da | monies | ti; 


21 


Writing y =(1—k?w)/(1 — k?), we find that 


[ dy is ihe du . 
o fya-yd-ky) h {ud —u)(1— ku) 
wie du 

1 {u(1—u)(1—ku)}? 

If w? be substituted for w this becomes 


Hence 21K’ = 


; Ik dw 
= { F 
1 {1w (1 -— kw?)} 
By taking the complete integral of the first kind in its normal form, 
1 
ees | da p 
o (1-1 — ka?) 


we can show that we have also 


-= dæ 
ie {(1 —@2)(1 — k?x?)}? 
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It is only necessary to make the substitution x=I1/ky and so obtain 
dx = —dy/ky?, and therefore 


da mae, dy 
{(1—a®)(1—Aa®)}} (1 —y?)(1—22y?)}4 
But when #=0, y=% , and when w«=1, y=1/k, and therefore 


i l dæ l s dæ 
K= T p 
o {1—23 (1 — kx) Jir (1—22) (1 — k?x?)} 
This last result shows that 

pr La | “dz 

aZ? 3 Z3 z 


since the root z, of the cubic Z=0 corresponds to the point æ= 1/k, as z4, Zg 
correspond to the points x=0, w=1 respectively. This can be proved in 
another way by means of the theory of functions of a complex variable, 
indeed it is only as a part of the subject matter of this theory that elliptic 
functions and elliptic integrals can be satisfactorily discussed. The reader 
should consult the modern treatises for full information regarding the purely 
mathematical matters touched on here. 

The numerical calculation of 2K gives the time of passage of the axis of 
the top from one limiting circle on the unit sphere to the other as 


2K 
{a(z;— ayy 

The integrals K, 7K’ are elements of the periods of the Jacobian elliptic 
functions sn wu, cn u, dn u, where u, snu, cn u, dnu stand for F(k, œ), sin ¢, 
cos ¢, (1— k?’ sin? p% respectively. The pairs of periods for sn u, cn u, dn u 
are respectively 4K, 21K’; 4K, 2K +2iK'; 2K, 4iK’. The appearance of the 
imaginary element, and the double periodicity of the functions here indicated, 
are easily explained dynamically. [See Greenhill’s Elliptic Functions, or 
Fonctions Elluptiques by Appell and Lacour, for full explanations. ] 


7. Formulae for numerical calculation of elliptic integrals of first and 
second kinds. The values of K and E, the complete elliptic integrals of the first and 
second kinds, can be obtained for any given modulus by expanding, in ascending powers 
of ksin ¢, 1/1 — sin? p)? in the former case, and (1 — ksin?) in the latter, and inte- 
grating term by term. This method, though direct and obvious, is far from being so 
expeditious as some others, when assisted by various subsidiary tables which have been 
compiled. Also tables of F (k, p), E(k, p) were constructed by Legendre* for ranges of 
moduli and amplitudes proceeding by small differences, and from these it is possible by 
interpolation to find the integrals for other moduli and amplitudes than those given in 
the tables. But unfortunately these tables in their complete form are only available 
to those who have access to a large reference library. The actual numerical values of 
these integrals are essential in many modern practical physical applications, besides. 


* Traité des Fonctions Elliptiques, Tome II. 
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those to rotational motion, for example to the determination of the constants of coils in 
electrical work. 
We have 


: a e a E A h 
(1-Hsin?g)4=14 desintg + 2-3 Msinto +. ++ 2 : 6 er- ) ter sin 6+.) 
E E A E Wee E ale PE aS e Gg 
Too eea oyatgen ? Pa rira Sra? 
Multiplying these by d¢ and integrating from 0 to ¢, we get F (k, p), E(k, $). Integrating 


from 0 to 47, we obtain 


Brie Teane tls) Att (aaa A te, al autigy 
eel W eager) = 1) 


Fic. 64. 


Thus for the quarter period of the pendulum vibrating over a finite arc, we have [12, 


XV, below] rmi (H rare (12) ee}, A yet e) 28 a (2) 


with 4?=sin?49,=CB/2/, where CB is the diameter of the smaller circle in Fig. 64. 


8. Landen’s transformation. An elliptic integral expressed as a con- 
tinued product. Anelliptic integral of the first kind can be transformed into another 
of a larger modulus and a smaller amplitude, or of a smaller modulus and a larger ampli- 
tude. The transformation is that given by Landen [Phil. Trans. 1775]. Taking the 
former case, $ de 


Ey) h i e e aasde Eeee (1) 
0 (1— Asin? e)? 
we replace $ by a new amplitude qi, given by 
Ai sin 2hi i 3 2 
I T ee pe A E E EA (2) 
From this we get do ne ay . 
(1—#sin?g)# Ee 26in?d,)o nn cieeeeeceeen (3) 
4k 
2 may LR 
where ky =i 


The modulus %; is less than 1 and greater than 4, as the reader may prove. Also ¢,<¢. 
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The transformation may be ae any required number of times so as to give from (1), 
2 2 2 


E(k, $)= oh Tah ey Ree ea Cay aac Pa sea veaeics seeeseehs (4) 

But 2/(1 +h) =k,/k3, 2/(1 +k) = k/k? ,---, and therefore the equation just obtained may 
be written Ee S 4 

F(k, $)= (Hebe) BoE a Read Sol a (5) 


A continued product is thus obtained for F(4, p) which converges to a limiting value, 
for which &,=1, and the upper limit of integration is ®, the value of ¢, for n=o. 
Thus the final integral is F(1, &), that is 


è do 


o cos $ 


and we have FC, oe E Lt (Sit ede te Nog tanam tA P) e ene E eet (6) 


This transformation reversed gives a smaller modulus and an increased amplitude. In 
this case if k; be the new modulus and + the old, we have 


=log tan (4r +$®), 


_ 2k? EE 
EET Thi or k= RT e Dpp oooevenvenenenn (7) 
and for the amplitude, tan (ġ- ¢)=(1- heh UATIG Ds E E (8) 


It is to be noticed that if the amplitude #=4$7, the new amplitude ¢,=7. The amplitude 
$ will then be 27, and so on to pp =2” ($r). 
Now we obtain by repetition of the transformation, 


F(t, p)= thr, p) A. 
ae EEEE ES 


or, by the derivation of the ks, 
FG, d= PE hs), 
(ki, ) ike. an 4 - ( , ) 


1 T Rik r Y (9) 


A E E A Sa E A a A rc smc (10) 

where E A FR P tan (p--p)=(1- k VAA tan ¢,-1. | 

ag eT 
Here the limit £, (n= æ ) is zero, and therefore 
© 
Lt F (kn, ddf i nO ees T ty HOI a EP (11) 
If the complete elliptic integral is required, we have ®/2”=}7, and therefore 

K(k)= Lt(1 +y)(1 +h) ...(1+hn)5- ROKR aie ERE (12) 


By means of the last result the complete elliptic integral of the first kind for a given 
modulus & can be quickly determined. For example, if k=0:5 (=sin 30°), we obtain 


i, =0°0718,  ,=0°00129. 


Using only these we obtain K($)=1:07309 3 HGS Omer a A A O AA (13) 


where 0:0005 > « > 0:0001. 
Again let £=./3/2 (=sin 60°). We find at once 
k=}, ky=17—12/2=0-029438, &,=0°000216, 


which give K(*2)— DON bere Pr ect eee enced cath adeeunvesvadesececuacce st (14) 
where 0:0005 > e > 0:0001. 
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9. Convergent series for elliptic integrals of first and second kinds. 
Other formulae of calculation for K and E have been developed. We give here a useful 
process for K. A similar process is also applicable to E. 

Let P, P,, P}, ... be defined by the equations 


P=14()t+(5-2) + 


(z 
P= (4A +5 OV e+ ( 
( 


2B ee 
a ae ‘i ee PR Li (1) 
= Sies 8 these 2 
dae +3) s+ Ts) ere 
1.3.5)? 
Boe To) eni 
where k=%'?, Then 
K=Plo Sae Ug gr ea Pat) (2) 
ry fie oe toes) ate G 3 e esesseroosesoseeseeeeeoe 


The values of P, P;, P}, ... are first calculated, and the value of K is then obtained by the 
equation just written. It will be observed that when the terms necessary for P have 
been evaluated, the proper procedure is as follows. Let us suppose that the term 


{(1.3.5)/(2. 4. 6)}2«2 


is the smallest which it has been thought necessary to include : then that is set down as 
P,. To that is added the next term in order of magnitude to give P,. To P, is added 
the next term in magnitude, to form P,; the addition of 1 to P, gives P. The series in 
brackets in (2) is then formed, doubled, and subtracted from P log (4/x?), and the result 
is K. 

When £ is small the value of # is nearly unity. By using & instead of # in calculating 
P, P,, Py, ..., and log (4/k) instead of log 4/k’, we obtain by (2) the value of K’. That of 
K is then $P/z. 

The formula for E is 


he © ey ae eo ah Be 
ANA az 3 8 5 5 
Dla (log =, ra) tp (log 1.2 +z) 
12.3?.5 n( a pata Stake ) 
+52 46“ log ma 7-9 eae) oe ee (3) 


10. Jacobi’s O-functions. Hxpression by q-series. When the value of k 
is not in the vicinity of zero or unity so that neither & nor %' is small, the integrals 
may be calculated by other methods which we shall now shortly explain. 

If q denote e~™*’* and 


9 NA) =1 F2q cos T+ 294005 EY 299 cos 2t 4... , E a E (1) 
it is proved in treatises on elliptic functions that 
dnui=d— penta = we. eo hc ae (2) 
u 
If u=0, dnw=1, and we have i 
E AE E E A EN ee (3) 


1+2g +2gt+209 +- 


We shall now show how K can he calculated when g has been expressed in terms of 1’. 


From (3) we obtain 


1-H 29429+2254... (4) 
Ga aa PG A AAA 
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Thus, if powers of g higher than the fourth can be neglected, 
l-k? 
14%? 


In the numerical calculations below we shall make the supposition here stated. It is 
usual to express & as sina where a is an auxiliary angle. We have then %'=cos a, and 
hence by (5) we get the approximate equation 


(+ tan?}a)? — a- tan®}a)? 


2q= 


Dg En a O (6) 
(1+tan?4 za) +(1- tan?}a)? 
Equation (3) however gives by expansion the exact equation 
q=} tan?4a+ 4) tanza +p} tanMdat shbg tamta teo cece ceeee eee (7) 
and log g=2(log tan ła — log 2)+ log (1 +4 tanta + 445 ears Y aoea (8) 
The second part on the right may be regarded as log (1 +x), where 
x=} tantta+ 755 tan'da+.... 
But log(1+2)=2—-42?+103-..., 
and therefore we may write (8) in the form 
log g=2 (log tan ġa — log 2)+1 tant ta + 74% tanla +g tanPdate-- + oe. (9) 


When a<jr, a result correct to five decimal places is obtained by means of (9). The 
series in the second part is very convergent, and a sufficiently accurate result for most 
purposes is obtained by including only the terms exhibited. 


11. Calculation of complete elliptic integrals by q-series. Numerical 
example. It is one of the properties of the O-function that O(w+K)=©,(w), so that 


OG) =0,(0).. Thus, by (2),10, “> (0) PF FO(K). a a a sesstonse ste (Q) 
But by the theory of these functions we have 

2k’ K\S 

(0)= c j 2 a nal OS EATEN AE (2) 

2K\2 
Hence Ə(K)= (S : 
that is ey Ug 298 l e ats) A (3) 

3 
Again, . 6(0)= i =) = 2g Y a d a (4) 
By (3) and (4) we get K= ae A Sak GEES TCE ee he a aE (5) 
ie 


The series on the right is highly convergent. 
With observance of the degree of approximation of (5), 10, these become 


KESLER aa eeeeteatins A aE E (6) 
4 
0(0)= e >) OS POY A NE Ee S, (7) 
2 
Kae (a ile 1 eee ee A N te (8) 


It is interesting to notice that when g is small, as it always is if, say, a<47, a good 
approximation to K is given by the equation 
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The following example of the calculation of q is given in Bertrand’s Calcul Integral, 
p. 682, which may be consulted by the reader for a clear statement of the properties of 
the Jacobian elliptic functions.* We shall find the common logarithm of g, or Logg. For 
this we have to multiply the right-hand side of (9), 10, by M(=0°4342944819), the modulus 
of the common logarithms. We get, indicating common logarithms by Log instead of log, 


Log q=2 Log tan $a+1°3979400 +a tantsa+b tanga +c tangat., cee. (9) 
where a, b, c are coefficients which have the logarithms, 


Log a=1:0357243, Log b=2-64452, Logc=2'41518. ..............000 (10) 


So far this is independent of a and may be used for any determination of q (see for 
example the calculation in 12 below of the period of atop). Bertrand takes a=10° 23’ 40”. 
Then 


2 Log tan ła = 3:9176842 Terms of second part : 
Colog 4=1-3979400 - 4 Log tan $a4=5'835 
From small terms 74 Log a=1:036 
Log ¢=3'3156316 6-871 
Thus g =0:002068. a tantġa = 00000074 


The first only of the small terms is taken, as with seven-place logarithms the second 
small term would contribute nothing to the value of Log q. 

Now let a be the complement of a small angle. We have g=e-"*’K. Let p=e-"*'; 
then p is the value of q for the small angle år -a. We have 


Leg : Log : = M?r?= 1'861522835, 


a result which we reserve also for use in the calculations which follow regarding tops. 
From it, if p has been found, g can be deduced, and vice versa. 
Now we have found for the angle 10° 23’ 40” that (if the g for that case be denoted by p) 


log - =3-—0°3156316 = 2°6843684. 
But Log Log, + Log Log = Log 1:861522835. 
Hence for the large complementary angle 
Log Log : =1'841026, 


and Log g=13065321, 
that is g=0°2024. 
We now find the value of K for a=10° 23’ 40”. We have seen that g=0-002068, and 


that K is given by ete 
K=ł}r (1+ 49!+ ++). 
: con) soi 


Now #/%=1—0°008255, so that {2/(1 +k) P= /(1 — 0°004127)}?=1-008238. If we limit 
the result to six places of decimals we have to neglect 49. Thus 


K =1:570796 x 1:008238 = 1583736. 
* The value of a is stated by Bertrand as 10° 23’ 46”, but the logarithms he uses are for the 


value in the text. If the degree of accuracy for which equation (6), 10, is valid is sufficient, 
the series should not include higher powers of tan ġa than the eighth. 
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12. Numerical calculation for an actual top. We now consider a top con- 
sisting of a disk with massive rim, mounted rigidly on an axle or peg through its centre 
at right angles to the mean plane. The following data correspond nearly to an actual case: 

M=200, in grammes. =4, in centimetres. k=4, in centimetres. 
Then C=M#?=3200, Mgh=200 x 981 x 4=784800, A =4C +200 x 42= 4800. ‘ 

We shall suppose first that the angular speed 7 is 100 revolutions per second, that is 
628°32 radians per second, and that the top on being spun is left to itself with its axis 
at rest inclined at 30° to the upward vertical, and spins then about a fixed point of the 
axis. One root of (5), 13, V, is a= 32/2. The other two roots are those of 

De (Bae 
2 bn fae bn 


z 2—1=0. 
These are given by z=p + (p*—Qpzy+ 1), 
where p=b’n?/2a. 
Thus a 3200? x see _ 1600 62832? _ 969-3, 
4x 4800 x 784800 3 784800 
Ree 3 ae Pe iSe 
is gives (p?— 2pz+1)? =268 E a, 


32 
= 268°3 — z +0:001864. 
The two roots of the quadratic are thus 
535736 and 08642. 
The latter of these is the smallest root z,,in the notation of 10, V, the former is the large 
root z,. The root z gives approximately 6,=30° 12’, so that the range of oscillation in 


6 is about 12’. The limiting circles are thus only 12’ apart, and the oscillation must be 
very nearly simple harmonic, as described in 14, V. 
To find the period we have by (1), 7, above, since # is very small, K—37. Also by 
(2), 5, the time of passage from one limiting circle to the other and back is 
2a Qa 
T3 D =7184 


: =0°01502. 

{az 

The period is thus about 3/200 of a second. The eye will hardly be able to detect the 
deviation from steady motion, though as a matter of fact in this period the azimuthal 
angular speed will change from zero to twice its average value. 

The average value u of the angular speed in azimuth may in this case be taken as 
Mgh/Cn, since the motion is only a slight vibratory deviation from that of steady slow 
precession. Hence 784800 

~ 3200 x 625°32 
in radians per second. Thus, in the period 0:01502 second, the angle traversed in azimuth 
is 0000586 radian. 


If the speed of rotation be 20 revolutions per second, p will be 268°3/25=10:73. 
Then, as the reader may verify, 


=0°3903 


(p? — 2pa +1) =(10°732— 2 x 10°73 x 0°866-+ 1)? = 9°87, 
0:013 
19:754 
The value of 6, is about 31° 30’, so that the range from highest to lowest is 1°30’. The 
oscillation is still very nearly simple harmonic in a period of 27/80°37 (=0'078) second. 


The azimuthal angular speed is five times what it was before, and the angle traversed in 
the period is 0'156 radian. 


so that Z=20°607, 2;=0853, K= =0:000626. 
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13. Actual top: different speeds of rotation. A rotational speed of 10 turns 
per second, with other data as before, gives p=2'683, and (p?—2pz+ 1)? =1°8846, and so 
z;= 4:5675, z,=0°7985. Thus 6,=37°, nearly. The range from highest to lowest is now 
much greater, showing how it increases as the speed of rotation is diminished. Here 
k? =0-0675/3°769=0-01791, so that k’2=0°9821. Thus k/2=0:995, about. We shall take 
this as unity. It is clear also that if we do not go beyond four places of decimals we may 
put 1+29*+...=1. Hence, in the present case, as in those that precede, 


K=}r. 
The period of oscillation of the axis of the top is, in seconds, 
2r Qar 


= =0'18. 
fa(zq—2)}2 (327 x 3°769)2 
If we suppose that here again we may use the average angular speed Mgh/Cn as the 
mean rate of turning in azimuth, we shall obtain a result not far from the truth. The 
azimuthal angle turned through in the period is thus 
784800 x 0:18 
Y= 3900 x67832 
in radian measure. Thus the axis moves once round the sphere in about 9 periods. 
Finally, we suppose the speed of rotation to be only 5 turns per second. This will 
give a good example of the calculation of K. 
We have p=0°67075. Hence 


(p? — 2pzy+1)2 =(0°670752 — 2 x 0°67075 x 0'8660 + 1)? =0°5369. 


=0°706 


Thus z,=0°67075 — 0:5368 =0'1338, 

and G)=82" 18% 

The range of motion from one limiting circle to the other is now 52° 18’. 
Also we have 2, = 0°67075 + 0°5369 = 1°2076. 


12—724 08660 — 01339 


Hane “am Te e 9 
Also k'2?=1-—06819=0'3181, &=0'5639, %?=07509, 
and a=cos 10:5641 =55° 42’. 


We can now calculate g from the value, 27°51’, of 4a. The work may be set forth 
as follows : 


2 Log tan 27° 51’=1°4458 Calculation of small terms : 
CoLog 4=1°3979 4 Log tanta=2°8916 
From small) 85 Log a@=1:0357 
terms 3 r 
= 3:9273 
Log q =2:8525 <. atant}a=0°0085 
Hence q =0:0712, be 
4 Log g=5'4100 ; 8 log tan 3a =3'7832 
` gt=0°0000257, Log 6=2'6445 
2q*=0'0000514. 1:4277 
b tan? ġa = 000027 
‘ 2 2 ? - 
Thus we obtain K=} ( 5255) (1+ 0:0000514) =2:0497. 


From the value of K thus found we obtain the period of oscillation between the limiting 
circles as 4K TP 8:1988 _ 81988 
$a(zq—%)}2 Ge )’ 18°74 

2400 


=0°4376, in seconds. 
x 1:0737 
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The azimuthal angle turned through in the period cannot in this case be estimated 
accurately by means of the angular speed Mgh/Cn, but it is of the order of 3:4 radians. 
Thus the axis swings about half-round, or rather more, in the period. 

It will be observed that in all the cases here considered, except the last, steady motion 
is possible, that is the condition C2n?>4AMgh cos 6 is fulfilled, in fact in each of these 
cases the top is a “strong” top. 


14. Numerical determination of inclination of axis to vertical for 
actual top. We have now to consider how the numerical calculation of the inclination 6 
of the axis to the vertical at any time ¢, and of the corresponding azimuthal angle y, is to 
be carried out. This will involve the computation of the incomplete elliptic integral of 
the first kind, F (k, p), and of the corresponding value of the sum of two elliptic integrals 
of the third kind. The second part of the discussion is attended with difficulties, but a 
scheme of calculation by means of the parameters a, B, y, ô has been given by Klein and 
Sommerfeld (Theorie des Krezsels), which it is claimed renders the whole matter syste- 
matic and comparatively easy. We find it however much more convenient to compute 
a sufficient number of ordinates to enable the area of the curve which represents the 
integral to be obtained by adding the areas of a succession of narrow strips. 

The calculation of the incomplete integrals F(b, $), E(k, p) is important for the deter- 
mination of a point on the axis of a top, spinning about a fixed point O. Denoting 
F(k, ġ) by u and Ke by x, we have 


E3 2 o gea is) (u) 1 
dn w=(1 — k?sn?u)? =O E EE E E soutenes (1) 
that is if z=ru/2K, yee ten MOP TE SS TNT rece! (2) 


STE 2q cos 2y + 2q*cos 44 — . 
The value of g is found by the process explained in 10. The calculation can now be 
carried out as follows by a process of successive approximation. Writing cot à for 
(dn u)/x, we get cotA—1 dn u—k 


ee ih Barr): E ae Seem a estate E es vtis tesla eit eta 3 
cotA+1 Raa) dnu+k’ (3) 
: 2x +q8cos 6x +g”*cos 10x +... 
hat is b = een! q i OE ay I, 4 
peer), conga ie 1+2g9'cos 42+ 29!*cos 84+... (4) 
s cos 2y +q8(4 cos? 2x — 3 cos 2x) +... 
or —X)= ae) KOC ETEA 5 
Gera == 1+gt(4cos?2r—2)+... 1 
Thus, to a first approximation, cos 2x aa. E EE A baa aes EA (6) 


With the value of cos 2x thus obtained we can calculate the terms involving q* and g5, 
and substituting these in (5), then solve the new equation for cos 2x, neglecting all terms 
involving higher powers of g than q8 in the numerator and g* in the denominator of the 
function on the right of (5). 

We shall see later that the first and second elliptic integrals, as well as the third, can 
be readily evaluated by the simple process of calculation of ordinates. 


15. Numerical examples of motion of a top. We shall carry out the calcula- 
tion for the case of motion specified in 13 above. There 


k?=06819, «(=k'4)=0°7509, a=cos-!0°5641 =55° 41’. 
It was found that g=0'0712, so that g=0-0000257. 
Now O(K)=1+4 29¢+29*+...=11425, 
and so by the value of q, 2 Log 9(K)=0°1157. 
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We shall suppose that the upper limit of ¢ is 50°. 
Then Log dn w=} Log(1 — 0°6819 x sin®50°) = 1°8890 
Log x = Log 0°7509 = 1'8756. 
Hence Ne cot in =44°"7’, and 45°-\=53’. 


Equation (3) therefore becomes 


cotA—1 È ee 
Thus, by (5), we obtain as a first approximation, 
aan OE Soo 1083; 
2g 
and 2n=837 47. 


It is unnecessary to go to the further approximation, as the correction applied would 
lie beyond the degree of accuracy here aimed at. In radian measure 


s xz=07310, 
so that Log v=1'8640. But 
e=5 and K=76%K), 
and therefore w= 208K). 
We have seen that 2 Log (9)K =0'1157. Hence 
Log u=1'9795 
and u=0'954. 


A reference to Legendre’s tables shows that this result is nearly correct. 

The value of @ corresponding to the upper limit of ¢ is given by the equation 
sin? =(z—2%)/(z.—%), where z=cos@. In the present case, p = 50°, and we get 0=55° 42’, 
which, as it happens, is the value of a (=sin7!£). 

As another example the reader may verify that if 4=sin 10°, and the upper limit of ¢ 
be 25°, we have, carrying the calculation to a higher degree of accuracy, 


q=0°0019136, O(K)=1+29+29'+---=Log—0:00165925, 
Log dn u= Log {(1 —sin?10°. sin225°)?} =1-9988274, 


Tog 22 = Lopeot 100021516, 
K d 


Hence, to the first degree of approximation, since 45° — ’=8' 30’, 
Log cos 2x = Log tan (45° — A) — Log 2g =1°81027 
and a= 24° 52! 40”. 


With the small value of g here found the effect of the second approximation is very 
slight. 


16. Calculation of complete and incomplete elliptic integrals of the 
second kind. Now consider the evaluation of E(k, $), which is required in some 
calculations of the azimuthal angle y. We have 


E(k, )=fa PEE IS A eA A wen (1) 
which, if «=F (k, p), can be written 


EG goial antes te ea a a (2) 
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Now in treatises on elliptic functions it is proved that if O(w) have the value stated in 
(1), and O'(u), O” (u) be its first and second derivatives with respect to u, 


9"(0)_ O'(w) 


ie sn? ee 
sn?udu=u 6(0) ID (3) 
But 0! (u)= K (49 sin 7 — 894 sin 72" 4199s in), 
e eet (4 
0" (u) =F (89 cos T% — 324! cost 47299 oe ae ). 
Thus OO) Tereg onl in Bed ln 2 Al Bn (5) 
Ə (0) K2 emi A g eereesseessscseeenooosesseeos Veeiesecceerevece 
a OG) Ls 4q sin K% sin E+. 
o) 73K SS ae Deeed Crane coes T ote seer ceca es (6) 
1 — 2g cos KH osr ~ 
Again, if A=(1—q’)(1—q*)(1—@°)..., 
it can be proved that 
O (u)= afis 2q cos rt +9") (1 -290087 +48) a enc a E T (7) 
iT SE TU 
Gt COME 4q sin K f 4q sng ile 8) 
0 (u) R Faas mes Pt > TEELE E E A 
gcos tg Goose +4 
"sin 2. x ; 
Now ne es = get sin 22 +g” sin 4+ q?"Sin OL 4 se. seesesscccceoeenee (9) 


Hence, putting n=1, 3, 5, ... in succession and adding the results, we obtain, with 2v=7u/K, 


O'(u)_ m (4qsin2e , 4g?sin 4x ) 
30 aE | ag 1-¢ Pon = S Bayoe eanne i E (10) 
o” (0 
Thus E(k, p=ul1- Gos) ) +8. n A stsenieacsres (11) 
If the complete integral is taken, that is if u=K and ¢=$7, S is zero, and 
o” (0 
E(k, bn)=K ( - Bo) MO herida Micon he A A, (12) 
sie _ 9m? q— 49+ 999 — 16g? ++ 13 
=K- 00) a E (13) 
But K =}rO(K), and since O(0)=x0 (K), we have 
BORDERS N eg T E E en es (14) 


17. Numerical examples. The numerical calculation can now be carried out. 
First ¢ is found, as explained in 13 above, for the value of a (=sin™>4) given. Let it be 
for example 19°. Then the process gives, as may be verified, 


3 Log q + Log 4 =7'5357147 + 0°6020600 =6°1377747. 
Thus 49g?=0:000001373 and log (1 — 4q*) = -- 49°, so that 
Log (1 — 493) = — 4g? x M = — 0000000596. 
The value of log @(K) is obtained from the value of g (=0:00700226) as 0:0060399 
(see below). Also that of K is calculated as before and found to be 1°61510. 
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The table of logarithms required to complete the calculation of E(k, $7) is now 


Log 4r= 1:0992099 3 Log 0(K)=0°0181197 
Logg= 38452383 4 Log cos 19° = 1:9878350 
Log (1 — 4g?) = — 0:0000006 0:0059547 
29444476 
00059547 
29384929 = Log 0:0867946. 
Thus aaa — 4g) =0-0867946, 
and E=1:61510— 0086795 = 1°52831, 


Log E=0°1842114. 
Now let the integral be incomplete, and the terminal value of p be 27°. Then, by (11) 


and (12), 16, 
oe E(t, ¢)=2E+S=~ E48, 


; n aa 
where, (10), 16, S= ia (ee rhs = Poco y 
with z=7u/2K. 
Now putting, asin 14, cot A=(dn w)/x, we first determine v by the approximate equation 
2q cos 2x=tan (45°— A), 
which gives Qa =52° 42’ 40". # 
This, by the process explained in 14, is corrected to 
x=26° 21’ 32” =94892", 
so that the radian measure of x is 94892/206264'8. Hence 
Log x= 16628042 
Log E =0: 1842104 
CoLog $7 = 18038801 


Log ze =1-6508947 


Thus 20E _ 9.447605, 
T 


Now to find S we have first Log(1—g?°)= — Mg?°= —0'0000213. The logarithms of 
l1—qt, 1—@°, ... may all be taken as zero. Hence, as the reader may verify, we have for 
the Logs of the terms in SK/2z7, that is S62(K)/4, since K=}$70?(K), 


Log q =3'8452383 Log g?=5'69048 Log g?=7°53571 
Log sin 2a= 19007282 Log sin 4x =1:98405 Log sin 62 =1'57069 
CoLog (1 - g?)=0:0000213 Log 0°044726 =5°67453 Log 0:091278 =7'10640 
Log 0:0055717 =3:7459878 
2 
Thus se) =0:005717 + 00000473 +.0°0000001 = 0005619. 
But @(K)=1+2¢ + 2¢*+ 299+..., 
and Log 0:0056191 =3'7496668 


Log 4=0°6020600 
CoLog 0?(K) =1:9879202 
23396470 

S=0-0218598. 


Hence if k=sin 19°, and $=27’, 
E(k, 6)=0°447605 + 00218598 = 0°469465. 
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18. Formulae for azimuthal angle p. In order to calculate the angle turned 
through in azimuth in any given time ¢ we have to evaluate an elliptic integral of the 
third kind, and it is desirable to express it in Jacobian functions. The normal form of 
this integral may be written 


f dx 
0 (1+ pe){(1 —22)(1 — x2) 2 
We denote it by I. If we put sn v for x and sn2v for —1/p, we have dv=cnu dnu du, and 


I= nof 9 E esos sokonieaenese (1) 
0 


sn?u—sn2v" 


Now it is proved in treatises on Elliptic Functions that if H be the function defined by 


LTU 9 . ƏTU 25 . OTU 
H(w)=29* sin aK 29" sin OK +2q% sin S| eee 
and if we define Z(u) by Z(u)=— {log H(u)}, : 
U 
that is if ZR COL a a an IE CI OO (2) 


H (wy 
any elliptic function can be expanded in a series of elements consisting of Z-functions, of 
which the coefficients are the residues of the functions for the respective poles. [This 
Z(u) is not Jacobi’s zeta-function, which is Ə'(u)/O(u).] 

The following simple case will illustrate the meaning of this statement. A function 
J(u) is said to have two isolated simple poles at the points a, b, if it can be written as 
,(u)/(u—a), or palu) (u—b), where p (u), pa(u) are finite and continuous in the vicinity 
of w=a and u=b, respectively. Then ¢,(a), $,(b) are the residues of the function for the 
points in question, according to the theory of complex integration given by Cauchy. 
They are in fact the values for w=a, u=b, of 


aaj] Fe) a 


when the integral is taken round a circle of infinitesimal radius surrounding in one case 
the point a, in the other the point 6. We shall call these residues A, B. 
The expression of this function in elements is then given by 


Fi) AZ uma) t BZ(u =b) Cine ceca eancairceesasaee ceases (3) 
1 
Sy see ve ececcnersscesantecaterssccssesacerscrese 4 
Now for | IO =a, (4) 
the poles are the points w= —v, u= +v, and 
yoy? CUN f Uu+v 


2 ; B 2 3129) 
u=vSn2u — SN? V u=—»sn?u —sn?v 
The limiting values are obtained in the usual way by differentiating the numerator and 


denominator in each case, so that 


1 1l 
= =— Se O30) CB A OT. 5 
A 2snv cnv dnv’ 2 2snv cnv dnv (5) 


2snv cnv dnv 
sn?u—sn?v 


To determine the constant C, we put u=0, and thereby obtain, since Z(—v)= — Z(v), 


== (Gh) — Li Wat t= On sauce cesses serine etassaseses (6) 


Thus we get at once 


yo fH) _envdnv 
Ca EG) snv } 
Ble) 
But sn ea O(v)’ 
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and therefore logarithmic differentiation gives 


cnv dnv H’'(v) O'(v) a 
FEE E T ACT coe fod 
so that C=2 Buy Bisel eahe Na aor Me centene (8): 


We have therefore 


2sinv env dnv O'(v) 9 
mae »)- Z(ut)+2 ey sat E E E eerie (9) 
du H(u—v) O'(v) 
— = E E 10 
and 2snv env dn» | — 9" log ete Oot oo (10) 
If we integrate (9) with respect to v we get 
snv cnv dnv dv A 
-= p Sav cae dave Pea ae =log(sn?u —sn’v) 
=log {H(u—v)H(w+2)}—2 log O(v) +loge, ........ Aaa) 
where c isa Medion of u. But if v=0, the last result gives 
_ Hw) =e) 
snlu=¢ G29)? Perea PO aay 
1 H(u) 
But Bee eed 
u sn u 3 Olu) 
x 2 
and therefore, finally, Pe T ony Te a a a aae oie AE (12) 
We obtain from (10) the result 
PARN BUDEP O ONON a N 13 
in ral 8 wp) SOL t 
If we suppose the integral to start from w=0, we have for the determination of C, 
H(= 2) = 
log EIG +C=0, 
and therefore C= — log {H(—v)/H(v)}. Hence (13) becomes, since H(—v)= -H (v), 
a sn v H(v—u) , . AON 14 
Lots Say og Hits) o0 E Woh ek E A T AE AE ( ) 


The calculation of the two integrals I}, I, required for y, by these functions is, as has 
been stated, troublesome. The reader will realise this if he attempts to develope for- 
mulae for the purpose. Numerical values for complete and incomplete integrals of the 
first and second kinds are given by many writers, but not one, so far as we know, 
gives calculations of integrals of the third kind. For such integrals there are no tables 
available, and the process of computation by means of Jacobian %-functions, or by 
Weierstrassian o-functions, is troublesome, inasmuch as on the one hand snv has in one 
or other integral an imaginary argument, and on the other the calculation of the 
o-functions by means of g-series cannot be carried out with brevity. 

The same remark applies to the formulae in terms of Weierstrassian o-functions and 
¢functions, which are derived for a top by the process exemplified in 17...20, XV, below.* 


19. Elliptic integral expressions for angles Y and ¢. We shall now 
however show how the integrals can be obtained by the prosaic, but direct and practical, 
process of calculating a First we set out the integrals to be found. By 4 above 


we have P3 1 [(G+0n Aa ae +G Sez = ay Le PAAA RA (1) 


* Angles are here measured from the upward vertical, and the order of the roots 7<z,<z, is 
the opposite of the Weierstrassian order, e; >e >ez, which is used later. 
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By the substitution explained above this is transformed into 


y-{ 1 Acre areata 
ZAMgh(z,—2)) | 1+ RE 2 sin’ )(1—Rsin?g)? 


Pie eT res | Carer (2) 
q (1- i7 sin )(1 —sin?¢)? 
Denoting the integrals by I,, I,, we have 
Mas Cl te Calls T E T E ANEN 
eey \ Cn-Gf 1 \2 
h =- eee 
ee ci l+z, L(2AMgh(z =z) ? 2 1-24, (ZAMgh(z;—%)5 (4) 


In the general case of an ordinary top we as [see 4 above] 


; G-Cnz dz ; -Gz dz LETAP 
y= OE- p= ee at a n(2 E Seen teense een sosoo (5) 


so that for a spherical top there is a perfectly symmetrical relation between and ¢. 
It will be clear that in the latter case, if an integral has been calculated for y, the 
corresponding value for ¢ will be obtained by interchanging Cn and G. In the general 
case the term Cn{(A—C)/AC}t¢ must be added to the integral obtained as indicated. 


20. Numerical calculation of time in terms of angle 0 for actual top. 
Thus by (2), 19, the calculation of the azimuthal angle turned through in any given time 
requires the evaluation of two elliptic integrals of the third kind. We compute a sufficient 
number of ordinates of the curve which represents by its ordinates the successive values 
of the integrand, and thence deduce the area. This process has the great advantage of 
giving at once, in each case, all the incomplete integrals. To illustrate it we take the 
case of a top for which calculations have been made by Klein and Sommerfeld [Theorie des 
Kreisels, Kap. IV, § 9, and VI, § 6], using their own method of determining the parameters 
a, B, y, ô by qg-series. We shall thus be able to test the direct method here reconimended, 
by comparing the results with those of the more recondite process employed by these 
writers. 

The top employed had the following constants : 


Cn=4800pr?, G=4200pr?, A=750pr, Mgh=10000pr', 
where p denotes the density of the material of which the top was composed. For the 
lower limiting circle 0 was 60°, so that z,=0°5. By (4), 16, V we obtain for the deter- 
mination of the other two roots of the cubic Z=0 an equation which, after a little reduction, 
takes the form E + OFT NIN Hoke, pctv ces tiseatomtaschderare (1) 


of which the roots are 0°6759 and 11481. Thus the upper limiting circle is given by 
%,=0°6759, and for that 0=47° 31’. The large root, 1°1481, is z3. 

For the modulus & of the Legendre integral of the first kind, by which we express the 
time for any value of 6, we have 


PEATA 


Z3 — 


ae 27144122 06210A EAIN A E, (2) 
The time ¢ of passage from the lower limiting circle to the value of @ which corresponds 
to ¢, the upper limit of the integral, is given by 


fet 2A pr AIEE RE Oe ea ee (3) 
Mgh(es—4)S Jo (1—0'971441 sin?d)? 
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The connection between @ and ¢ is given as we have seen by 


where z=cos 6, 


We calculate first the integral exhibited above, and the process adopted will give 
it at once for values of ¢ rising by successive steps of 5° from ¢=0 to 6=90°. It is 
obvious that no ordinate can differ very much from 1. The common logarithms of sin®5°, 
sin?10°,..., are got from the tables and written down in column with a space between 
each and the next inorder. The logarithm of 0:27441 is then taken ona slip of paper and 
added to each of the former logarithms so as to give those of the values of 0:27441 sin? ġ. 
The corresponding numbers are then taken out and subtracted from unity, and the 
reciprocals of the results obtained either by logarithmic tables, or directly from a table 
of reciprocals. 

Thus we get the table of ordinates : 


‘ipa 
5 10010 50° 1:0906 
10 10041 55 11057 
15 10092 60 11205 
20 1:0163 65 11344 
: 25 10252 70 11468 
30 1:0358 75 11572 
35 10479 80 11650 
40 10613 85 11699 
45 10756 90 11715 


Let us suppose that we wish to find the complete integral. We add the first and last 
ordinates, and take half the sum, which gives 1:0858. Then we add to this the other 
17 ordinates, and get as the sum 19°4527, which on a certain preliminary scale is 
approximately the area. 

This process is equivalent to supposing that the heads of two successive ordinates may, 
without sensible error, be taken as joined by a straight line, and then taking as the mean 
ordinate of each 5° strip of the integral the middle ordinate of the strip. It does not add 
very seriously to the work to take steps of 24° each, so as to obtain greater accuracy. 
But, as will be seen below, we can obtain with 5° steps a result which is right to three 
decimal places. 

We obtain the proper numerical value of the integral by reducing from degrees to 
radians. Thus we multiply by the factor 5/57°3, and obtain 


F( 0521, z) PA 2 O. 


which agrees exactly with the result of the calculation by gq-series, referred to above. 

By exactly the same process we can obtain any incomplete integral. For example, we 
take that from ¢=0 to @=50°, with the same modulus. The half sum of the ordinate 
for 0° and that for 50° is 1:0453; the sum of the nine intermediate ordinates is 9°2767. 
Hence, on the preliminary scale, the incomplete integral required is 


1°0453 + 9:2767 = 10°3219. 
The proper numerical value is therefore 


F(0'521, 50°) = OE 09007 
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Summed in the same way the remaining strips of the complete integral give 
poles ey Ts 911806 
F(o 521, a F(0521, 50)= = m 
The two areas make up 1°6974, the value already obtained above. 
The factor by which the complete or incomplete integral must be multiplied to give 
the time of motion is stated above in symbols, and in the present case is 


=0°7967. 


1 


( 2 x 750 x pr et 15 ji ned 
10000p7? x 0°6481/ ~\100x 06481) x 


Thus the time, in seconds, of passage from one circle to the other, is 1°697 x 0°1531 =0°26. 
Similarly the time for passage from ¢=0 to 6=50° is 0°9U07 x 071531 =0'1379, in seconds. 

The angle ¢ corresponds to 6=cos~'0°60322, or 0=52°54’, and the range p=0 to 6=50° 
is the range 0=60° to 0=52 54’. 


21. Numerical calculation of azimuthal angle Ww. We now consider the 
determination of the angle y. Going back to (2), 19, we have first to find the integrals 
which are there represented in symbols. The values z and z, inserted show that these 
integrals are dd 


| (1 +.0°11727 sin? $)(1 —0°271441 sin? $)? 
dd 
| (1 — 0°3518 sin? $)(1 —0-271441 sin? $)? 
We first evaluate for values of ¢ separated by steps, again of 5°, the factors 
1+0°11727 sin’, 1-—0°3518 sin? ¢, 
and then multiply each of the values so obtained by the corresponding value of 
(1-0-271441 sin?)?, 
and take the reciprocals of the products. The calculations are best carried out by a 


table of seven-place logarithnis, so as to avoid expenditure of time and possible error in 
reckoning differences. 


Here follow the values of the ordinates for the first integral, each multiplied by 100000: 


0° 100000 

5 100014 50° 102041 
10 100058 55 102510 
15 100135 60 102993 
20 100251 65 103476 
25 100413 70 103923 
30 100626 75 104309 
35 100895 80 104614 
40 101223 85 104796 
45 101611 90 104850 


Taking half the sum of the first and last, and adding it to the sum of the other 
17 values, we get 18°36314. Reducing the abscissae to radians by multiplying by 5/57°3, 
we get for the integral 91:815 x T 

L= 5 102017 F- 

The factor C,, by which the integral must be multiplied to give the corresponding part, 
Yi, of the angle y, is found from the values of A, Mg, Cn, G, z3, 2, above to be 1:9243. 
91815 r _ 

90 2 


T 
Hence we have wr, = 19243 1:9631 2 
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In the same way we deal with the other integral, and apply the necessary factors. 
The successive elements of the integral, each multiplied by 10000, are 


0° 10000 

5 10037 50° 13744 
10 10149 55 14474 
15 10336 60 15222 
20 10599 65 15955 
25 10939 70 16637 
30 11356 75 17225 
35 11850 80 17685 
40 12418 85 17975 
45 13052 90 18074 


Again we add half the sum of the first and last ordinates to the sum of the other 
17 values, and get 24385. The factor C, is easily found to be —1C,, and so we get for 
the part Y of the azimuthal angle the equation 


121°845 7 
-y=038419 oF = 


$ T 
0°52 5. 
Hence we have Y= += (1:9632 — 0°52) S =1:443 z 


This is exactly the value obtained by Klein and Sommerfeld for the azimuthal angle 
traversed in the half period of the motion. 


22. Numerical calculation of vy for any step in time. The reader may, if 
he please, calculate in a short time the angles traversed in azimuth for each 5° step of 
¢, and from the elements of the integral in 20 above the corresponding times and the 
values of 6. 

For example, the range from 6=0 to $=50" gives for the first integral 10:0630 on the 
preliminary scale. Hence the value of the azimuthal angle is 


50°3150 a 


. . T 
Wy = 19243 ~ 5 = 10717 5. 
The second integral for the same range is 11'1066 on the preliminary scale, and we have 
: 55°508 7. T 
— Y= 0°3849 90 Pry 2373 9- 


Thus the whole angle turned through from the time of contact with the lower circle is 
Yi +, = 08344 F 


The time from the lower circle where 6=0 to p=50°, that is from 0=60° to 0=52° 56, 
as may be verified from cos Ø= (0:6759 — 0'5) sin? 50° +05, 
is, by the calculation in 20 above, given, in seconds, by 

t=0°1531 x 0°9007 = 0:1379, 
about half the interval (0'26) from the lower to the higher circle. 

Figure 65, taken from Klein and Sommerfeld’s treatise, shows our calculated results 
very well. The path of an axial point is shown in stereographic projection from the 
lowest point of the sphere, and the successive points marked 0, 1, 2, 3,..., 9, which start 
from the contact with the lower circle, show the positions after successive intervals of 


time, each equal to } of the half period of 0'26 second. ‘The rest of the path for any time 
whatever is given by proper repetitions of the portion here shown. 
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The reader will have no difficulty in making out these repetitions. The path, after 
the part numbered 1, 2, ..., 9 has been described, passes on to touch the outer circle a little 
below the extreme left, then passes inward again, touches the inner circle on the right 
of the highest point 0 of the diagram, then passes down to touch the outer circle near 
the lowest point. Thence it passes upward and inwards to touch the inner circle above 
the centre on the left, thence to touch the outer circle above the extreme right, and 
so on. 


Fic. 65. 


The formulae given in 19 for the calculation of the azimuthal motion show the effects 
of varying the spin and the sidelong motion at the upper limiting circle, in altering the 
amount of swinging round of the path. The effect, for example, of continual increase of 
spin from a small value to a large, with the sidelong motion at the upper circle kept zero, 
will be to give at first extreme cases of Fig. 22, p. 97, with the cusped indentations 
wide, then smaller and smaller cusped elements, until a regular sequence of microscopic 
elements is obtained, which simulates but is not really steady motion. It is Klein and 
Sommerfeld’s “ pseudo-regular precession.” The reader may notice that to the path for 
infinitely rapid spin no tangent can be drawn except the lower circle, which touches all 
the undulations. 

It is impossible to illustrate the different cases here. A conspectus of diagrams will be 
given at the end of the book, with descriptive notes on the different cases. 


CHAPTER XIII 


LIQUID GYROSTAT. MISCELLANEOUS INVESTIGATIONS 


1. Rotation of an ellipsoidal case filled with liquid. “Liquid gyro- 
stats.” Lord Kelvin illustrated by what he called a “liquid gyrostat” the 
fact that an oblate spheroidal shell of rigid material filled with water 
behaves as regards precession as if its contents were solid.* The gyrostat 


Fic. 66. 


with which the experiment was made is shown in Fig. 66. It resembled 
the ordinary Kelvin gyrostat in being composed of a flywheel mounted in a 
rigid case surrounded by an equatorial ring with polygonal edge, as shown 
in the diagram; but the case was an open frame, and the spheroidal globe 
containing water took the place of the flywheel. When the globe was spun 
in the ordinary way the liquid gyrostat imitated the behaviour of the solid 
one in all respects. 

The spheroid had an oblateness of about 5 per cent., that is the difference 
in length of the polar and equatorial diameters was about 5 per cent. of the 
length of either. But sometime later another liquid gyrostat was made, 
similar in all respects to the former, except that it was prolate instead of 


* Brit. Assoc. 1876; Nature, Feb. 1, 1877. 
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oblate to about the same percentage (Fig. 67). The dynamical behaviour 
of this was quite different. When an attempt was made to spin it, it was 
found, as soon as the instrument was removed from the spinning table, that 
all rotation had disappeared. In consequence of instability of the fluid 
motion, the energy of rotation had been entirely transformed into heat by 
turbulent motion of the water, into which in such a case the rotational 
motion breaks down. Permanent steady rotation of the liquid spheroid is 
impossible when the axis of figure (the axis of rotation) is prolate. 
Oblateness however is not absolutely essential for steady rotational 
motion of a liquid round the axis of figure in a spheroidal case turning with 


the liquid. It was shown by Sir George Greenhill * in 1880 that steady 
motion is possible for a prolate spheroid of a liquid, if it be sufficiently prolate. 
The axial diameter must, in fact, either be shorter than the equatorial 
diameter or be more than three times as long. [See 3, below.] A modern 
elongated projectile, if filled with a liquid, would not rotate steadily about 
its axis of figure, and therefore would not have ‘a definite trajectory as a 
rifle bullet has; it would turn broadside on to the direction of motion. 

An experiment with a hard-boiled egg and a raw egg, spun together 
on a table, illustrates very well the stability of the solid prolate spheroid, 
and the instability of the motion of the liquid prolate spheroid. The egg is 
placed on its side on a table, and a rapid twist with the fingers sets it 
spinning about one of the shorter diameters. The solid egg however rises 
to the position in which its centroid is as high as possible, and then spins 
stably with the long axis vertical. The experiment does not succeed with 
the unboiled egg, which remains on its side. By placing the finger on the 
shell one can bring the egg apparently to rest, but, when the finger is raised 
immediately after, the shell begins turning again owing to the continued 
motion of the liquid contents; soon the whole spin has disappeared. 


* Proc. Camb. Phil. Soc. 1880; Encycl. Brit. 10th Edn., Art. ‘‘ Hydromechanics”; or Report 
on Gyroscopic Theory, 1914. 
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2. Theoretical discussion of liquid gyrostat. The following discussion 
follows Sir George Greenbhill’s investigation of the stability of the spinning motion of a 
mass of liquid contained in a spheroidal case. We suppose to begin with that the 
case is ellipsoidal, fulfilling the equation 


a yp l 
atpta=l phiarisinouadosesnadddds a O a (1) 


First let the contents of the shell be solid, and in one piece with the shell, and the com- 
ponents of angular velocity about the axes O(a, y, z) be £, n, © The velocity components 
u, v, wat any point x, y, z of the containing shell, or its interior, are given by 


UY = LO LE, OEE OO saws vedease sates: cee EAA (2) 
Let now the contents be liquefied, and additional components Q1; Q, Q, impressed on 
the case. Additional components w,, v,, W of the velocity of the contents will be found 


from the velocity potential 
Q be a? — b? 
$= pv Of a =, zg —Q3—— Pome WYN, A cree (3) 


by the usual relations u= —0¢/0x, etc. It will be found on trial that these comiponents 
give, at any point of contact of the liquid with the shell, the same speed as the shell, 
together with an additional motion tangential to the shell, of components 


zah Qy _ Qz ), 202( Qe _ One J; ze(r, Qw Qy i 
a? +b? p b+ eè a+b? Epa bpe 


The motion of the-case is now derived from the components of angular velocity 
ESOTO OET REO O eee e eya (4) 


so that if «, v, w be the components of the velocity which the fluid now possesses, the 
components relative to the case w, v', w are given by 


3 E A) Qz ) 

u =utyR= zQ=2a (aai : 
= f PR of he = 

Taga antes Bo (gto ate rT 


aa te tected (5) 
, Q Q 
w =w+aQ- yP =20| a a- rw), | 


It will be noticed that at any internal point 


uw 5+ Vetus w —=0, 
which expresses the fact that the motion of a particle is always on an ellipsoid similar to 
the containing shell. 
Taking account of the gravitation of the fluid, putting p for the pressure and p for the 
density, we get for the equations of motion with respect to axes moving with the shell, 
with angular speeds P, Q, R, 


10 Ou ,0u , OU 
5 at amKpa+ y -RtH S atot” F =O a a oie (6) 


with two similar equations. Here «x is the gravitation constant, and the quantities 
A, B, C for the three equations take account of the attraction of the liquid on a particle 
of itself at the point v, y, z, and are obtained from the equations * 


abe dÀ 
A, B, c=) Atal, A+B, AHE DIAEA EAHA 


mGa (7) 


* See a paper ‘‘On the Attraction of Ellipsoids,” by A. Gray, Phil. Mag. May, 1907. 
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There are also the equations of a.m. 


Oh, Oh Oh 
ap eR + hsQ=0, = hsP+hR=0, SE MQP, verre (8) 


with 
fy = Dm (yw ~ 20) =O, FS Sm (y—2) + E3m(y2 2) = ym {OF 0 4 oe +E}, (8) 


and similar values for hy, 43. Here M denotes the mass of the liquid. 
It may be verified that the equations of motion (6), reduce to 


1 Op 
Aon +4rkpAr+ar =0, 
a «ob 4 ampBy + By =0; p eniinn ee o inene aenrneyeaae (9) 
1 Op ao | 
z Bz t 4TkpOz +yz =0, 
ERN —a@)., AC- 2 4b%(a? — b? a 
kere a- (EM - E a 28 — (hti) C10) 


and £ and y have corresponding values. It might appear that there should be terms in 
each equation in v, y and z, but surfaces of equal pressure must be similar quadric 
surfaces coaxial with the case, and thus by integration we ought to get from (9) 


; +2rkp(Axz?+ By?+ Cz) +4 (an? + By? + y2?)=Comst. 22... ceecseeeees (11) 


The surfaces of equal pressure will be similar to the case if 
(4rkpA +a) a?=(4irKpB+ B)b?=(4rrKpC+ ye’, cocccscccssssseeecseees (12) 
and the case can then be removed without affecting the motion of the liquid. 
The components of angular velocity of the vortex motion of the liquid are £, n, ¢ and 
from a known hydrodynamical theorem we infer from (5) the equations of motion, 


OE ( 
aE apt- a 0,¢)=0, 


On p? )=0, a: 
alpre 2,6 -— S EE E E ae 13) 
2 / 2 Ne 
-2(—" a QÉ- praha 0. 
These give, by integration, ES 7g const. A A A E (14) 


3. Limits of instability of prolate ellipsoid. Enclosing shell an 
ellipsoid of revolution. Now let a=b, and therefore Q,=0, since no value of Q, 
will affect the motion of the liquid. We get 


2 3 3 
E_ 92 1A wé M- a TON Xo 275 4(Mee - iu nue (1) 


and the equations of a.m. (8), 2, become, when the values of O£/Ot, On/Ot, O¢/Ot are 
substituted from the equations just found, 
on 


Bm gl aA Oa HTS T sseeesnereerevnsrrnee (2) 


Multiplying the first of 7 by é, the second by n, adding and using the third equation of 
the set, we obtain by integration 


P+yt=L-Se. eB a ee soda tease a pereiarag (3) 


ete 
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Similarly, multiplying the first of (2) by Q,, the second by Q,, adding and using again 
the third equation of (15), we obtain as before 


a* +0?) 
2,24 0,8=M4 ro Soat. behest N R Es (4) 
By an obvious process we get also 
0,£+ 2. =N+2% Lo ea T o IIE: Aiton (5) 


From these results we find 


4 
(S) = “as aE- Dan)? = ar rap EEA: 2+0?) — Q, £4+0.n)} 


(+e nate 
oF z [pM N+ {L e we 2 20 be 
(a? + c2)?(9a? — c?) 
= eter ay fj moses (6) 


L, M, N are constants of integration, and M is not to be confounded with the mass of the 
liquid. 

Thus, if LM — N? is not zero, ¢ is an elliptic function of ¢ unless the term in ¢¢ vanishes 
or is infinite, that is unless c=a, or c=3a. 

Let us put Q, =Q cos $, Q= — Q sin ae so Ate tan d= —Q,/0,. We obtain 


» Op on. a+ 

Wa =- EP TU a(t Qn) ¢ e ataei ss (7) 
no ed 
Nee 
Op_, +e 4e- 
and by (4) and (5) o Sa mae u eat Sen TE a (8) 
20?(a? — è) 
Similarly, if =% cosy, n= —wsin y, we obtain by (1) and (5) 
N Gre 
Oy 2e E+ Om¢ 2e tg ‘ 
a are ze o OG ees (9) 
Avi 2 C 


Now for a state of steady motion 0¢/0¢=0, and therefore, by (6), Q =Q. Thus 
aati ge Mamata a 
aE Caz saa (10) 
2 
M+o5(@t— a) as 


Thus the values of Od/Ot, OW/Ot (now equal) are 
%2 a o, OY 202 Q 
=(- i? 3 gh par ree TE e o (11) 
Equating these, we obtain by reduction 

Ge it Sie ee 12 
Go Eea we (12) 
Steady motion is therefore impossible unless either c?<a*, or c?>9a?, that is the shell 
must be either oblate or so prolate that its axial length is more than three times its 


equatorial diameter. 
It may be noticed that if we represent the quantity given finally on the right of (6) 


by Z, we have pine e 
ee ene — i (13) 
EE gga C Os Oe 


20? (a? — c2) C 
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24e 
NEEE 
and pete ee A EE ETA aed (14) 


a’ +e a? ż 
te S ëe Z 
These are non-elliptic integrals, since Zisa quadratic function of ¢?. 


4. Cylinder moving in infinite perfect fluid which circulates round it: 
(1) Case of no forces. We have not space in which to discuss the gyrostatic 
aspects of fluid motion, but must content ourselves with one or two com- 
paratively simple cases of rotational motion of solids in a fluid, or in which 
circulation of a fluid in a cyclical channel in a solid simulates gyrostatic 
action of a rotating flywheel. 

First of all we consider the steady motion of a right circular cylinder of 
unlimited length, immersed in a combined steady stream and vortex in an 
unlimited perfect liquid. 

If there be no vortex, the motion is irrotational. Let then the cylinder 
- be at rest in a stream which, at all points at a distance from the axis of the 
cylinder great in comparison with the radius a, is in parallel ‘straight lines 
with speed — U in the direction of the axis of x. We suppose the axis of 
the cylinder to be along the axis of z. 

Since the motion is irrotational, the velocity components are given by the 
derivatives of a function (x, y, z, t) Thus 


ee ee ETE 
ù An = y’ WE gy ounoneneneen (1) 
The velocity potential ¢ fulfils the equation 
Op Oh Pp _ 
Bt oytt oe” Be gh atee stasapae na sneee sates (2) 
at every point of the fluid. 
P 
The functi T T Sy atic 
e function ~=U Er) cos@ . (3) 


fulfils the condition of uniplanar motion that there shall be no flow normal 
to the surface of the immersed cylinder, and satisfies the differential equa- 
tion (2). It also gives velocity — U for r=æ. The normal and tangential 
components of velocity at the point r, 0, (x=r cos 0, y =r sin t) are 


-24 u(% 1) cos 8, — 2% -u(S+1)sin D (4) 


The former vanishes, the latter becomes 2U sin 0, for r=a. The tangential 
velocity is therefore 2U sin 0 in the direction of increasing 0, that is the 
liquid slips along the surface with this velocity. 

Now consider another possible motion of the liquid. Let the velocity at 
a point on a cylindrical surface of radius r coaxial with the immersed 
cylinder be tangential to the surface, and of. amount a?w/r. The liquid 
thus moves in a sort of whirlpool round the solid cylinder with speed aw at 
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the surface. No element of the fluid however has any rotation: it has 
only circulation round the cylinder. 

If the immersed cylinder spin about its axis with angular speed w in the 
proper direction, there will be no slipping of the fluid. We suppose the 
circulation to be counter-clockwise, that of 0, increasing, already considered 
in the irrotational motion. i 

Each element of the fluid, besides its motion in a circle round the axis of 
the cylinder, has obviously spin {wa?/(r+dr)—wa?/r}/dr or — wa?/r?, about 
an axis parallel to that of z, which annuls the spin wa?/r? due to the circular 
motion. The circulatory motion has thus no elemental rotation, and has a 
velocity potential — wa7é. 

For the two motions now considered superimposed, the complete velocity 


ote Te ; 
poten ualtis a= U: (= + r) COs OG, RUE MU dea AE EE (5) 
which enables us to find the pressure p at any point by the well-known 
relation : 
PESOS aoe TN SUCRE T (6) 
. aimee 


where q is the resultant velocity and p the density of the fluid. We shall 
suppose ø to be the density of the solid cylinder, so that the mass between 
two normal planes at unit distance apart is a?r. It can be shown that 
the kinetic energy of the fluid, when set in motion by a cylinder moving 
steadily through it with speed U, is equal to that of the fluid displaced by 
the cylinder and supposed to be moving with the speed U. We have there- 
fore to add to ras the value zap as the virtual increase of mass of the 
slice of the cylinder, due to the fluid motion. 

Whether the cylinder be at rest and the fluid flowing past it with speed 
U, or be in motion with speed U through the fluid otherwise at rest, the 
pressures on the surface of the cylinder will be the same. By (6) and the 
value of q? [=(0¢/1'00)?, since 0¢/dr=0] to be found from (5), we get for 
the excess of the pressure at a point of coordinates a, —(7— 0) over that at 
the diametrically opposite point a, @ the value 4Uapwsin @. Thus the total 
thrust from the side of smaller velocity of the fluid towards that of greater 
velocity is, per unit length of the cylinder, 


4a?Uep | sin26 d0 = 2ra’ pUw. e A E S E (7) 


Now suppose the flow at speed U of the fluid annulled, and the solid 
made to move with that speed in the opposite direction, the forces will not 
be altered. We shall have, apart from gravity, which for the present we 
neglect, a transverse force 27a?Uwp on each unit of length, and a total mass, 
virtual and real, of ra*(o+ p), per unit of length. Hence the cylinder 
receives an acceleration at ‘right angles to the direction of its motion of 
amount 27ra*Uwp/7a*(o+ p), that is U?/{(¢+ p)U/2po}, and this is constant. 
Hence the axis of the cylinder moves in a circle of radius (s + p)U/2pw. 
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As to the direction of motion: let the circular motion of the fluid be in 
the counter-clock direction to an observer looking towards the origin, sup- 
posed in the plane of the paper, and the cylinder be moving with speed U 
towards his right. Then the smaller pressure is on the upper half of the 
surface, and the centre of the circular orbit is above the cylinder. The 
observer will see the cylinder go round in the counter-clock direction, the 
direction of the circulation round the cylinder. 


5. Cylinder moving in infinite perfect fluid with circulation: (2) Case 
of extraneous forces. Let now extraneous forces act on the cylinder, 
say P in the direction of motion and Q transversely (both taken per unit 
length of the cylinder), in the same direction as the pressure force 27a?wpU. 
The equations of motion are then 


d 
Ta (p+o) = B 


Ta? (p + o)US = 27ra*wpU + Q, 
where $ is the angular speed with which a normal to the path is turning 
round. Clearly US is the acceleration of the cylinder. 

Now take fixed axes in the plane of motion of any chosen point on the 
axis of the cylinder, and resolve the accelerations and forces along these 
axes. We get as the equations of motion 

malo +p)E+kj=X, rar(otp)i-ké=Y, ......... ae (2) 
where k=27a?wp. 

If we put Y=0, and X=7w(e—p)g, c=k/(r+p), and write g’ for 
(s—p)g/(«+p), the equations of motion become 

ERGY, HR RER Ord, PAV ected C) 


These have the integrals 
=f; — t+ c cos (ctf), n=2t4+B+esin(kt—f), e (3) 
K 


(where a and @ are constants) which show that under the fluid pressure 
and the force of gravity each point on the axis of the cylinder describes a 
trochoid. The motion of each point of the axis is therefore periodic in 
a vertical plane. It is to be observed that no continuously progressive 
vertical displacement of the cylinder is produced by the action of gravity. 

We have assumed the value given above for the total virtual inertia of 
the cylinder. There is no difficuity in verifying that this value is the 
correct. one to use in the general motion here considered. This can be done 
by calculating from the value of ø for the cylinder moving through the 
fluid (not for the case of the fluid flowing past the tylinder reduced to 
rest) the pressure by the equation 


hich Lae ae 
Pao het FO. Pe eee renee? (4) 
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We take the case of rectilinear motion. It must be borne in mind, that 
(4) applies to a point of the fluid fixed in space, and that if r and @ be 
taken constant in the velocity potential, ¢, for the moving cylinder, they 
and ¢ refer to a point which changes position as the cylinder moves. 
Apart from circulation the value of ¢@ is now U(a?/r)cos@; the com- 
ponent of the velocity in the direction of r is Ucos 0, and in the direction 
of @ increasing (counter clockwise) is — U sin 0. The angle 0 is supposed 
to be measured from the direction of motion. As therefore the origin 
moves the r for a point, r, 0, fixed in space is changing at rate — U cos 0, 
and @ at rate U sin @/r. Thus if, with reference to fixed axes, dq/dt denote 
the time-rate of variation of the potential, so far as it depends on the 
motion of the cylinder, 0¢/ot for the point fixed in space is 


do Si p UE $ 
a Ue Oe O=5: 
But de t cos 0; 


and the value of 0¢/0ot to be used in (4) is therefore (with r=q) 
EE 
Ù Č cos 0 — U cos p aaa sin pa 
i OTAR 00 


The whole potential ¢ is Ua?cos 0/r—wa?0. From this can be found, 
by multiplying p, from (4), respectively by ad@cos@ and ad@sin@, and 
integrating from @=0 to 6=27, the forces against and at right angles 
to the motion. They are zpa?U and 2ra?pUw [see (7), 4]. 

This problem was treated as an illustration of the flight of a tennis ball 
by Lord Rayleigh [Messenger of Mathematics, VII, 1877 ; Collected Papers, I, 
p. 344], and in a more general manner by Greenhill [ Mess. Math. IX, 1880]. 


6. Drift of a rotating projectile: Case of a golf ball. It has been sup- 
posed that the deviation of an elongated projectile fired from a rifled gun 
might be accounted for on a theory like that sketched above. The projectile, 
dragging air round with it as it spins about its longitudinal axis, would 
produce differences of velocity round it, especially in that part of the 
trajectory in which it begins. to have serious sidelong motion, and thus 
differences of pressure would arise. But the observed deviation is in the 
opposite direction to that given by the theory, and it is necessary to find 
another explanation. 

As Lord Rayleigh remarks (loc. cit. supra) it is not clear that in such a 
case as that of the tennis ball, the pressure is greatest on the side on which 
the velocity of the fluid is least. Bernoullis equation is proved on the 
assumption that the fluid is frictionless, and in the present case the air is 
dragged round by small roughnesses which may be likened to blades pro- 
jecting from the surface. “On that side of the ball where the motion of 
the blades is up stream, their anterior faces are in part exposed to the 
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pressure due to the augmented relative velocity, which pressure necessarily 
operates also on the contiguous spherical surface of the ball. On the other 
side the relative motion, and therefore also the lateral pressure, is less, and 
thus an uncompensated lateral force remains over.” 

But according to the results of the experiments and observations of the 
late Professor Tait * on the deflection of a golf ball, the effect of spin is to 
produce deflection of the ball, as a whole, in the direction in which the front 
of the ball is moved by the spin. Thus a ball, which spins about a hori- 
zontal axis across the path, reaches the ground much sooner if the spin 
carries the front of the ball downward than when the reverse is the case. 
If the spin is about a vertical axis, or one in the plane of and nearly normal 
to the trajectory, the deviation is to the left or the right according as the 
front of the ball is moving towards the left or the right. 

This is so far in accordance with the theory of pressures in a frictionless 
fluid, supposing that circulation round the ball is produced by the spin. For 
if we imagine imposed on the ball and fluid, a translatory motion equal 
and opposite to that of the ball, we see that the relative motions of the 
ball and fluid are as the theory requires. When the ball, as described above, 
deviates to the right, the translatory and circulatory motions of the fluid 
conspire on the right, and are opposed on the left side of the ball, and so in 
the other cases. For example, if the club strikes the ball on the whole 
below the centre, so called underspin is given, and the ball soars, so that 
a much longer drive is obtained than in the case of overspin, which is 
produced when the ball is “topped.” The soaring gives concavity upward 
in the ascending part of the path, which may even culminate in a cusp. 

In a complete theory the effect of friction will have to be taken account 
of, and the nature of the surface of the ball will no doubt be an important 
factor. The behaviour of the fluid in the rear of the moving body is very 
different from that which would occur if the fluid were perfect. There is a 
wake of eddies of fluid acted on by friction and then left behind by the 
body. The opinion among golfers appears to be that the “brambling” of 
the surface increases the “carry” of the ball; probably itis required to make 
the circulation effective. Careful comparative observations, carried out by 
an expert player, might give valuable information. 


* Tait’s conclusions are confirmed by experiments recently made by M. Carrière [Jowrn. de 
Physique, V, 1916] on light spheres moving much more slowly than golf balls. The balls were 
cut from the pith of the Jerusalem artichoke (moelle de topinambour). They were given rotations 
varying within a wide range by running them along before projection between two horizontal 
ribbons moving at different speeds, and were projected horizontally. Observations were 
made with different rotations and different speeds of projection, and the trajectories were 
shown by the white balls falling in front of a black background. Appell remarks (C.r. 
Jan. 1918) that these experiments show that the resultant action, of the air on the ball, 
is inwards along a radius specified by supposing the direction of motion turned through 
an acute angle, in the direction against the circulation, This is exactly Tait’s result, stated 
in 1893. 
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7. Drift of an elongated fast-spinning projectile. It is however the 
case that this theory of a frictionless fluid, when applied to elongated 
projectiles, moving at the speed of rifle bullets or of shells fired from rifled 
artillery, in no way accounts for the deviations observed. When these 
projectiles have pointed ends, and are fired from guns rifled with a right- 
handed screw, they deviate to the right of the vertical plane of fire, as seen 
from behind. When the rifling is in the opposite direction the drift is 
reversed. This is the direct opposite of the effect to be expected, according 
to the theory explained above. But here no doubt the forces applied to the 
body, in consequence of the combination ,of sidelong with translatory 
motion, as explained in 14 and 15, VII, are effective. The translatory 
motion is of the order of 2500 feet per second in the early part of the flight : 
the spin about the axis of figure ranges from 100 turns per second, for a 
large projectile, to over 3000 turns per-second for a rifle bullet. 

It was proved first by Professor G. Magnus, of Berlin [Taylor’s Scientific 
Memoirs, 1853], by carefully arranged experiments, that the action of the 
air is equivalent to a resultant force which cuts the axis of the shot at a 


P 


Fic. 68. 


point in front of the centre of gravity. Thus when the axis of the pro- 
jectile coincided nearly with the tangent to the path GO (Fig. 68) of the 
centre of gravity, deviating a little from that line by a deflection of the point 
upward and to the right, the action of the air was a force F meeting the 
axis in E, the so-called centre of effort, and directed as shown. 

The theory of the subject requires elucidation in many particulars; but 
the main cause of drift and the general behaviour of the projectile are 
tolerably clear [see a paper by Mallock, Proc. R.S. June 6, 1907]. 

The axis of spin follows very closely the direction ot motion. As the 
projectile passes along the path the rate of change of direction of its axis, 
if that direction adhered to the tangent to the path, would be w=v/R, 
where R is the radius of curvature of the path. If g’ be the acceleration 
normal to the path, the value of R is v?/g’, and therefore w=g’/v. Hence 
the couple required for this turning of the axis of the shot is Cnw = Cng’/v, 
where Cn is the A.M. of the shot about the axis of figure. The couple-axis 
is along the principal normal to the path. 

When the axis of the shot is slightly inclined to the tangent to the 
trajectory, for example as in Fig. 68, the action of the air is like that of an 
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air jet, in the direction of the arrow, playing obliquely on the face of the 
shot which, in consequence of the component of sidelong motion, meets 
the air as the motion proceeds. Thus there is a resultant force F, the line 
of which OE is inclined at a very small angle 8 to the trajectory OG and 
intersects the axis of figure at E, which is at a distance c in front of the 
centre of gravity G. This gives a couple in the plane PEO of moment 
Fe sin 0, where 0 is the angle OEP. . It also givés a force F cos 8 retarding 
the motion of the centroid along the trajectory and a force F sin 8 at right 
angles to the trajectory, the effect of which is to contribute a curvature 
F sin §/v® in the plane determined by F and the axis of figure EP. [This 
of course is not the whole curvature.] The horizontal component of the 
force transverse to the trajectory is effective in producing drift. 

As seen by an observer behind the gun, the axis of the couple Fc sin 0 is 
towards the right of the plane GOE. The axis of spin is drawn forward 
through the point of the bullet, if the spin is right-handed, and precesses 
round towards the axis of the couple and tends to move in a cone round 
the direction of F as an axis, or, which is practically the same, about the 
direction of motion. As the axis precesses the force F changes its direction, 
and if the axis of the shot went round in a right circular cone about the 
trajectory tangent there would be, on the average, no action at right angles 
to the tangent, neither in the vertical plane nor horizontally, but only an 
alternating action giving helical quality to the trajectory. But this, as we 
shall see, is not the real nature of the resultant precessional motion. 


8. Action of friction. A second couple is exerted on the shot by friction: 
The shot is rotating, clockwise, as we have supposed, to an observer behind 
the gun, and so, according to Fig. 68, there is friction between the shot 
and the air impinging on the forward part of the under side of the body. 
This gives a couple which we may take as in a plane containing F, and at 
right angles.to GOE. The axis of this couple is nearly at right angles to 
the trajectory, and points downwards. Hence precession carries the point 
of the shot downwards, that is the axis if tilted upwards tends to move 
down towards coincidence with the trajectory. 

The projectile is continually engaging air hitherto comparatively undis- 
turbed at the front of its under surface, and losing grip of air underneath it 
at the near end. But as the air is carried round by friction it leaves the 
shot in the direction in which the surface, on the side sheltered from the 
impact of the air by the shot itself, is moving. In this sheltered part eddies 
are formed, and there is an absence of the closing-in stream lines which 
would exist if the fluid were “perfect.” On the whole, if the forward end 
is pointed, the tilting action tends to lift the point above the trajectory ; 
for, if not at the outset at some point forward on the path, the point will 
rise slightly above the tangent, where the path is convex upward, and the 
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axis of spin preserves its direction. The friction couple however, as just 
explained, prevents this rising from becoming large, and indeed is effective 
in making the axis of spin follow the trajectory very closely. 

As Mr. Mallock suggests [loc. cit. supra] this friction couple is no doubt 
proportional to n?, to the small angle OAP, y, say [Fig. 69], and to some 
function f(v) of the speed, and so we have Cnw=Cng’/v=n7y f(v), so that 

’ Cy! 
x mof Y 
This angle y increases as v and n decrease; it is only while y is small that 
the projectile follows the trajectory closely and the motion is steady. 


9. Graphical representation of the motion. The following representa- 
tion of the behaviour of a spinning shot is taken, with some slight 
alteration, from Mr. Mallock’s paper. Let XOY be a plane at right angles 


Y: 


Fic. 69.—AO is direction of motion, O'A is direction of motion, after time dt. 


to the direction of motion, AZO, set up in front of the firing point, and 
carried forward so as always to be at the same distance in front of the 
bullet. Let AP be the direction of the axis and P the point in which that 
line meets the plane XOY, and let OP be drawn in that plane. Then, in 
consequence of the first couple discussed above, the point P has a motion at 
right angles to OP in the plane XOY. In fact OP turns about O in that 
plane with angular speed Fc sin 0/Cn, approximately, and the speed of P is 
therefore OP . Fesin 0/Cn or OA .Fcsin Osin y/Cn. [Note that 0—8=x.] 
But in consequence of the second couple P has a motion towards O, which 
is also proportional to the length of OP. Hence the path of P is an 
equiangular spiral, as indicated in the diagram. 

If P be so situated that the tangent to the spiral is there parallel to OY 
POY is the constant angle of the spiral, and for a well-shaped projectile 
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giving small drift this angle is small. If the precessional period be T the 
element of the spiral described in dt is 27OA .sin y dt/T sin g, where ¢ is 
the angle of the spiral. 

It is to be observed that in each element of time the direction of motion 
changes through an angle wdt from AO to AO’, in the vertical plane con- 
taining AO, and that then AP takes the new direction AP’. P’ is now 
moving in a spiral about a pole in a new position. The sequence of new 
configurations of AO and AP” gives the actual motion of the axis with 
reference to the trajectory. We have 

sin NES oT 
sing 27 


If w is fairly constant the angle of the spiral must change with y so that 
sin x/ sin ø is constant. Hence if ¢ be small yx/f must remain constant. 
If x remains constant so also will ¢. 

If the angle ¢ is small the couple due to friction is large compared with 
that due to the tilting action of the air pressure. 

We see then that in general an upward vertical force diminishing the 
effective action of gravity on the curvature, and a sideways force producing 
drift of the projectile as a whole, are applied. For a right-handed rotation 
(as seen from behind) the drift is to the right, for left-handed rotation to 
the left of the observer. But in consequence of the spiral motion of the 
axis the drift oscillates in amount. If the successive positions of P were 
recorded, as in Fig. 69, for a great distance along the path, the locus would 
be a kind of cycloidal curve drawn along a descending line. 

The action of the sideways force due to friction is described by some 
writers on ballistics (e.g. Cranz *), by saying that a cushion of compressed 
air is formed by the partly sideways advancing projectile, which rolls side- 
ways on this cushion as it spins. 

If the centre of effort is behind the centre of gravity, which is the case 
for shot of certain shapes, the action described above is reversed. It 
may happen also that the point of the shot is tilted down either by the 
recoil acting on the gun so as to throw up the breech, or the streaming of 
powder gases past the shot, or in some other way, so that left-handed 
drift is produced in the first part of the trajectory, and right-handed drift 
later. 

Besides Mr. Mallock’s paper the reader may consult one by Professor 
J. B. Henderson [Proc. R.S. 1909 (A), 82] which contains a detailed 
graphical representation of successive positions of the axis of the shot, 
and shows how, as the axis changes its position in the spiral and the 
tangent turns down relative to its initial direction, the drift oscillates 
slightly in value. 


* Komp. d. äussern Ballistik, or Encycl. d. Math. Wiss. IV, 3. 
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10. Position of centre of effort for airship. The diagram given in 
Fig. 70 shows the position obtained in experiments with a model of an 
airship in a wind. It is taken from a communication from the Göttingen 


Model Testing Institute [Hngineering, II, 1911]. By means of balances the 
components of the force due to air pressure, and the moment of the couple 
on the model were measured, and so the directions cf the resultant forces 
were laid down in the diagram, for different amounts of obliquity of the 
axis of the ship to the air current. The direction of motion is from left to 
right. E is at the intersection 


is A ; a of the direction of the resultant 
i 4 A p force and the axis of the ship, 
ERTE 7 and is farther out the smaller the 
í i sla. gee obliquity. z 
S T nats By means of vanes in the rear 
part of the model stabilising 
e oe, forces could be applied. When 
RE AEN these were in action the position 
F po of E was behind the centre of 
ryi gravity, and the couplé, which 


' without them tended to turn the 
“Y ship broadside on to the stream, 
Fig. 71. . 

gave, when compounded with 

the forces on the vanes, a couple bringing the ship back to the direction of 

the wind. The diagram in such a case is shown in Fig. 71. It will be seen 

that in this case the greater the inclination of the air current to the axis the 
farther is E from G. 


11. Motion of a perforated solid in a perfect fluid. Use of Lagranges 
equations. We do not discuss the general motion of a solid in an infinite 
liquid ; for this the reader may refer to Lamb’s treatise on Hydrodynamics, 
to Halphen, Fonctions Elliptiques, t. II, chap. IV, or to Greenhill, R.G.T., 
chap. VIII, §27. But the problem of the motion of a perforated solid with 
circulation through it is of importance from the point of view of gyrostatic 
action, and therefore we give here an account of its solution, under certain 
restrictions as to the form of the solid. 
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We shall suppose that the solid is a circular ring, and refer the motion to 
axes of coordinates, O(a, ¥, z), taken along and at right angles to the axis 
of figure. The choice of the position of the origin on the axis of figure is 
of importance as regards the form of the terms included in the expréssion 
for the kinetic energy, as we shall presently see. 

According to a principle first formulated in Thomson and Tait’s Natural 
Philosophy, and now generally accepted by mathematicians, the kinetic 
energy of the motion of an infinite liquid, which contains moving solids, can, 
in the absence of cyclical motion of the liquid, be expressed in terms of the 
coordinates and the velocities, which specify the configuration and motion 
of the solids. When there is cyclosis, and cyclical motion of the liquid, 
that is when there is circulation of the liquid round re-entrant: channels in 
the solids, the kinetic energy needs only to be modified by addition of a 
homogeneous quadratic function of the quantities «,, «,,..., which are the 


line-integrals 
fo dæ +v dy +w dz) 


of fluid velocity taken round the different channels. 

In the absence of cyclosis the motion is that which would be produced 
throughout the fluid by starting every part of the bounding surface of the 
fluid, that is every element of the surface of the solids (and if the fluid is of 
finite extent every element of the bounding surface of the fluid), with the 
velocity which it has in the actual motion at the instant considered. 

When there is cyclosis we have to suppose impulsive pressures properly 
applied, over diaphragms closing the various channels, by means of mechan- 
ism connected with the solids; and corresponding to this of course a 
system of reactions would be exerted on the solids. These impulsive 
pressures are required to generate the momenta of the cyclical motions, 
The reactions would have to be taken account of in the forces applied to 
the solids. 


12. Motion of a ring in a perfect fluid. Equation of energy. We 
consider then a solid symmetrical about an axis of figure, along which also 
it is perforated, moving through a liquid while spinning about its axis of 
figure and also about axes at right angles to the axis of figure and drawn 
through the origin. If wu, v, w be the velocities along the axes, which are 
fixed in the body, and therefore move with it, p, q, r the angular speeds of 
the spin, and x the cyclical constant of the circulatory motion, and if the 
origin is suitably chosen, the total kinetic energy for both fluid and solid is 


given by OE = Aw B(M HPPHQH HK, coceccceccecee (1) 
where A, B, P, Q.and K are constants. 
The origin is here chosen so that no products of the form wg, ..., exist in 


the expression for T. If the body has three orthogonal planes of symmetry 
the origin is the centroid. The solid might however have an axis of figure 
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without symmetry otherwise. For example, in the case of p=0, «=0, we 
have, on the supposition that the solid moves so that its axis of figure 
remains always in the same plane, and that it turns about an axis perpen- 
dicular to the plane of u, v, with angular velocity w, the equation of kinetic 


energy OT = Au?+ Bo + Qu? 2900. Ere A n ARA 


The transverse velocity of a point E on the axis at a distance A in front of 
_ the origin is v =v +hw, so that v=v’—hw. From this we find, by substituting 
v —hw for v (dropping the accent) and Q’ for Q+Bh?—2Sh, with h=S/B 
(that is put Q’ for Q—S?/B), that 

Pig OH See SY" Age ay eee e e aO) 


This amounts to shifting the origin forward to E through the distance 
S/B. The point at this distance in front of the centroid has Pe called by 
Thomson and Tait the “centre of reaction.” 


13. Impulse of motion of a solid in a fluid. No matter how the body 
and fluid may be moving we may suppose the motion (apart from the axial 
spin) to be generated by an impulse I on the body in some line EX through 
the centre of reaction E, and an impulsive couple of amount Qw about an 
axis at right angles to EX. Through E imagine a plane at right angles to 
the axis of turning, and in that plane take a line Ow parallel to EX, at 
distance y, such that, I being the total momentum of body and fluid, that 
is (A2u2-+ Br)? [or (see 14), in the ease of circulation through an orifice 
along the axis of figure of the solid, {(Au + ê + B%2}?], Iy = Qo. 

The massless framework required to connect the line of impulse with the 
body may be imagined, or ignored. Oz is called the line of resultant impulse 
or resultant momentum. 

In the case of a completely symmetrical body the centre of effort E is of 
course the centroid. 


14. Equations of motion of a solid in a perfect fluid: proof (a) by first 
principles, (b) by the method of Lagrange. Returning to the more general 
problem, we consider the case in which the solid moves in a plane contain- 
ing the axis of symmetry. We put therefore v? for v?+w”, w for q?+7”, and 
suppose that this turning is about an axis at right angles to the plane of 
motion, that of u,v. We have thus, with, where needful, new values of the 
zonstants, 2T = Au? + By? + Pp?+ Qu? + Kr ....ccceee coe eneeeeeeo(L) 


We shall suppose for the present that p=0, that is that the solid has no 
spin about the axis of figure, so that 


QT = AU? EBY POO TEKK eeaeee ree ego a E) 
It will be seen that we have here a case in which, in order to obtain the 


equation of motion, we must allow for the motion of the axes. There are 
various ways of proceeding; we take first one which appeals directly to first 
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principles. We suppose, as at 15, VII above, that the virtual inertia of the 
fluid in the direction of the axis of figure is aM’, and in any transverse 
direction GM’. The momentum of the fluid in the former direction is 
aM’w-+ Ê and in any transverse direction is @M’v, where € is the momentum 
due to the circulation, which is supposed to have been produced by pressure 
over a diaphragm closing the orifice. 

In consequence of the turning of the transverse axis in the plane of motion 
with angular speed w, momentum along the axis of figure is being produced 
at rate —6M’vw. For in time dt the axis of y has turned through the angle 
w dt, and a component of momentum in the negative direction of the instan- 
taneous position of the axis of x, and of amount BM'vo dt, has been produced. 
The whole rate of production of momentum of the fluid about the axis of x 


is therefore aM’ — BM’vw. 
Similarly the total rate of production of momentum about the axis of y is. 
BM’ +aM’uw+t Ew. 


Finally, the rate of production of a.m. about the axis of rotation may be 
found as follows. Take first the part due to the action of the revolving 
solid on the fluid. Let h, k be the coordinates of a fixed point in the plane 
of motion. The A.M. about an axis through that point at right angles to the 
plane of motion is (aM’w+ é)k—6M’vh. The rate of change of this (terms 
in ù, ù omitted, since we are to put presently h=k=() is 

(aM’w + é)k— BM’vh = — {(a— 8) Mu + êy, 
since h= —u,k=—v. Thus we get for the rate of growth of A.M. about 
the axis of turning, which passes through the point h=0, k=0, the value 
—{(a—B)M’u+€é}v. The total rate of growth of A.M. of the fluid is therefore 
Co— {(a— B)M’ut €}v. 

If no impressed forces act on the solid, the only forces applied to it are 
the reactions of the fluid, due to the rates of production of momentum and 
A.M. just estimated, since these are due to the action of the solid. Hence, if 
M and C be the inertia and proper moment of inertia of the solid, we obtain 


M(w—wv) = — aM'ù + BM ve, 
Moroj- —BM%—(aM’u+-2)o, | et ae ra (3) 
Co= —C+{(a—8)M’w+ €}v. 
These equations of motion may be written 
AS Bi 0, Be Cure )o=0) (4) 
Qo—-{(A-B)u+é}v=0, J 
where A=M+aM, Ba MOM TOS CHO ee e. (5) 


The equations thus arrived at from elementary considerations may be 
deduced by the Lagrangian process from (5), if we make allowance for the 
motion of the axes, For the expression given for T does not contain the 
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coordinates on which the configuration at time ¢ depends. The generalised 
components of momentum are 

or ot ƏT 

Ay te AUT Spe Ap = Re: t a a cole het tees ae (6) 
From these, making the allowances referred to for the motion of the axes, 
we get, since there are no impressed forces, 


d oT oT d oT oT 

manna i oat Ou FE) = (7) 
d ar or aT E A a S TE 
aa olati) +H 55 =O. 


or, by (1), 
Aw—Bov=0, Bi+(Aut+é)w=0, Qe—{(A—B)u+é}v=0, .....(8) 
as before given in (7). We suppose that A>B. 


15. Vibrations of a ring moving in a fluid. Quadrantal pendulum. 
Let us now refer to fixed axes O’(a’, y’) in the plane of the motion, and take 
the axis Oz’ in the line of the resultant momentum I. This direction is 
constant, and so if @ be the angle which the axis of figure makes with O’z’, 
we have Au+€=I1cos@, —Bv=Isin@. 


The third equation gives 
QÖ+ pm (A-B) cos 04+ BE}Isin 9=0. ees (1) 


This result, (1), was first given by Lord Kelvin in a paper on “ Hydro- 
kinetic Solutions and Observations.”* He remarked that the ring performs 
finite oscillations as would a horizontal magnetic needle to which was rigidly 
attached, parallel to its magnetic axis, a bar of soft iron. Clearly if the 
needle had a magnetic moment of amount €, the return couple on the needle 
suspended in a field of intensity I would be proportional to ¿Isin ¢, and 
the induced magnetic moment in the soft iron bar would be proportional to 
Icos 0, so that, to a constant multiplier, the quantity (A —B)I’sin 20 would 
represent the return couple on the soft iron bar. 

If €=0, we get, with §=20, 


Q54 TE Psins=0. N E (2) 


This is an example of a “quadrantal pendulum,” in which the law of varia- 
tion of couple with deflection § is the same as that of an ordinary pendulum 
with respect to 0. 
By (1) we have for T the period of a small oscillation, 
b ABQ ik 3 
T=2r {ca E SEAT sales E Ua aes utente se (3) 


* Phil. Mag. XLII, 1871, or Mathematical and Physical Papers, IV, p. 69. 
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It will be seen that the momentum £ due to the circulation through the ring 
increases the return couple, that is increases the stability, an effect similar 
to that of gyrostatic action. This case of small vibrations can only occur if 
0 is always small, and therefore v always small and w nearly constant. 

The investigation shows that if B> A and € be zero or insufficiently large 
the motion of the solid is unstable. A sufficiently large circulation thus 
ensures stability. 


16. Elliptic integral discussion of finite oscillations. With respect to the 
new fixed axes of x and y we have, if v and y be the coordinates of the origin before 
considered, which moves with the body, 


=u cos ĝ— vsin o=- 4 sin?0+ Boos?) — ES, 


Deans ER, (1) 
y=usin 0+v cos 0= Ln 0 cos 8 ae 
Also it is clear from (1), 15, that Gey hie, OES Le te... Ri (2) 
so that, multiplying by @ and integrating, we get 
p= Aà- PA no+ Ecos 0+0), E E I AN (3) 
where C is a constant. Of course we have ; 
QOI Eare r e E EE E noon ie (4) 


without any added constant, since the fixed axis of x is coincident with the line of the 
resultant momentum I. 
If we write a for I?(A — B)/ABQ, b for 2T€/AQ, and c for C/Q, we get 


ĝ?= —asin?6+bcos 0+ c. 
Transforming this by putting z=tan $6, we obtain 


s= le 6) A+ (26— 44) FOFOS 4m Z. secccnnsesceservaseceee drsn.: (5) 
z d 
Thus mt= e 5 eea ea AN a a cies ce Aa cuisine (6) 
72 


The reduction to the normal Legendrian form of the elliptic integral is obvious. Thus 
cos 0, and therefore Å, and, by (5), also y, are elliptic functions of the time. 
The elliptic function treatment is very simple in any case, but is particularly so if 
=0. We get then, by (3) ; 
£ : nea i Ga Ae BRIO once tay E oi conc s (7) 
Here /?=(A — B)I?/w?QAB and w”, from the constant of integration, is the square of the 
angular speed when 0=0 and when @=z7, if the solid makes complete revolutions, Since 
the pendulum is quadrantal, this equality of angular speeds was to be expected. We 
have thus for the time ¢, from 0=0 to any value 6, 
6 
ot= go =F, Oje OS aot oriens doce (8) 
o (1 — k?sin? 0)? 
If the solid does not make complete revolutions, but only revolves up to amplitude a, we 
Beso pact LTC UNC ON Ce aR (9) 
Writing now sin?@=sin?a sin’, we obtain 


P= SG sina Peis RENE AVA A Siaes (10) 
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8 do ; 
so that t= =F »P); 
a iF a —sin2a sin? ġ)? ko rk REET Sy (11) 
where m={(A - B)I? sin?a/QA B}: 


The values of the coordinates v, y, measured along the fixed axes, can now be found for 
the two cases. When €=0, we have, from (1) and (2), 


=f [sintade+ + [oso a, 
-Qå 
=76 


Now, integrating from the instant at which 0=0, we get, when the solid makes complete 
revolutions, 


|sint@de=2—{F(b, 6) E(k, O), [orou "a Fb +a = Elk, 0) 
1 
From these we get by the first of (12) 


s= (Ce re, 6) - ene a}, 
y= 21 — k2sin? 6)°, 


where it is understood that 2=0 when 0=0. 
When complete revolutions are not aga et we get for the values of x and y, 


ee Ping Open BING Ds as 
y=% cos dp. Í 


17. Graphical representation of motion. Figure 72, which is reduced from 


Lamb’s Hydrodynamics [8rd edition, p. 166}, illustrates the motions of a disk for which 


iZ 


Fic, 72. 


A=5B, projected with differeat amounts of turning, combined with the same impulse 
in the direction Oz. There are consequently, by (13) and (14), 16, different initial 
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values of y, ete. Diagram 1 shows the path of the centre of the disk and the turning 
when complete successive revolutions in the same direction are made. In diagram 11 is 
shown the motion when complete revolutions are just made; the path is asymptotic to 
the line of impulse. In diagrams 111 and 1v the path crosses the line Ow at intervals of 
time equal to half the period of the motion. 

The last diagram gives an idea, of course with great exaggeration of amplitude, of the 
case of small vibrations when the path approximates to a curve of sines. 

The following results regarding the separating case 11 may be verified by the reader 
either as limiting values of the results already given, or independently. We have 
6=w,cos ð since k=1, and therefore 


wt =log tan ($0+47). 


I A-B. A-B. 
Al i= 2 ieee 
so ż aie p sin o), y= —1 -zg Sin 8 cos 8, 
T QOZ w w 
so that z=(5+ a ) t 2 1 tanh yt, y= 221 sech wt. 


Tt will be seen that there is a remarkable analogy between this periodic motion of a 
disk or ring in a liquid and the finite oscillations of the axis of a top. It follows from 
(1), 16, that if the inertia of the disk itself were negligible, and the disk were very thin, 
so that A/B=o, the curves in Fig. 72 would meet the line Oy in cusps. Loops are 
impossible unless [see (1), 16] the value of é is sufficiently great to make é change 
sign. 

The notion of an infinitely long cylinder, of elliptic cross-section, moving at right angles 
to its length in a frictionless fluid while turning about its axis of figure, has been worked out 
by Greenhill [ Mess. of Math. IX, 1880]. If M be the mass of the cylinder between two 
cross-sections at unit distance apart, a, b the lengths of the semi-axes of the elliptic 
section, o the density of the cylinder, and p that of the fluid, the values of A, B, C are 


a=M(1+2 a B=M(1+2 ay 
o o a 


b 

aoe: 24 72 f E CaA r 
QM (a+ Bt) LHS aF 

18. Stability of a body rotating in a fluid. Although the subject has been 
dealt with above [18, VII], we may notice in this connection the gyrostatic stability con- 
ferred on the solid by giving it rapid rotation about its axis of figure. Let the angular 
speed of this rotation be p, and the body be in steady motion with this and axial velocity 
u, and all other velocities zero. We now suppose the motion slightly disturbed, and 
remember in what follows that uo and pọ are constant steady motion values. ‘Fhe kinetic 
energy is now given by 

2T = Aw + Biv? + w?) + Pp’? +Q(q?+7"), 

from which, noticing that ~=0, p=0, we obtain, by the methods already exemplified, 
equations of motion 


“BG -pyw)= — Aur, B(i+p0)= Aug, 
Qg+(P -Q)por= —(A-B) uw, Qr—(P- Q) p97 =(A — Bju. 
If now we assume that v, w, q, T=(a, B, D, per, 


we obtain a determinantal equation which is a quadratic in A?, and which splits into the 
two quadratics 
BQ)? + B(P — 2Q) pA — {B(P — Q) py? + A(A — B) mH ?} =0. 
The condition that the roots should be real is easily found to be that 
BP2p,?+ 4A(A — B)Qu,?>0. 
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If A>B this condition is always satisfied, but in the absence of spin about the axis it 
is not satisfied when A <B. Thus, in the latter case, with pọ=0, the solid is unstable, 
and tends to set itself broadside on to the direction of motion. If however pọ is made 
sufficiently great, the end-on position of the body is stable, even if A<B. The mean 
motion is now one of precession of the axis of figure round its direction in the steady 
motion, with very slight deflection. 

This contains the theory of the stability of a rifle bullet and of a torpedo, or other 
air or water craft in which is mounted a sufficiently powerful gyroscope or flywheel, the 
bearings of which are rigidly attached to the casing or hull of the vessel. It is to be 
remembered however that in such cases couples may be applied to the body which cause 
it to be seriously, and permanently, deflected. The body is supposed in the investigation 
above to be subject to no forces except those called into play by an infinitesimal deflection 
from the steady straight line motion in the direction of the axis of figure. 


CHAPTER XIV 


EFFECTS OF AIR FRICTION AND PRESSURE. BOOMERANGS 


1. Air friction on rotating body: (1) no other applied forces. Tt is not 
possible to give a complete account of the effect of air friction and pressure on the motion 
of a top or gyrostat, and we have to be content with an approximation based on the 
assumption, usually made for the motion of a pendulum, of resisting forces simply pro- 
portional to the speed of motion. Hence we assume that the action of the air on the 
revolving body is a couple about the instantaneous axis of rotation, of moment propor- 
tional to the angular speed, retarding the rotation and therefore having its axis directed 
oppositely to the vector representing the angular velocity. Thus, if there is no applied 
couple except that due to the resistance of the air, the equations of motion may be written 


Ap—(A-—C)qr=—Ap, Ag—(C—A)rp=—Agq, Che Nn, woes (1) 
where À is a constant. x 
The third equation gives r=ne © a ape cease sheen Tee mentees Sa Ees (2) 


where 7, is the value of r when ¢=0. If we put p+iq=z, the first and second equations 


combine into oy 
BNC = Ay id Bo — Ab 7a Oy oaae Eee E (3) 


which is integrable at once. We have 


Zz . pokey 
A; =1(C—A)ne T- À, 


À 
‘and therefore Alogz=15 (U- NIAI 1 209 ~ Àt +A log Z, 


if z be the value, po+ igo, of 2 when t=0. Thus we find 


à 
ET T E a rA E 
p+ig=(po+ iq) A ofi f è’) E PERAR N AE, (4) 


4 mee 
It follows that Cored py dele ae a ne iy cae eee (5) 
Thus the modulus of the vector p+7q, the vector of angular velocity, drawn in the equa- 


torial plane of the momental ellipsoid, shrinks in magnitude in geometrical progression as 


t increases in arithmetical progression. 
If now ¢ be the amplitude of the vector (p+ iq)/(pPo+igo), that is the inclination of 


+ig to pot igo, we have = A 
Rai E ute E EEA © 


Thus, as the axes OA, OB revolve with the varying angular speed 7 about the axis of 
figure, the angle œ, starting from zero, continually approaches the value C(C—A)r/AA 
[or an angle of C(C—A)7)/27r\A revolutions] while the modulus (p?+9)3 continually 


288 GYROSTATICS CHAP. 


diminishes exponentially towards zero. These limiting values are arrived at together 
after an infinite time. 


2. Discussion of results of theory. Let now a denote the inclination of the 
instantaneous axis OI to the axis of figure OC. We have 


24 92)3 2$ _ : TOZA 
tan a (p: ao (po Pg at (a ates Open TAT Cay A aS (1) 
o 3 


Thus a increases or diminishes from the value a) according as C< or > A, that is accord- 
ing as the momental ellipsoid is prolate or oblate. After an infinite time tan a has become 
infinite in the former case and zero in the latter, that is the instantaneous axis has, under 
the influence of air friction, become coincident with the axis of symmetry in the case of a 
disk top or teetotum, or a spinning oblate ellipsoid of revolution, and perpendicular to 
the axis of figure in the cas¢ of an elongated top, for which the axis of symmetry is the 
axis of minimum moment of inertia. 

It is important to notice that, while the rate of diminution of spin is given by the 
exponential factor e~At/C, the rate of diminution of tana is given by the factor ¢-At(1/A - 1/0), 
The latter rate is much smaller than the former. ‘Take the case of the earth, for which 
(C— A)/A=1/304 nearly. We have 


tamas tam doent Sle koe, e ste aoe nent cee ees (2) 


at 1 


For example, let tan a=} tana). Then At/C=304log10. Thus 
PET 304 log 10, 


that is * has been diminished practically to zero. 
The direction of the axis of resultant a.m., OH, being always at right angles to the 
tangent to the meridional section of the momental ellipsoid, drawn at the point of inter- 
section of the surface by the instantaneous axis, changes direction in the 
<1 > body as the instantaneous axis does so. Finally the axes OI and OH coincide, 
Pel in one case with the axis of symmetry, in the other with an equatorial axis. 
The successive positions of OI will trace out on the momental ellipsoid a curve, 
not generally plane, which the reader may investigate. 
The action of the air-friction couple necessitates an alteration of position of 
I> the axis OH in space as well as in the body. According to the supposition 
made above the axis of the friction couple is directed oppositely to OI, that is 
q the friction couple axis is OJ, so drawn that the extremity J lies on OI pro- 
D duced backward through O. Thus, as the body turns about OI, which in each 
q of the instantaneous positions of the body-cone (axis OC) is the line of contact 
7 with the space-cone (axis OH), the point H moves continually in the direction 
Fro. 73, parallel to IO, that is OJ ; and so, as the axes OI and OH approach coincidence, 
the motion of H approximates more and more to a simple approach of H to O. 
If r is initially relatively great, it will remain so, and OH will not diverge much from 
its original position in space. It will however turn round a mean position, and so H will 
describe a helical curve (see Fig. 73) about this mean line, gontu closing in upon it 
so that ultimately OI and OH there coincide. 


3. Air-friction on rotating body: (2) ordinary top under gravity. 
So far we have obtained results for the effects of air-friction which hold for any sym- 
metrical body while it is not acted on by other external forces. We now consider a 
rapidly spinning top under the action of gravity. The method is practically that used 
by Klein and Sommerfeld [Theorie des Kreisels, Bd. ITI, S. 593] in the discussion of a 
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spherical top, but is here extended to the general case. Referred to the usual axes 
O(D, E, C), the equations of motion are 


A6+(Cn— Av cos 6)y sin 6— Mghsin 6= — AÈ, 
Avsin 6+(2Ay cos 0—Cn) 6= —Awsin p eeen (1) 
Cù= — ùn. 
The third equation gives, as before, for 7 (=n), 
A À 
n=me O°, Cn=Cme T". E T TIET TERT (2) 


The angular speed about the vertical through the point of support is n cos Ô+ ý sin?0 
while the a.m. about the same line is Cn cos 0+ Ay sin?0. The latter we denote as usual 


by G. Thus ; 
4 ac EIN (MU COS OF YBO) aA e aaeeea na eenaa (3) 
which, of course, could be deduced from the second and third of (1). 


For a spherical top C=A, and in that case we get, by (3), © 


a 
OE Cae cl MeN Ae a ae ere N, (4) 
In the general case we have 
dG Pia 
ieee A(n cos 0+ Y sin?) 
-X (On cos 0+ Ay sin? 6)- “Ang SNAG o eare ea aa (5) 
Thus, integrating, we obtain 
à 
G=G,e © | NA) TR eye re a (6) 
“igen twsin?@ | | EEEE 
where Gy =Gyoe C Jo G 
We now suppose that 0 and Ê are both small, so that by the first of (1) we have 
approximately (On Av cos 6) Y sin O— Mah sin O=0, E a (7) 


Now, by the value of G, Cn cos 0+ AŅsin?0, we find easily that (7), multiplied by 
A sin’ @, can be written in the form 


(Cn —G cos 6)(G— Cn cos 6) — MghaA sin? 0=0, 10... seeseeeeeeeeee eens (8) 
ten PERLU 
and we have seen that, if CEE TTE i 
à 
we have Eiee C i 
; Cry ) ( G, _MghaA .. 4 zat 
Hence (8) becomes (q- cos 0 Cis cos o) ES Sin? Okie E E AE E E (9) 


4. Discussion of cases: (1) t small, (2) t great. We have two cases to 
consider, (1) ¢ small, (2) ¢ large. If the top is initially set into rapid rotation, G,Cr is 
great, and the quantity on the right is small if ¢ is not great. Taking case (1), we see 
that the quantity on the left of (9), 3, is small, and that therefore one of the factors 
at least is small—the factor G,/Cn,—cos 0. Writing cos@, for G,/Cn, and putting 
cos 0=cos 6,+¢, we get, neglecting higher e of « than the first, 


1 WME eri ant 
$ (= Out cos 6, ) = Gn" ee 
By the value of cos 6, we find 
e=— a inte e è! ea Ao E A Ra; (1) 
aks 
and cos 0=cos 0, — ae Bre E AE circu rr: (2) . 


290 GYROSTATICS CHAP. 


A 
Therefore, approximately, @=6,+ wie sin 6,. eo" 3) 
OF AT EIGI Be BR N stelle miata sseivichainy ime 
ee 
and sin 0=sin6,+ a CIN 6, cos 6, . rack 


This result shows that 0 increases with the time, in other words, that the axis begins to 
descend in consequence of friction, provided 4 is positive, that is if the centroid is above the 
point of support. The contrary is the case for the upward vertical if the centroid is below 
the point of support, as, for example, when a backweight is attached to a gyroscope, or the 
top is carried by a cap resting on anyupturned point, and has gravitational stability from 
itsown weight. This is the arrangement of the small top used in the Fleuriais apparatus 
described in 3, VII, above, where the question of air-friction is important. The top 
is driven by a blast of air, which is shut off when the necessary high speed has 
been attained. The arrangement with centroid above the point of support would be 
undesirable. A 

When ¢ is great we have first to consider the effect on the value of G. We have seen 
that tAws 

Grae lrer nag SR RIED bah (4) 
The value of G in the exponent on the right is the current value, that on the left the 
final value. Suppose G and ý both positive, A>C, and R¢ denote the integral ; then Œ 
will be greater than Gy if (A—C)R/A>1]. But in any case G, and G must be finite. 
Considering again (9), with ¢ great, we see that the left-hand side must be finite, and 
therefore, since e?/C is very great, sint‘O must be very small. Hence cos @ is approxi- 


mately +1. If cos6=1, a 
OTSE a E a se: E E (5) 
so that À is negative, and, if cos 0= —1, ou 
(Cry Gy) Mop asintdse © a ee S (5) 


Thus, in both cases, whatever the initial position, the centroid is finally under the point 
of support, that is, of course, if the top is such as to admit of this position ; if it is simply 
supported on a peg on a glass plate or a flagstone, it will simply be brought down to the 
supporting plane with cessation of spin. 


5. Calculation of small term A+A and deduction of more exact 
values of sin, cos@. Discussion of cases. When cos 0=1, we have by (5), 4, 


i sin 6=6={ = ae a y e720"; aa Eense ea AEAEE ON (1) 
and by (5’), 4, when cos ĝ0= —1, oe f 
noa _ [(Cn +0)? -5t / 
sin ĝ=r— 0 { MgA e T E A E S (1) 
Now the value of @ in (8), 4, gives by differentiation 
Ad+Ab=2M(04 oS) Gagan 6, .¢ tO ae (2) 


The condition that AO+X6 should be very small compared with Mghsin 6 is fulfilled 
if A? is small compared with C’n,.2. That this should be so is reasonable, for then 27rA 
would be the amount of diminution of Cn produced in one revolution, which must be 
only a small fraction of Cn under any ordinary circumstances. 

Supposing ¢ to be small, we write, by the result just obtained, the first of (1), 3, and (8), 3, 
ea(1 N Sale es see oe _ «(Cr — Gicos 6)(Gi — Cacos 0) ee 


A 
Ses [pe G t 5 
C / Cn? Asin?6 +Mgfsin 0. ...(3) 


MghA . x 
Now, by (2), 4, Cn- G cos 0= Cn — G; | cos 0- TnT SiN? A a A T a (A) 
; 0 
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Substituting in (3) this value of Cx)—G,cos 6, and the value of cos @ and sin 6 from (2) 
and (3), 4, we obtain a value of cos 6 in terms of Cn, G4, cos 0}, sin 6,, which carries the 
value of cos 0 given by (2), 4, to a higher degree of accuracy, and which the reader may 
work out in detail. k : 

When ¢ is great we calculate AO+ 6 from (1) or (1), 5, according as cos 0= +1, nearly. 


We obtain À NTA 
O E e sim B. coeeessecssseetssntnsseeeseeenee (5) 
From this result and (9), 3, we get 
ETON Hey A : 
Mgh +70 G2 Asin G = (Crp Gy) ign eie. ss eaawer same testes (6) 
tf A 1 
dth in g= Í q C | een set atacs E O E 
an erefore sin 6 fa AMgh J 1+ 46 G 2 Mis?" manasa) 
where all the upper signs are to be taken for cos=—1, and all the lower signs for 


cos 0= +1. 

Thus again we have Aĝ0+ AĤ, a small quantity, as we should, and a nearer approxima- 
tion to sin 0. The calculation could be pushed to a higher approximation, but it is. 
needless to do so. 


6. Motion of a flat disk. The boomerang. The peculiar motions of a 
light flat disk depend entirely on the action of theair.. If a card is held by 


one corner in a suitable inclined position to the vertical’and is set in trans- 
lational motion in its own plane, with rotation about a normal to the plane, 
it will, if thrown adroitly, seem to describe a parabolic path, but on an 
inclined plane. It is interesting to drop cards under different initial 
conditions down a wide sheltered shaft, and note motion and paths [see 
Maxwell, Sci. Papers, I, p. 115]. 

In what follows the reference will be mainly to the Australian aboriginal 
weapon called the boomerang, but most of the statements made can be 
illustrated by the flight of cards or of thin disks of wood thrown into the 
air, with rotation in the plane of the disk in each case. No doubt the 
shape of the edge of the boomerang, which is very different in different 
specimens, has some influence on the path, but much would appear to 
depend on the dexterity of the thrower. 

The boomerang is made of hard wood, and is generally of shape similar 
to that shown in Fig. 74. The angle between the arms varies greatly in 
different specimens. In section it is slightly convex on one side, and more 
decidedly convex on the other, as shown also in the figure. It is held by one 
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end, and delivered in the air by the (right-handed) thrower with the nearly 

flat side vertical and the more convex side turned towards him. The missile 

is set into rotational motion about a normal to the mean plane, as shown by 

4 the short transverse lines in Fig. 75, which 

o a givesa plan and elevation of an observed path. 

B The transverse line in each case is the normal, 

E and is drawn to the side of the plane from 

Elevation upon a vertical plane which the rotation is observed to be in the 
through AC counter-clock direction. 

One side of the boomerang has been spoken 
of in what precedes as nearly plane. But in 
some forms the two arms are not in one plane; 
they form, in consequence of a slight twist, the 
two blades of a propeller, which, as it revolves 
c a about a normal to what may be called the mean 

E plane, screws itself forward in the direction 
in which that normal points as a spin axis. 
According to experiments on the flight of 
boomerangs, which are confirmed by the mathe- 


nae matical theory referred to below, the return of 
aon the path to the starting point depends on the 


existence either of this propeller action or of 
the greater convexity of one side of the weapon; or of a combination of the 
two. Either peculiarity existing by itself may be made to give the effect. 


7. General explanation of motion. Specification of forces. We shall 
now try to account for the motion, taking as an example for reference the 
trajectory shown in Fig. 76. Suppose first, what is not often the case, that the 
path lies nearly in a vertical 
plane, so that it is practically 
represented by an elevation 
only. We have two cases to 
consider, the front of the plane 
of the disk (qa) tilted down, 
(b) tilted up with regard to the 
trajectory. The spin keeps the 
plane of the disk at a constant 
slope, and in this case at right 
angles to a vertical plane with 
which the path nearly coincides. 

In case (a) the forward 
motion and the sideways motion combined give a resultant force due to air 
pressure, which, in the upward branch is directed towards the under side of 


AN 


AN 
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the plane. Fig. 76 shows the two branches of the path and the direction 
of the air pressure force F and of gravity. 

A similar diagram for case (b) would be like that obtained by interchang- 
ing the branches of the curve, and tilting the disk the other way with 
reference to the path. It will be noticed that in each case the radius of 
curvature is in the direction of the total force at right angles to the 
trajectory. 

To specify the forces in the general case take as axes of coordinates, at 
any point O of the path, the downward vertical there, a horizontal line at 
right angles to the path, and a second horizontal line in a vertical plane 
containing the tangent to the path at O, choosing these lines so that they 
form an ordinary system of axes O(a, y, z). Let then l, m, n be the direction 
cosines of the normal to the disk drawn in the direction of the force F, and 
a, 8, y the direction cosines of a forward element of the path. The hori- 
zontal force producing drift sideways is mF, the vertically downward force 
Z is Mg+/F (in the case illustrated by Fig. 76), the force along the path 
is Mga+F(la+mB+ny). The latter force taken with the reversed sign, 
and added to the frictional resistance R, is the retarding force along the 
path, that is 


tangential retarding force= R—{Mga+F(la+mB+ny)}. 


In the case (b) the vertically downward force is Mg—JF, and the force 
normal to the disk and towards the upper side is F—/Mg. 


8. Trajectory of light disk in its own plane. We shall now try to 
explain more fully the form of the trajectory in the general case. First let 
us suppose that the branches give no trace of return to the starting point. 
If the disk be very light and be projected so as to move very nearly in its 
own plane, F—/Mg may be so nearly zero that, though the effective mass of 
the disk is also small, there is little or no acceleration along the normal. 
As before, the aspect of the plane is kept constant by the spin. 

The force however in the plane of the disk is Mg(1 P$, that is the disk 
is a projectile in the gravitational field (a plane inclined to the vertical at 
the angle cos~1/) of intensity ga —l)?, and the trajectory is a parabola. 
This can be illustrated very easily by projecting oblong post-cards or 
playing-cards so that each moves accurately in its own plane. 


9. Returning boomerang. Propeller action of twist of arms. The 
class of cases in which the outward and return branches lie nearly in the 
same vertical plane is sufficiently dealt with above. We have now to con- 
sider how the side-drift may arise and the projectile be made to return to 
the starting point. Let the boomerang have a certain amount of twist of its 
arms, and be projected as indicated in Fig. 75, with its mean plane vertical, 
sọ that its centroid sets off along the tangent at A to the branch AB. If 
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the screw-propeller action is such as to give propulsion towards the left, that 
is along the normal as drawn in the diagram, the trajectory will bend round 
in the manner shown. The spin is such as to give a force to the left, and 
the trajectory swings round as in the diagram. The translatory speed 
and also the spin diminish, and the plane tilts over as the normals indicate. 
The propeller action also falls off, but, as both speed and propeller action are 
less, the curvature in the plane is sensibly the same on both sides at corre- 
sponding points. The propeller action on the now slightly tilted-over disk 
contributes to, if it does not wholly produce, the upward concavity of the 
ascending branch and the straight and gentle downward slope of the last bit 
of the descending branch, in which the axis of spin has no lateral projection. 


10. Difficulties of complete theory. Approximate constants of motion. 
The theory of the motion of a boomerang cannot be worked out with any 
close approach to accuracy. ‘The action of the air on an element of the 
surface of a body moving through it is not known exactly, and therefore 
the forces and couples on a body of any given form can only be roughly 
estimated ; and the figure of a boomerang is so complicated that, even if the 
action on an element of surface were given, the calculation of the resultant 
forces and couples would be difficult. Nevertheless the motion has been 
submitted to calculation by Mr. G. T. Walker, who has arrived at a number 
of interesting conclusions. We state here the most important of these, and 
refer the reader for Mr. Walker’s analysis to his paper “On Boomerangs” 
[Phil. Trans. R.S. 190, 1897]. 

If q be the resultant speed of an element of surface, and a the angle 
between the normal to the element and the direction of q, the pressure on 
the element is taken as \q*cosu, and the couple per unit area as having 
moment «q’cos a, about an axis at right angles at once to the normal and to 
the direction of q. Here À, x, u, v are constants, which are estimated from 
experiments on bodies of different forms moving in air. Mr. Walker takes 
pa sand y= 2. 

Taking the plane of the arms of the boomerang, or the mean plane if 
there is twist, as that of XY, the centroid as origin, the projection of the 
direction of g on this plane as OX, a line drawn towards the more convex 
side as OZ, and OY to suit these axes, rectangular components of linear and 
angular velocity of the body are specified. These are U, V, W, and Q,, Q,, 
Q,, where W is small compared with U, and Q,, Q, are small compared with 
Q,. Q is positive, Q, negative, Q, positive. The time of flight is about 
9 seconds, the greatest distance 50 yards; Q; is about 4, Q, about 4, 
and Q, about 30, in radians per second. U is perhaps 2000 cm./sec. These 
quantities give the motion of the boomerang with reference to axes tra- 
velling with it but not fixed in it. Increase of twist and diminution of 
round increase the positive value of Q, and the negative value of Q,. 
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With regard to axes fixed in the body the linear and angular speeds are 
U, V, W, Wj, Ws, wz. These axes, O(A, B, C), are chosen as in Fig. 77, with 
the centroid as origin, and OA, OB as the mean plane; and Euler’s equations 
of motion are available when the couples and moments of inertia are known. 

It will be seen that to an observer infront of the boomerang, looking 
from X, say, towards O, the turning of the plane about OX is counter- 
clockwise, that is the normal, which is towards 
the observer’s right at the instant of projection 
with plane of the boomerang vertical, begins to 
tilt upwards. 'The progress of the tilt can be 
traced from the diagrams. The normal being 
drawn towards the more convex side the reader 
can see how that side is situated in the 
trajectory. 


B 


11. Motion with change of direction of c 
plane. The effects of twist and “rounding” (as 
Mr. Walker calls the greater convexity) are so 
important, and the latter is so difficult to 
focus into a single idea, that it is practically 
impossible to give anything like a complete explanation of the motions 
without analysis. But an ordinary unreturning boomerang (such as is 
commonly used by the Australian aborigines), the arms of which are in one 
plane, and the faces of which are slightly and equally curved, may be con- 
sidered. The forward and sideways motions determine the pressure forces, 
and these of course go through a cycle of values as the missile revolves. 

But upward tilt of the front above the trajectory gives lifting force, and 
tilt round to either side gives side thrust, so that lateral drift from the 
direction of the initial plane of motion can be accounted for. Alteration of 
the aspect of the plane of the disk is due to the couples that act on the 
surfaces. There are two component couples, one due to the position of the 
centre of effort for the advancing body, a position that changes as the body 
revolves in its own plane, so that we have an average couple to reckon, and 
a couple due to the different speeds of different surface elements through the 
air. These couples will produce precession of the disk by the turning of the 
axis of spin towards the couple axis in each case. 


Fic. 77. 


12. Twist or “rounding” essential for return. Multiple loops. Mr. Walker 
tinds that, as stated above, unless either twist or “rounding,” or a combination 
of them exists, the boomerang does not return to the point of projection, but 
describes an open loop, roughly in a plane inclined to the vertical, or in a 
vertical plane itself according to the throw. But by properly shaping the 
boomerang, making, for example, the ends of the arms be nearly at right 
angles, and properly adjusting twist and “rounding,” it may be made to remain 
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in a nearly circular path for a considerable part of the time it is in the air. 
Fig. 78 shows the trajectory in such a case. The last figure shows the 
trajectory of a boomerang thrown by Mr. O. Eckenstein. The angle between 
the arms was greater than a right angle, and there appears to have been 
“rounding” but no twist. It 
will be seen that the boomerang 
rises, passes round a consider- 
able distance with but little 
change of level, and finally 
returns, passing over the head 
of the thrower, and comes to 


oh ; I 
rest after describing a series _ See 


of diminishing loops. A pro- K 


C 


Elevation 


Elevation on vertical plane 
through AC 


Plan 


Fic. 78. Fic. 79. 


fessional boomerang thrower has been known to throw the missile from the 
middle of the stage of a theatre, then turn his back till it passed round the 
front of the upper circle, returned over his head and gently sank in a final 
small loop to his hand held out to receive it. This apparently could be 
done as often as required, with perfect safety to the audience and exact 
repetition of the motion. 

The best non-returning boomerangs of the Australian blacks are made with 
considerable rounding and a little negative twist. They are thrown with 
the more curved surface uppermost, and the mean plane nearly horizontal. 
The upward action of the air on the lower surface prolongs the flight, so 
that the missile may be thrown twice as far as a sphere of the same mass. 


CHAPTER XV 


THE SPHERICAL PENDULUM. MOTION OF A PARTICLE ON 
A SURFACE OF REVOLUTION 


1. Top turning about a fixed point and destitute of AM. about axis of 
figure. The spherical pendulum in its simplest form may be regarded as a 
symmetrical top without A.M. about its axis of figure. This A.M. may be 
zero, either because the moment of inertia about the axis of figure is 
negligible or because there is no angular speed about that axis. For the 
present we shall suppose that the centroid, whether the pendulum is a rigid 
body or a massive particle, is at a distance / from the point of suspension. 
The question of rigidity or flexibility of the pendulum will arise when we 
consider the forces on the supporting stem or thread. 

Let A denote the moment of inertia about an axis transverse to the 
length of the pendulum, and ¢, y% have the same meanings as for a top. 
The A.M. about the vertical reduces to Ay-sin?@. Thus 


fem eG a 
y sin’0= 7 = We sie earieebxseieeesy issawedseseveon(L) 


where h is a constant. If the pendulum consist of a particle, of mass m, 
hung by a massless thread, we have A=ml? and ‘G=mh. Here and in 
what follows 0 is measured from a vertical drawn upward from the point 
of support. 

If C be the centroid of the pendulum, so that OC =Z}, the horizontal pro- 
jection of OC is /sin 0, which we denote by p. The rate of turning of this 
projection round the vertical through O is y. The horizontal speed of C 
is py, and the moment of this motion about the vertical is pah}. Hence 
we have EP Metairie O T iavsatooa 2) 


which asserts the uniform description of areas by the radius vector p. If 
æ, y be the coordinates of P referred to horizontal axes through O, we have 


ya — aby = prr=h. TN 3) 
If there be no turning of the top about ter axis Rs hae ene $, 
and therefore 


2 
Po sin? = aS COG O ArT EPR Nias sieds 05s aA) 
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The energy equation is 


A(6?-+-sin?@) = 2(—mgl cos O+E), ....ceccseceeceesencene (5) 
where E is the total energy. But we have seen that v-sin?@=h/l2, Hence 
: Ah? 
Z= = — ae 
A@?=2(—mgl cos 0+ E) isin?’ a erae ENO) 
If we write a for 2mgl/A, b for 2E/A, c? for h?/l*, and z for cos 0, we get 
Br a= (= Ab) (1 — 97) Cv E a a wae 


From (7) we obtain ¢ as an elliptic integral in terms of z, and z as an 
elliptic function in terms of t. For we have 
dz TR 
{((—az+b)(1-2)—-e}? (aZ l 
In this equation and those which follow as derived from it, the radical 
may have either sign according to circumstances. Examples are given 
below. Equating Z to zero, we get a cubic equation of roots z,, 2, Zg 
fulfilling the condition 2,>1>2,>2;.* The roots 2,, 2, define limitations 
of the range of motion of the pendulum. The centroid cannot rise higher 
than the height lz, above the fixed point or fall below lz,, for the reason 
that 2% cannot be negative, and Z must therefore be positive. Of course 
both of these heights may be negative, that is both limiting levels may be 
under the centre of the sphere of radius / on which the centroid moves; we 
shall see that the second is always negative. 
Writing Z in the form (z,—2)(z,—z)(z—2,), and supposing t=0 when 
Crags COAT ail Te OT ee ae 
a (1—2) 2)(2—%)}? 
Thus ¢ is given as an elliptic integral. As we have seen above, the 


integral can be written 


$ do 
t= | ——+— {=F (A, Ø), ooeec (L 
4 i (1 —isin?)? oe, ce 


where m [not the mass of the pendulum] 
= {1a(z,—2,)}?, tan’ ¢=(2—23)/(2,—z), and k?=(z,—z,)/(z,—2;). 
The period of oscillation T is 2F (kh, }2r)/m [see also (2), 5, XII]. 
We thus get z in terms of t by the elliptic function equations 


(8) 


Z—2,=(%,—Z,)sn’mt, %—%=(%,—2,) cn? mt, 
Z,—2=(2%,—2,) dn? mt, 2=2,sn? mt +z nmt. } 

Returning now to the equation Z=0, we observe that the sum of its roots 
Z,+2%,+2, is b/a, and that the sum of the products of pairs of these 
roots, 2% +%2,+2,%, is —1. But we can write this sum of products as 
* The order of the roots taken here is the opposite of that used in 4, XII, and elsewhere, 


that is z, and z are interchanged. This was not observed until the matter was in type, when 
it did not appear to be worth while to change the formulae. 
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2,(2.+ 23) +225, 80 that we have z,(z,+2,)= —l1—z2,%,. The quantity —1—2z,z, 
is negative whatever the signs of 2,, z, may be, since each is less than 1. 
Hence, as z, is positive, z,+2, is negative, and the mean of the values of z, 
and z, is negative, that is the horizontal circle on the sphere midway 
between the circles which limit the motion is below the centre. 


2. Calculation of azimuthal motion. We can now find the time in the 
azimuthal motion. We have by (1) and (8), 1, 

E oe ed) 
(1 —27)(aZ) 

The numerical value of y for any value of z, and therefore of the time, 
is best found by the process of 21 and 22, XII, above. 

When 2 is negative, that is when the pendulum is descending, we must 
give the negative sign to the square root in (8) and in (9), 1. Let us suppose 
that the pendulum is started at the level z=zo [z,>2% >2,], with some 
value of 2; then of course Z is positive. Take ż negative at starting, y} as 
the simultaneous angular speed in azimuth. At starting the pendulum has 
A.M. about a vertical axis, and since this must remain unchanged we have 
prr=h. This equation gives 2ppy-+ pl =0, or, since p=lsin 9@=1(1—2)’, 

of yf CH R 
v= eet y= a iets ieee ae) 

Thus y vanishes when 2=0, that is at each limiting circle. It also 

vanishes when z=0, that is when the bob is passing the horizontal plane 


E 


je 


Fic. 80. Fia. 81. 


through O (if it does pass that plane), and the value of p is there 
stationary as z varies. The path of the bob at a limiting circle, where z=0, 
is a tangent to that circle on the sphere, and changes at the point (A, or 
B,, Figs. 80 and 81) of touching, from a downward or upward course to an 
upward or downward, according as the limiting circle is the lower or upper. 

There are two cases, first, that in which the upper circle is above the 
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centre of the sphere, second, that in which both circles are below the centre. 
The projection of the path on a horizontal plane is shown in Fig. 80. It 
touches three circles in the first case, the projections respectively of the 
upper limiting circle at A,, the hori- 
zontal great circle of the sphere at E, 
and the lower limiting circle at B,. It 
is easy to see that in this case the 
projection of the path touches the 
projections of the limiting circles 
externally, for clearly the path must 
trend outward from touching either of 
these to touch the great circle, and 
thence trend inward again to touch 
the projection of the lower circle. 

‘The case in which both limiting 
circles are below the centre is shown 
in Fig. 81. The projection of the 
lower limiting circle is shown touched 
externally by the path, the other is touched internally. It is clear that 
the path must trend outward from touching the lower circle to touch the 
upper, and has not begun to turn inward when the latter circle is reached. 

Fig. 82 shows a photograph of an actual path. (See the appendix to this 
chapter for curves obtained by experiment.) 


Fic. 82, 


3. Azimuthal angle described from one limiting circle to the other > }z. 
If P, P’ be two successive points of intersection of an intermediate circle by 
the path, and A the intermediate point of touching a limiting circle, say the 
upper, the azimuthal angles Ypa, Wap are equal. To prove this we go 
back to equation i 2, and obtain easily 

h (2 dz 
“2 ie O PJ 0-a 
Therefore the vertical plane through the centre of the sphere and through 
any turning point of the axis on a limiting circle is a plane of symmetry as 
regards the portions into which it divides the path on the sphere. 

We shall now prove that the angle Yso, traversed by the projection of 
the radius vector from a point of contact B with the projection of the circle 
z=2, to the next point of contact, ©, with the circle z=z,, is greater than 
4r and less than m. The first of these theorems is due to Puiseux (Journ. 
des Math. 7, 1842), the second is due to Halphen (Fonct. Ellipt. t. II). 


Ee eee Aad AE 
Aree © 
where aL =(b—az)(1 —2)— 0? =a(2,—2)(2,—2Z)(Z— 23) see eeeveveeeeee(B) 


ah oe (1) 


We have Vrac= 
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But we have seen that z,= —(1+2,23)/(2.+2,), Which is positive, since both 
numerator and denominator are negative. Thus 
ewe ee l t22 + 2(2 4 25) 4 
Z,—-2= A —Z=- A ie ee (4) 
which also is positive, even if z=1. Also 
aZL= — = {1 + 2523 +2(% + 23)} (2 — Z)(% — 2g). 022 eee eee eee B) 
Za 


But if z=1, aZ becomes —c?, so that we have, by the value of z4, 
a a 
-e Perie +2,)(1 +2,)(1 —2,)(1 —Zs) verre te —2,")(1 =z), ..-(6) 


which is negative, inasmuch as Z, +2, is negative. Thus 


} 
=={- oe (l-z? a-a}, E E a E) 
and we obtain from (5) 
2 (% 
pie oa — 2,2)(1— 25")) Í dz ss biei (8) 
| -(+%) J za (l—2*){(4,—2)(4,—2)(Z—2s)} 
where z= —(1+4+-2%,2,)/(Z,+2,). Now, since $(z,+2,) is negative, Z4, which 


is always negative, is numerically greater than z,. Hence the value of the 
expression on the right, which is positive, is diminished by giving to z, in 
the factor z,—z under the square root sign in the integrand, the value 
of z,. Similarly, the expression is increased by writing z,—2, for z,—z. 
Hence, if I denote the integral, 


ie dz 
(1-2)(%_-2)(2-%)}* 
3 
Zaz) ler { (1 —2,?)(1 — 2”) \ I 
Me) Téi 1 +223 + 25(Z +23) 
It will be observed that both 1+ (2+ 23)2,+% 2, and 1+ (2+ 23)%3 +22; are 
positive, since 1+472,2,+2,(%,+2,)=0, by the value of z,. 
Now, as the reader may verify, 
T I P PEE ee A+B gy 
(0-2) =z) {(A—2)(1-2,)}* 
The preceding inequality therefore becomes 
A+B A+B 
<=> We > br =. 
(1+ 22,2, +23) (1+ 22,2,+ 2,3”)? 

It is easy to see from this result that Wyo lies between two limits, both 
of which are greater than 4r. For, if we square A+B, we diminish the 
result if we substitute 2, for z where the latter occurs. The numerator 
of the fraction (A+B)?/(1+2z,2,+2,”) still exceeds the denominator by 


I=} 


die 
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2(1—z,?)+1—2,%, which is positive. Similarly we can show that (A+B)? 
exceeds 1+2%,2,+2,(Z,+23). Thus we have the result stated. [See also 7 
below. ] 


4. Azimuthal speed very great. Limiting circles nearly coincident 
with the horizontal great circle, one above, the other below. If the azimuthal 
speed be very great the values of b and ¢? in Z are also very great, and the cubic Z=0 
reduces, approximately, to z2=1-—c2/b, which gives for z,.z; values equal but of opposite 
sign. The third root z,(>1) as b is increased without limit tends towards infinity. The 
inequality found above shows that then Wesc reaches the value m, while the azimuthal 
motion very closely coincides with the horizontal great circle of the sphere. When the 
angular speed in azimuth is very great but finite z, and z, are opposite in sign, and very 
nearly equal to 1 in numerical value, and we have, to a first approximation, 

BNS 
Weo=$r . 2(i-5) =T. 
To a closer approximation we have no need to go at present ; it may be worked out by 
the reader. 


5. Pendulum nearly vertical. -Theorem of Bravais. When the pendulum 
is only slightly deflected from the vertical and is projected with a correspondingly small 
azimuthal angular speed, the values of z, and z; will have the same sign and be nearly 
equal. The limits between which gc lies become approximately equal, and we find 


=i =4 = 7 (Ql te SIN A a O 1 
Wee "43a ATERT pm (1 +3 sin? 4) (1) 


The angle 6, might equally well have been used in this approximation instead of 6,. 
Hence a somewhat closer approximation would be obtained by writing sin 6, sin 63 instead 
of sin?@, or sin? 0}. Thus we get 

Mirra iis (ETS ISIN CSI). ccboscooceao8na SAn ne (2) 

If a, B be the apsidal distances of the projection on a horizontal plane of the path of a 

point at distance ¿ from O, we have 


3 
Voo=4r (143 98), nis. 2, load ie (3) 
which is Bravais’ result [Jowrn. de Mathém., 19 (1854)]. The fraction, 2a(//? of 4r, by 
which rpc exceeds Ir, is 3 of the ratio of the area raf of the ellipse to the area 27/? of 
the hemisphere below the point O. 


The result may also be obtained as follows. By (8) of 3, we have 


(1 — 2?)(1 — 2?) Èra dz 
T A \ | eee (4) 

eye a = PRG — 2) (2y — 2) (2 - 23) 5 
Now since z3, 2, 2, are all only slightly greater than — 1, and z, is therefore approximately 
+1 (for 2523+ 252, +2122= —1), we write 

z= -l +e,- %=—-l+e, z=—l1+te, 
where e, e3, e are small positive quantities. In the approximations which follow we 
neglect products and higher powers of e}, é, e3 than the first, but retain square roots of 
products, such as (e503)? We get first i 
E ad 

{| LE bok PAIT ne Mere Pier AR (5) 
Now considering the integral, we notice first that 1—2?=e(2-e) and z,-z=2-e. Thus 
we can write the integral in the form 


ez de 1 
Be (2—e) 


XV THE SPHERICAL PENDULUM 303 


and this, to the degree of approximation adopted, can be written 

1 fe di 

al ; ae +4e), 

2? J ese{(e2—e)(e— e3)} 
so that we have two integrals to evaluate. By the substitution e=1/w we get for the first 
integral the value (exes), while the second is clearly ĝm. Hence we have 


Loe 2 : 
pags ee) zÍ PELE EAE A EAS te (6) 


at Wee] 
But if a, B be the radii of the limiting circles (on the unit sphere) corresponding to 23, 23, 
we have approximately FTES a CER De, AO 2 Aes (7) 
and therefore V A TG (eat O13)) susp NE O (8) 


which is the result already obtained above. 

Lagrange obtained (loe. cit. infra) Weo=7a8/(o2+ 8%), and it is very curious that he 
should not have suspected that his calculation was in error. For, as he remarks, his 
result gives motion in a curve, consisting of repetitions of a certain number of spirals 
when afß/(a?+ 8?) is rational, or a kind of continuous spiral if this is not the case. But 
it is clear that the motion is simply that of a conical pendulum slightly disturbed from 
steady motion in the neighbourhood of the downward vertical, which is well known to 
have as period of disturbance half the period of the steady revolution, plus an interval 
which tends to zero with the inclination of the pendulum to the vertical. This interval 
causes the motion in an ellipse to be accompanied by revolution of the axes of the ellipse 
and alteration of the eccentricity as commonly seen with an ordinary pendulum. Bravais 
remarks, “Tant il est vrai que l’erreur est tellement humaine, qu’elle ;peut se glisser 
sous la plume du plus illustre géométre.” 


6. Period between the limiting circles when the pendulum is nearly 
vertical. Theory of Lagrange. As to the period of passage from one limiting 
circle to the other and back, we see from (10), 1, above that the period of disturbance of 
the pendulum from a steady motion at an inclination cos{}(~+<,)} to the upward 
vertical is Or 

laa- 
But as z, and z, approach more and more nearly to —1 it is clear that z, approaches 
more and more closely to 1. For the roots of the cubic, Z=0, give 223 + 232, +242 +1=0, 


and so i l+ —2+e,+63— e3" 
= — = See OE Coen, vcanasiouciannaracseceleaes cents l 
21 23+ 23 EDR + 56263 y ( ) 
if, as before, we write z,=—1+¢,, z,=—1l+e,, where ep, ez are small in comparison 
with 1. Thus we obtain for the period 
2r Qa 4 
L oan 7 Lal 
[afa -iata [a{1+h(1—sin®6,)? + $(1 — sin? 0) 
ZEB E ge A dd OAS (2) 


~ (2a) 81 — 4(sin?@,+8in?6,)}? 


or, if a, B have the meanings assigned above for the unit sphere, 


,1\3 : 
Period =2n ( >- J Dag (@ + BY nnne: (3) 
If the pendulum be simple, a=2g//, otherwise it is 2mlg/A. In the former case, 
1\3 Be 7 
Period=7| (2) A ee E E (4) 


This result was given by Lagrange [Méc. Anal., Sec. Partie, Section VIII, §§ 21, 22]. 
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7. Azimuthal angle from one limiting circle to the other always >r. 
When z, and z; are nearly —1 the value of Wc is nearly $7, and the pendulum passes 
from the upper limiting small circle to the lower or vice versa in slightly more than a 
quarter of the period of revolution. The path has 
two diameters at right angles to one another at 
slightly different levels; it is a kind of ellipse 
traced on the spherical surface- 

The proof that Wec<~7 is more difficult. The 
following process by complex integration is due 
to M. de Saint Germain (Bull. des Sci. Math. 1896, 
p. 114), and is based on the substitution of an 
integral between limits z, and œ for the integral 
taken from z to z. The same idea is used in the 
demonstration in 12, V above, due to M. Hadamard, 
of a property of the top. 

From the centre O (Fig. 83) describe a circle of 

Fic. 83. very great radius R in the plane of the paper, and 
through the centre lay the’ line X’OX as axis of 
real quantity. On that line lay down the points A, B, C at distances z, 2, 2, from 
‘O (B, C within the small circles). These represent the roots of the equation Z=0. The 
two points P, P’ at e=1 and «= —1 are the poles of the integral 
cdz k 
(1-2)(aZ)? 
Considering now z as a complex variable, take the integral 
| d , [F=a,-2)] 
(1-2){—2)(e-%) F}? 
round the two circuits shown in the figure, that is round the circle from X on the upper 
side of the loop shown drawn round A to the lower side of the loop, and then round the 
loop to X. Then take the integral in the opposite direction round the double loop 
enclosing the points B, C. The sum of these integrals is equal to the sum of the residues 
for the poles P, P’. 

Now, if R be very great, the integral round the circle is zero, and we have only to 
consider the, single loop XA and the double loop BC. The integral round the single 
loop is 9 i dz 

o (1-2 ){(4,~2)(2~ 29) FP 
taken along the axis of real quantity. The integral round the double loop is 


% dz 
2 > 
Ike — 2){(Z—2)(2- 2) F}3 
taken also along the axis of real quantity. 
By (7), 3, the ies with respect to P (the point z=1) multiplied by 277 is 


2r{ = (2+2) ti-ta)? r 


2fa(a-1)(1-2)(e2+1)z +1}? {al-z (1-2 © 
and the residue for P’ has the same value. Collecting results, we find by (8), 3 


> 


e [2 dz 
Yerc= iJ 
a? a(L=2){(—2)(@—a)(4- 94 
oe al dz , 
ah) 2, 0-2-3- 


Since, within the range of integration, 1—z is negative, the integral on the right is 
negative, and therefore Wg; is less than r. 
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By substitutions which increase the value of 
c Ip dz 
a Re a a a E 
aJa (2-H) - 2) 2) 
and transform it so that the final result can be evaluated, it can be shown that this 
integral is less than 37, so that Ysc > 47, as was shown before by the method of Puiseux. 


8. Possibility of motion of rise and fall on a surface of revolution, 
with axis vertical. With respect to the motion of a particle under gravity 
on any surface of revolution S, the axis of which is vertical, it is pointed 
out by Routh (Dynamics of a Particle, § 550) that with given initial 
conditions a motion of rise and fali can only take place on certain regions 
of the surface. Let v be the speed of the particle at any instant when the 
axial coordinate of the particle is z. We can write 

v? = 29(H — 2). 

Here H—z is the “head” which gives the speed v, that is the speed is that 
which would be produced by fall from the plane z=H. Now if h denote 
yah, the a.m. of the particle about the axis, the horizontal speed of the 
particle is yy, and yy cannot exceed.v, but is in general less than v. 
Hence if we have y*/?=29g(H—z), that is if y?(H—z)=h?/2q, the motion 
of the particle is horizontal. In general however y?(H —z)>h?/2g. Hence 
if the cubic surface of revolution, y*(H — z) =h?/2g, be described, the particle 
must in general be at a greater distance from the axis than the points of the 
cubic surface corresponding to the same z. The cubic surface divides the 
surface S into zones, and thus rise and fall takes place between the two 
limiting circles of intersection, on a zone of S which lies further from the 
axis than the corresponding zone of the cubic. 

If the particle is started horizontally, the cubic surface for the initial 
speed is obtained; then the circle on which the particle starts is the 
boundary of two zones, and the motion lies in that zone of S which is 
more remote from the axis than the corresponding zone of the cubic 
surface. 

If the cubic surface touch S it will do so in a horizontal circle, 
which is a circle of possible steady motion. No motion deviating from 
that circle will be possible on S if the neighbouring parts of the cubic 
on the two sides of the circle be outside S, but will be possible if the 
reverse is the case. The motion in the circle is therefore unstable in 
the former, stable in the latter case. 


9. Motion on a developable surface replaceable by motion in plano. 
With regard to a particle moving on a surface, it is important to remark 
that, if the surface is developable, the motion on the surface may be 
replaced by motion in plano. 

By a developable surface is meant one generated by a succession of 
straight lines, each one of which intersects the line which precedes it in the 
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series. For example take any curve in space, and mark a close succession 
of points on the curve by the letters a, b, c, ... in order, and joining 
ab, be, cd, ..., extend each line both ways beyond the points which define 
it. The lines thus drawn mark out, or generate, a surface which, by 
turning about the defining lines in suceession, can be brought into a plane 
which initially contained a consecutive pair of generators. Any curve 
on the surface becomes a curve in the plane of development, and the curve 
on the surface, which gave the succession of points a, b, c, ...,is called the 
cuspidal edge, or edge of regression, of the surface. 

A cone and a cylinder are examples of developable surfaces. In the former 
the edge of regression is a single point, the vertex of the cone; the cylinder 
may be regarded as a cone, the vertex of which is infinitely distant. 

If a particle move on a developable surface along any path its acceleration 
will consist of two components, one, § or v dv/ds, along the path, the other, 
v*/p, along the principal normal to the path towards the centre of curvature. 
Project this normal on the surface in a plane containing the normal and at 
right angles to the curve; a component of acceleration along the surface 
and at right angles to the path is obtained, of amount v’sin B/p, where 8 
is the angle between the principal normal and the normal to the surface at 
the element of the path. The other component is along the normal to the 
surface. If now the surface is developed into a plane, the latter component 
becomes unnecessary for any motion of the particle along the path, while, if 
the motion along successive elements of the path be the same as before, 
the accelerations vdv/ds, v?sin B/p, are just those which characterise the 
motion. The curvature of the plane path is obviously sin 8/p, and p/sin 8 
is its radius of curvature at the point considered. 

It is only necessary therefore that the forces acting on the particle 
moving in the plane path should be the same as those in the tangent plane 
of the surface, corresponding to the element considered, to ensure that the 
motion at each element may be the same as before. 

If the surface be a right circular cone with axis vertical and the motion 
take place on the inside of the upper sheet, the particle will, in the absence 
of friction, be under applied force towards the vertex of amount mg cos a, 
if a be the semi-vertical angle of the cone. The component of gravity 
normal to the surface is balanced by the reaction of the surface. Thus the 
motion can be discussed as a case of the motion of a particle in a plane, 
under a constant force directed to that point in the plane which represents 
the vertex of the cone. A particular case of motion on the cone is in a 
horizontal circle with constant speed. This circle, of radius a, say, 
develops into a circle of radius a/sin a, on the plane, and the acceleration in 
it, v?/a, has component v*sina/a along the generating line at each point. 
The force giving the former acceleration was Rosa, and R was mg/sin a, 
Hence the force required in the plane is R cos a sin a, that is mg cosa. 
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10. Motion of a particle between two close circles on a surface of revolu- 
tion. The motion of a particle between two near limiting circles on a surface of 
revolution under force axially directed can be discussed in the following manner. Let 
the equation of the surface be ROTATOR, escapee peOS CC A E E (1) 


where z is the axial distance of the particle from the point, the vertex of the surface, at 
which y=0. Consider first the particle as in steady motion in the circle at axial 
distance z from the vertex. If y be the angular speed of the particle about the axis, and 
the mass be taken as unity, we have for the components of the reaction of the surface, 
directed respectively outwards from the axis and axially from the 
vertex, milry = —Y, mg=—Z, 
where g is the force. per unit mass (gravity) applied to the particle. 
We shall take the field of force as due to gravity, and the axis as 
vertical. 

If the particle is disturbed very slightly from the steady motion 
without alteration of the a.m. about the axis, we have 


ya} E o P E RR (2) 


where / is a constant. Let the deviation of the particle from the 
steady motion circle be s, measured along a meridian in the direction 
from the vertex. The acceleration along the meridianiss. If 6 be 
the inclination, as shown in Fig. 84, to the axis of the normal drawn 
to the surface at the position P of the particle, the force along the 
meridian produced by gravity is g sin 0. The acceleration towards 
the axis is y¥?, which gives a component y¥7cos @ along the 
meridian. But since 7°f=h, we have y¥*cos 8=h2cos 6/y%. Thus 
the equation of motion is 
nee 
ae 
Now let 6 be the radius of the steady motion circle, and a the inclination of the 
normal to the axis at that circle. Then y=b+scosa, 0=a+s/p, where p is the radius of 
curvature of the meridian at the point. Thus we get 


Axis of surface 


COS OI SUING Mrestensemataere se eone aan atrer (3) Fic. 84. 


h? cos (a + z) 4 
s= -ysin (a+) T IRE OEA AT. (3) 
b| 1+3 gesa 
Since s is small and h?cos a/b? =g sin a, this becomes 
E LE xe he 3 
s+ {B(jpsinatg cosa) +35, costa} s—0 E (3”) 
The period of a small oscillation about the steady motion is therefore given by 
WH h? = 
T=2rf (fs sina+g cosa) +34 cosa E E E (4) 


If r be the length of a normal from the steady motion circle, we easily find, since 
dy|dz=cot a and tana.dr=(p—7r)da, that (1), the equation of the surface, is 
7°(cos’a — m sin? a) =a’, | 


and that p= a 5 | Arent eee eer er eeernaseneeeseereseees (5) 
(cos?a -m sin?a)? 
Thus the period equation becomes after a little reduction 
3 
T= an( 22082) {(4 cos?a — m sin?a)(cos?a — m sin? aj}. CEASE Rt (6) 
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If the steady motion circle be very near the vertex, that is if z be very small, we have 
approximately cos?a=1 — ?/a2, sinža=b?/a?, cosa=1—b?/2a?, where b? is small in com- 
parison with a. Thus we get for the period the approximate value 


3/ 443m b? 
a m 
=r\- a e eae aa ee A A í 
T=2(2) (144 5), (7) 
or if b,, b be the radii of the upper and lower limiting circles, ; 
3 34.5.2 j 
T=z(2) (14443 + by a Poret aaa eee ae (T) 
g 16 a 


The azimuthal angle turned through in the period is the product of the Bae a on 
the right of (6) by the: angular speed in the steady motion, that is by (g/r cos a), that is 
by {g(cos?a—m sin2a)?/a cos a}?. Hence the angle specified, Yo, r say, is given by 


Wo, r=2r (4 cos?a — m sin?a) 2. BE. cua BeBe Caen Sdn dcoae? (8) 
In the special case in which the steady motion circle is very near the vertex we get 
4+m b? 
vor=n(144t A E cette nee (9) 
or more exactly Wor= =r(1 poke oe). a Nasir E E e came (9’) 


If m= -—1, the surface is a sphere, and we fall back in (7’) and (9’) on the results 
already obtained for a particle moving within two close circles near the lowest point. 

If m=0, the surface is a paraboloid of revolution. A general discussion of the motion 
on the sphere and on the paraboloid will bé given later by means of elliptic functions. 

If the surface is a right circular cone with axis vertical, the semi-vertical angle of the 
cone is $7—a. Since p=, and now by (1), b=y=zm =z cota, (4) above gives 


2 \-3 ; 
T=2r(3% costa) =2n( 2) i b, “een elb.ciadielovelaleleie Ciba) s.s,<)eib ws S.e'ee (10) 


3g/ sina 


11. Initial motion in the plane of the horizontal great circle. The particu- 
lar case of the spherical pendulum in which the initial motion is in the plane of the horizontal 
great circle (the “ equator”) is interesting. It will be instructive to deal with it from 
first principles and then refer it to the general theory. We take the pendulum as 
“simple” and of length /, with bob of mass unity, and put y for the distance of the bob 
below the plane of the equatorial circle at time ¢, y for the azimuthal angle described in 
the same time, and vo for a initial speed of the bob. The vertical speed at time ¢ is ý, 
the radial speed is d{(/? — yy Vdt= — yy (P -— yye. The azimuthal speed is then (/?—y?)y. 
The energy equation is therefore 


y+ B+ PYG AO mG Yipee rete enya (1) 


We have also the equation of A.M., 


ed SU AAI U cdi Meera that tt vans Mecak Peas ee (2) 
Substituting from (2) in (1) and reducing, we find 


PP = 2gy (7? — Y?) — voy’, 


or di aes) Pee Nea (eee TENE (3) 
gy- y2) -vy 
2 7/2 
But from (2) we have also t ; A A EE E Sonera E A O OO E A (4) 
0 
so that dy =o? dy AE NED (4) 


Vol 
1E- y)2gy (2 -4)- 09242}? 
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If we split the expression on the right into two parts, as shown in 
2 12 
y= bey typ ON ___ 
{gy C — y?) — voy’) (Py V2gy (P —y") — vy’) 
[of which the first is vọdt/2}, by (3)], it will be found that, if w?=a,2y2/2gy (22 — 


Hence Ve == t+ sin~ 1 _.. ves eecsevcnscoececnseneorceeveees (6) 


1 
20 Q9(2— yy 
Thus the combination y —4y¢/2 of elliptic integrals is capable of being expressed in 
terms of ordinary functions. This result is due to Greenhill. 
Referring back to (9) of 1, we find that 


dt= ae Sek eabvinle teeta shacecennen a a (7) 
{—a2(2—25)(4—2)}8 
since here z.=0. But in the present case also a=2g/l, and so, remembering that 6 is 
here measured from the upward vertical, so that — az(z—z)(z, —2) is positive, we get 


edz 


dt ie ee (8) 
{—2g2(z—23)(%— 2) 
k dz 
y (3) above we have dt= A E ANA (9) 
f — 2g2(1 -2)- 2} 
and by (4’) abe rage darts Aa an (10) 


(1-2) — 2g (1 —2) — v22}? 
The quantity — 2gz(1 — 2?) — v2?/l is aZ/l. Thus to obtain the roots of Z=0 we have, 
after division by z, so as to get rid of the zero root, 
+ te — vz — 2gl=0, 


and therefore r, “(ut (169222-+ 0,8)" E AE deseo A (11) 


Thus if vis very small, the large positive root of Z=0 is only slightly greater than 
1, while the remaining root is very nearly —1. The range of motion is thus from the 
level of the centre of the sphere very nearly to the lowest point. From the inequality 
given in 3 it'will be found that the range of azimuthal motion between the highest 


and lowest positions lies between $7 and 7/24. 

When v is very great the large root given by (11) is very great, the other root is 
slightly less than zero, so that the limiting circles are very close together. The value 
of Yso is then, as the inequality in 3 shows, very approximately r. 


12. Simple pendulum oscillating through finite range. We shall now 
consider the special case of a simple pendulum oscillating through a finite 
range in a vertical plane. The problem is essentially that of a particle 
moving without friction on a concave circular ring in a vertical plane, 
or along the interior of a guide tube bent into a vertical circle. If / denote 
the radius of the circular path, and @ the angular deflection of the radius 
from the lowest position, the equation in both cases is 


6+ sin @=0 SE Gi re MPRA Tare, Dre ON OID 
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Multiplying this equation by Ô and integrating, we get 


1@= - |$sin @d0=%.c050+C, Be es sa ete (2) 
where C is a constant. When 0=6,, 6=0, so that C= —gcos6@,/l, and we 
have 126? = v2 =2gl(cos 0 — cos Oy), -eee E epee (8) 
where v is the speed of the particle in its path when the deflection is 0. 

fan, EMI 1 
Equation (3) gives = PS da pee ay 
2 dé a {2 (cos 0 — cos 6,)}? 


If then 7 denote the time taken by the particle to pass from deflection 0 to 
deflection 0), we have INÈ (7% d 
: =( ) 8 AB) 


aa a ee 


Since the pendulum is at rest at the instant 0=0,, T is one quarter of the 
period of the motion. i 
Writing now Sin TO= BIN OSIM D e e a acme aes (6) 


where ¢ is an auxiliary angle, we obtain 
APRON SU OS Ses Lk Lait Iai uicte (7) 
(i- k2sin?)? 
where k=sin 40, But, by (6), 


cos $6). O= 2 sind, C08 DaD accused gehts (8) 
and the same relation gives 
{2 (cos 6 —cos 0,)}? = 28in $0, COB, e csnrernszeentes (9) 
so that, if n? stands for g/l, we obtain from (4) 
O= 290 Sin 405 comehsi. eset Ate eed Hoe te ee (10) 
and by (8) p= 008 kO .........-. Caen ats seated accra ee een (11) 
Thus we have by (6) 
s dt _ 1 
dp {1— ksing}? 
and IE i AE E E e em (12) 
0 (1—k?sin?g)? 
Also, of course, we have 
nt= Í SDs iir ENEA (13) 
o(1 —k?sin2g)? 


The integral K is the complete elliptic integral of the first kind, of which k 
is the modulus and ¢ is the amplitude. 
The time ¢,—t, for any are from ¢=¢, to ¢=¢, described by the 
pendulum is given by 
n(ta—t)=F (k, pa) — F (k, pi). ccceeseresecesvseeeeeee(14) 
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It is clear from (12) that, if k (that is sin40,) is very small, we have 
A IN 
=(7) , and T=2r(") a ae L5) 


the result that we obtain at once if we suppose 0 so small that we can write 
@ instead of sin 0 in the fundamental equation (1). 


Since k?<1, the factor (1—K2sin2?g) ? can be expanded in a converging 
series and the integration performed term by term. We obtain 


mike P ++ = es i ‘f appre i (16) 


For a good many purposes the first two terms of this series form a 
sufficiently close approximation. By taking a sufficient number of terms 
of the series we can calculate K to any desired degree of exactness. Tables 
of the values of K for values of the modulus proceeding by small steps 
have been constructed by various methods (more expeditious than that here 
indicated), and the results are available for practical calculation.* [Refer 
to 20, 21, XII) 


T= 


tom 


13. Discussion of force along the supporting cord or rod of pendulum, 
If the pendulum start from rest in a position making an angle 0, with the 
downward vertical, the force toward the centre applied by the cord when 
the deflection @,, from the downward vertical, has been changed to 0, is 
ml? + mg cos 0, or by the value of 6? given by (8), 12, mg(3 cos 0 — 2 cos 4). 
This gives mg cos @, for the central force when the pendulum is in a limit- 
ing position, and cos @, is negative when 0,>437. But if, instead of a bob 
suspended by a string, we have a particle moving on a guiding curve, or in 
a tube, in the form of a circle of radius l in a vertical plane, the amplitudes 
may have any value from 0 to 7. Or if the bob be attached to a rod, or a 
wire capable of bearing thrust along its length, the tube may be dispensed 
with. In this latter case however the centroid will be at distance / from 
the point O of support, and if A be the moment of inertia of the whole 
about the axis through O at right angles to the plane of motion, the length 
of the equivalent simple pendulum is A/ml. ‘The outward force applied to 
O is still mg(3 cos 0— 2 cos 0,). The pull in the pendulum rod varies from 
point to point and depends on the distribution of the mass. 

Considering however the simple pendulum, we have seen that the out- 
ward force applied through the bob to the cord is negative at a turning 
position when for that 6,>47. It is clear that 3 cos 0—2 cos 0, is positive 
when 0,< $7, and also when 6)>47 for all values of 0<}a. Hence the 
reversal of the force takes place when 0 has the value cos~1(3 cos 6) (> 47). 
It is impossible therefore for a particle unless constrained by a tube or 


* See the tables of Legendre, Exerc. de Cal. Int. t. III, also the Smithsonian Physical Tables 
and the Funktionentafeln of Jahnke and Emde [Teubner]. 


312 GYROSTATICS i CHAP. 


a rigid stem, to vibrate if 4r <0,<7r. The motion is nevertheless possible 
if the pendulum makes complete revolutions in a sufficiently short period. 

In this latter case let the particle have speed v, when at distance l9, along 
the circle from the lowest point ; then at deflection @ the speed is given by 

v? — v,? = 2gl(cos 8 — cos 0), 
and the pull P in the thread is then mg cos 0+ mv*/L, that is- 
mg (3 cos 0 — 2 cos 0) + mv,"/L. 

Hence, if the particle goes completely round the circle, we have, when 
0=7, P=mg(—3—2 cos 6,)+mv,2/l, and therefore; if the value of P is not 
to change sign, we must have v,2>gl(3+2 cos 0), and so if @.=7, vo > gl. 


If this condition be fulfilled the particle may be suspended by a string. 
[See also 16 below:] 


14. Graphic representation of finite pendulum motion. The motion of 
the pendulum is illustrated by the diagram of Fig. 85. The horizontal line CP) repre- 
sents the level to which the bob rises, the circle AP,B is that of the motion, and is 


therefore of radius /, the circle CPB is described on CB as diameter. As we shall show, 


the angle DCQ is the amplitude ¢ for the position P of the particle on the horizontal 
line DQ. We join AP, OP. Then 


ŁBOP=0, ~BAP=36, LOAP)=46. 
By the diagram CB=2/sin?4@,, and therefore CD=2/sin?$@,cos*BCQ, Thus, we 
have 4?=CB/2/, the ratio tu 27 of the height CB of the turning points. But also if 
u=F (4, p), 
CD=/-— AC+OD=1(1 —2 cos?46,+ cos 6) = 21 (cos? $6 — cos? 0o) = Uken? u, ...... (1) 
by (9), 12. Equating these values of CD and reducing we obtain 


SIN BOO sn passt afate sade seacoast (2) 
Hence BCQ=¢. 


Also k=sin}6)=CP)/APy. If we write k2+#%=1, k is the co-modulus, and is there- 
fore represented by AC/AP). ; 

The construction in Fig. 85 replaces the turning of OP, with angular speed 0, by the 
turning of CQ with angular speed ¢, and the motion of P by that of Q. Q starts from 
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C when P starts from P, and coincides with Pat B. If the particle just goes completely 
round in the guiding tube, that is if P, is infinitely near to A, the larger and smaller 
circles coincide, and ¢=46, 6)=7, so that k=1. 
When 6)=7 and the particle just completes the circle in the guide tube, the time 

required is infinite, for k being 1, we have 

g\t i" do * cosd 1+sin $7?" 

a T i. 3 ape ae woes gib=3] log ae $l, = Ogee A (3) 
For a range however from a deflection of 89° on one side of the vertical to a deflec- 
tion of 89° on the other, the time required is 3:4 times that required for'a very small 
swing from one side of the vertical to the other. 

The equation (g/t)? cos30=¢, or (g/t)? dnu=¢, shows that the period always lies 
between the limits 27/n and 27 sec $6)/n. For $7 > $6) >40, and so cos$6>cos $4). Thus 
2n > 2h > 2n cos $09, 

and the same inequality holds for the mean angular speed of Q. Hence 


2 i 2 
= < Period < = sec $6. 


15. Pendulum making complete revolutions. Now let the oscillating particle 
in the circular guiding tube make complete revolutions under gravity. The time of 
revolution and the time of describing any part of the circle required may be given, or 
we may be given the speed at top or bottom of the given circle and be required to find 
the period of revolution, the speed at any point, and the time of its describing any part 
of the circle. If the speed at top of the circle is known that at the bottom is also known, 


and vice versa. For we have E EAN ae i. Se eae (1): 
and therefore, at any point, 
B= DG COS OC =" IGE COSO) eea aE E e E eE (2) 
if v, be the speed at the lowest point. Thus at the highest point where v=v,, we have 
DE MAG Sia Se ctuns e aa TEN Tam ole eA (3) 


so that for the motion to be possible we must have v? >4gl. 

In order that a bob suspended by a thread may go completely round it must have at 
the top of the circle such a speed that the thread is kept taut, that is we must have 
v > gl, or v? > 5gl, as we have already shown in 13 above. 

Returning to equation (2), we write it in the form 


COP A A prea ore pono A sooe Too Hebei URCC REO Nae (4) 
if ¢ stand for 36. Hence v=2/d, and so we have 
21 d 
ee ARE eine ee (6) 
(v2—4glsin2)? JA -— ksin? g) 


where k?=4gl/v,2, which we know is less than unity. Thus, for the time from the lowest 
point to the inclination 0, we have 


zl dẹ 20 ee] PEI AP (6) 


o(l-— ksin? — g 
The time for any arc from d=¢, to $=¢, is. thus 
2l 
t— Desig NU (Da) =e Pa e eet ieaove ce E E (7) 


This, by (14), 12, above, stands in the constant ratio 2/2, . (g/l)? =2(gl)2/0, to the time of 
describing the corresponding arc in the oscillatory motion in a vertical circle of the 


same radius. 
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From the lowest point to the highest the time 7 is given by 
=z RS ee EE e (8) 
‘The value of r can be calculated by the series (16), 12 with the value (2gl)?/v, of &. 

We can now solve various problems, making use of the tables of complete elliptic 
integrals which have been calculated for a succession of moduli [see 13 above]. Let us 
suppose for example that the period of revolution 27 and the length / are given, and it is 
required to find vı. [By a curious inadvertence this has sometimes been set as a problem 
in elementary dynamics!] We have from (8), (g/t =kK. [4=2(g2)2/0,.] 

Let the circle be 2 feet in radius and be traversed once in half a second by the particle. 
This gives r=0°25, and therefore r(g/l)?=1. Now if £=sin 35°, kK =0°993, about 0°7 per 
cent. short of 1. But this makes v =2(gl)2/k= 16/0°5736=28, nearly. Thus at the lowest 
point the speed is 28 ft./sec., at the top it is 23 ft./sec. 

The circumference of the circle is 12°57 feet nearly, and this space is described in half 
a second. Hence the average value of the speed required is 2514 ft./sec., so that the 
result obtained is not very far from the truth. 

The reader may verify that a more exact result is obtained by interpolation between 
the values of K for k=sin 35° and k=sin 36°. For £=sin 35° 12’ we have, to less than 
qb per cent. of error, :K=1. This makes /=0°57643, and therefore v, =2(gl)2/0'5764, that 
is the speed at the bottom of the circle is 27°76 ft./sec. At the highest point the equation 
U2 =V; —2gh gives v,=22'66, in ft./sec. In this case the particle might be supported by 
a thread, as the condition v,? > 5g/ is obviously fulfilled. In these calculations g has been 
taken as 32 in ft./sec.? units. 

This may be regarded as the limit of the case of the spherical pendulum in which the 
terminal circles are very small circles at the zenith and nadir of the sphere, and the bob 
passes from the left of one to the right of the other, thus giving an azimuthal turning 


of amount r. 


T 


16. Reaction of surface on a particle moving on it, or force applied at 
the point of support to a spherical pendulum. We now consider the stress 
in the suspension cord, or the force applied at the point of support. When the particle is 
unsuspended, but moves on a spherical surface, the force found measures the reaction of 
the surface. In this latter case we suppose that no friction exists. By (5), 1, we have the 


equation A(@2+ Wsin? )=2(— mgl cos 0+ E), 
which we may write also in the form 
mi (62+ ytsin?@) =" (= mgl cos 0+ B). sieo (1) 


The expression on the left is the mass acceleration of the pendulum towards the point of 
support, due to the motion. The equivalent expression on the right can be written in the 
form 2/?m?g (cos )— cos 0) if we put E=mgl cos 6). 

But the gravity force —mgcos 0 must also be balanced by the action of the point of 
support on the pendulum, and therefore if the force along the axis applied by the support 


be R, we have 2992 
Ram I (cos GR=COSG) = MJC OSOE ces ece- cosas E anes (2) 
For a simple pendulum A=ml?, and so we obtain 
R119 2-608 9) = Scos 0) a cece erase career sees cece shares ahem (3) 


[It is to be remembered that 6 is here measured from the upward vertical.] Fora particle 
moving on the interior of a surface, this is the normal force which must be exerted on the 
particle by the surface, and @ is the angle which the normal at the point of contact makes 


with the upward vertical. 
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Now, with the values of a, b, c stated in 1, we have 


GP = (Cae. -13D) (R28) = C2 Rear rs des saw tatoo E A neice ET (4) 
and the roots of Z=0 are z,, 2, 23, as explained above. The two latter roots define the 
circles which limit the motion, while z,;= — (1 +292,)/(z,+23), so that since z,+2, is negative, 
z is>0. 

In the general case MR 2779 (Zp 2) AME oeii Eines r Esai (5) 
so that in order that R should vanish we must have 
AE =) mad NI AAG E IA (6) 


But by (1) the quantity on the left is A(62+ysin?6)l/g, and so z must be positive. Thus 
the force cannot vanish and change sign unless the pendulum be above the level of the 
point of support. This holds whether the pendulum be simple or not. 

If R is to be zero in the course of the motion we must have by (5) and the value 4Ab of E 

Abl r Abl 
27 Qml+ Ag? S mEt Ag 

and these also show that the force cannot change sign if the motion is wholly below the 
point of support, for then both z, and z, are negative. 

To carry this discussion further we suppose the pendulum to be simple, and get as the 
conditions required z, > %4bl/g, z3 < 4bl/g, or 


P LA 
Ba aa 
But b/a is z,+2,+2,, and so we are to have 
° Zo > $(z1+22+23) 23 <3 (4 +2_+2). 


The value of z, given above converts these inequalities into 


2 Zo2 Fzt Zl . 2 Z2 + 23 + ZZ —1 


ars Zo +23 aE Z3 +23 
The second inequality is satisfied, for we can write it 
il 2 2,2—1 


3 <3 2a +23 
The numerator on the right is negative and so also is the denominator, so that 
3 (42? — 1)/(2 + 2s) 
is positive. But z, is negative, and thus the inequality is satisfied. 
The first inequality can be written 
Bg? + Zo, — 2242 +2 a 
Zo 2s 
The denominator is negative, and for the fulfilment of the inequality we have so to choose 
z that the numerator is also negative. This will be the case if z, lie between the roots of 
the quadratic in 23, fg? + 2o23 — 222+ 2=0, 
for only for values of z, in that region is the expression on the left negative. Solving the 
equation we find the roots ¢ ¢' given by 


0. 


at ca thik EE TD (7) 
The roots must be real, and therefore 9z,2=8. This gives for the limiting case of equal 
roots z3=0°942809, and therefore the pendulum when on the lower limiting circle cannot 
make a greater angle with the downward vertical than 19° 28’ 16”. 

If this condition is fulfilled z, must lie between — $z; + $ (923 — 8)2. At the limits when 
z coincides with the roots we have b/a=3 or b/a=3¢', and between these values b/a has 
intermediate values. As z, diminishes from ~(8)3/3 to — 1, ¢ increases from 22/3 to +1, 
while ¢ diminishes from 23/3 to zero. 
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When z, reaches the value —1 we have the case of an ordinary pendulum vibrating in 
a vertical plane, and then the values of ¢ and ¢' are 1 and zero. Thus the value of b/a 
must lie between zero and 3. 

By (1) the velocity at the height corresponding to z is given by 


b 
=g (2-2), Dees a nai cln eu deat teenie eens (8) 


so that we may regard the kinetic energy as generated by a fall through the difference of 
levels ¿(b/a — z»), that is through /(z,+2,). Thus we have 
Ae: 
Z9 


AREETAN AE MT ANAE N 9 
ae tans em ee Eau ce ae en A T (9) 


The required condition of inequality is thus fulfilled if 


The foregoing discussion is based on a paper by M. de Saint Germain (Bull. des Sci. 
Math. 1901). 


17. Motion of bob referred to rectangular axes. Discussion of the 
motion by elliptic functions. If we take now 2, y, ¢ as rectangular coordinates of 
the pendulum.bob, z, y being drawn horizontally from O, and (downward from O, we have as 


the equations of motion 3 


më= — R7 , 


mij = RE, m= -RS+ TUG se cnee ater Nae Selsey arcs (1) 


Now, as we have seen, i YOA L E te dee EA E Sac nogiiose (2) 


is the equation of a.m. about the vertical. Also we obtain by (1) 


AER Ro oha R 
m(ġë— i) = — zæ —yi)= — T% a T ie (3) 


If then R vanishes at any point P on the trajectory, #=0, 7=0, and there is zero curva- 
ture of the horizontal projection of the path at P, which is thus a point of intlexion, and 
the osculating plane is there vertical. 

Now z denoting cos 0 as before, we have seen, (11), 1, that 


Z—f,=(%—23)SN? mt, 2—2—=(Z_—23)cn*mt, 2, -Z=(z, — 25) dn? me. 


Also we have (2-@)p~=h, or PI TU Say aceei chateaus etna rete (4) 
The angle turned through by the radius vector of the horizontal projection in any time 
is thus hdt 

ee / a E (5) 


When for 2 is substituted its value in terms of elliptic functions, the integral can be 
found and Wy determined. Thus determined y can be used to give x and y by the relation 

CF FOU I CEN a Sa ARI SCE a E caICe (6) 
The integral y given by (5) has two critical points z=1, z= —1, but w and y are uniform 
functions of the time. 

Now 2?+7?+ C=, and therefore 
+y +E +e +y + CC=0. 

Hence (1) gives — m(a?+- 9? + E= -m(æö+yij + 49) pais AYE 10k CS SRRO Paint R (7) 
But we have seen [(8) and (3), 16] that 


t+ yt+ @=agi(?—z), R=mg (2°30), EA TT (8) 
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Now by (1) we get also La i a (2? 2 32). BEE EN Mr Oe HOP LS YER (9) 
w Z $ a 


Putting, to avoid confusion with the mass m of the bob, p instead of m for {ta(4 — z,)}, and 
n=(g/l)®, we find, since 


& = 2g-+ (Zq — 2g) SN? pul = 25+ (Zq— 2g) SN? U, E aE A (10) 
where u= ut, 
dw a 
gu Psn ut h)w, beet ascenccee a cuive ce A (11) 


where k?=(z, —z,)/(z; — 23) as before, and A=2(3z,—2b/a)/(z,—z3), a constant. 

Equation (11) of course splits into two equations of the same form, one in which w is 
replaced by x, and the other in which w is replaced by y. The equation is a particular 
case of that known as Lamé’s equation, which is of the form 


DY 


Ce = {n(nt 1)k?snèu+ hj. E E A T (12) 


If n=2, this reduces to (11). 
Equation (12) may be put in the Weierstrassian form by means of a new variable 
given by 


anne eee Se RU er I Rene Be rsa tn ee (13) 


Zg—2%, ĉ%— e3 
and with a view to the discussion in 18 and 19 below, we write z= Mw +N, where M, N 
are constants which are determined in 18. We get 


dz=M¢'w' dw’, 


and 4—2=M(e,-w'), 2-z=M(e,—Qu'), z—z;=M (pw — ez), 
so that, since Z=(z, — 2) (23 — Z) (2 — 23), 
iP S = am” tal ry 
Zt os {4(@u' —e,)(u! — e) (Pu — es)} 
that is # de IM te, 
„2 
where œ is the half-period of w’, corresponding to the variation of gw’ from e; to ep. But 
f dz 2K 
23 zs (4 ti zs)? 
4 
and therefore w= M SAA VART ote RI = (14) 


(4- z)? (a - es)? 
Thus, as may be seen otherwise, the variation du has the value dw’. (e; — e)2. Hence, since 
9 —€3 2—2, QW — e 


e 
J2sn2u= aN ner EE a ARSA (15) 
ey —ĉlz Zo — Z3 ey — eg 


we have instead of (11) TU {6p — Ces FACI E) Ue ar aae Eae (16) 
and, instead of (12), the general Lamé equation 

72 

<= n+ 1) eu’ + Azv, Re a eet oe ay aed peel) 


where A is a constant. In what follows we use the new variable w’, writing it however 
without the accent. 


18. Calculation of 0 in terms of t. For the calculation of 6 in terms of ¢, or 
vice versa, we have the relation 

zim MLZ) (Neate) ml COM et septic seb tise = solsipvascecsd<sasesss (1) 

where a, b, œ are positive real quantities, and 1>z>-—1. This equation has, as we have 

seen, three real roots; one z, between + and 1, one between 1 and % (the initial value 
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of z, for which of course 2? is positive if it is not zero), and a third between z) and —1. 
Now, transforming as above from (1) to the Weierstrassian form, we get (from the 
substitution z=Ms+N) es is 

— | = 4s 


: 4 b ab / b? 2q? 
with M="; Ney J92 =7 (2 +3a?), E -1) sneak teeta dea (3) 


a 9a? 
The roots of the Weierstrassian cubic obtained by equating the expression on the right 
of (2) to zero are given by 
z—-N a—N Z,—-N 
= M » Q= = or PERE e et eee eee (4) 
and fulfil the condition e,+¢,+e,=0, since 2;+2.+2,=b/a=3N. 
If we construct the Weierstrassian function gu with go, g3 as invariants, we have 


OP AOU OF NOUENG pam cnr sees ete foe Naseer ne eee (5) 
With s=u, (2) becomes (p u A =A RUE Ga e dee r a cease eae (6) 


Identification of this equation with (5) shows that 


du du k 
(F) -= =l, or gT Eb oeeeeeeecereerrerren (7) 


We shall suppose that du and dt have the same sign, as it is always possible to change 
the sign of w without altering the value of pu. Thus z and @w increase and diminish 
together. As z increases from z; to z3, 9u increases from ez to e, in the real semi-period 
w, and for any instant we may write 
U=t+3, 

where w; is the imaginary semi-period and ¢ is real. 

In 1 above we have seen how ¢ may be expressed in terms of ¢ [= tan{(z— z3)? /(2 = 233] 
as an elliptic integral of the first Legendrian type to modulus £={(z, —z,)/(z, =2) 3. 

Now let @a, PB be so chosen that 


Moa EN =1; MERNE R a cone ee (8) 
2 Qa+e3 
Then we have L R E a Ee SCO GODUOHIGODOC HOUT OLIOCORSHOUOOSHOS (9) 
and of course a, 8B are imaginary. By (1) and (2) above we have M?9’a =M92 = — 0, 
and therefore A P KC 
Pas PBSI cae (10) 


With these values of M and N we calculate the term &(e;— e3) in (16) of 17. The 
value assigned to / in (11), 17, gives 


b 
En na =6e,+6 > 4 ateta Ge- 6 F 
Hence, by (9), A(e;—e3)=6e; +3 (Pa +98), 
and (16), 17, becomes -i COUTA FON O eee ee a a A (11) 
The values of M and N in (9) give, it may be noted, 
E Bae ' (12) 
eS 2pu-pa -P8 A E 


 Pa-PB 


19. Calculation of the azimuthal motion by means of Lamé’s equation. 
We can now consider the solution of the Lamé equation, that is the determination of y 
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in terms of the time. The theory of the subject has been fully discussed by Hermite 
and by Halphen. The process we give here, though restricted to the dynamical problem, 
is complete in essentials, and differs in some respects from the usual form. First we 
suppose that the functions ga, YB fulfil the condition [see (10) of 18] 


ClO 1G IG ==), an a sma t oe don E ees NON (1) 
Next we assume that w=C eae Dew +) En CET PVE S a G E EE (2) 
carp o’u 


Taking logarithms and differentiating, we get 
1 dw _lgu-gQa 1 gu-pb 3 
F Ju SUT a) + (ut B) — 2fu — fa- CB 3 Qu— Qa +5 ~u—Os p eoa 001 ( ) 
by the addition theorem for the ¢functions. 
Differentiating again, we obtain 


1 e (4) = gluta) (ut 8) +29 


w du? \w du 
By the addition theorem, Q(u+v) =} (E= = ey EW OU O10) eerop e E eaaa ea (4) 
this last result becomes 
1 dy 1 fu fe) a G i 5 
7 dqa Out Ga+ 6 (eee aE pu -pB }+ a du) ce (5) 
But the value of (dw/du)/w given by (3) converts (5) into 


1 dw Aa A A lal SS ce 5 
w da Pt P2+PB+5 pupa Qu— eB Se eeeeccacrececcee ( ) 


In the differential equation (11) of 18 the left-hand side of (5’) has the value 


601 + 30a + 38. 
Hence, in order that the right-hand side of (5) may reduce to this value, we must have 
LN AT A ENE ee ne 6 
ig a eras 1° Rock rere Maes ee oe (6) 


We have therefore to find the condition which, with (1), must be satisfied by Qa, #8 in 
order that (6) may hold. 
By (1) the product on the right may be written 
Qu- Qa 
(pu — pa) (pu -PPY 


and therefore (6) becomes 
4(pu- pa) (pu -PP)(Pu + pa +pp)=Q°u— P*a 
=4Pu — 9,00 — gs — (4u — 99a — 93), CT) 
by the well-known property of the @-functions. 
The coefficient of gu on the left and on the right must be the same, and so also must 
be the absolute terms. Each of these conditions gives the relation 
Pat B+B — FG =O, ..esseerreererseererneererssesesneseess (8) 
the fulfilment of which renders (7) an identity. 
Now consider the quadratic equation 
P= KEF IP — fgg R (9) 
Let £, & be its roots. Then 
é&té=k, &6=h— 492 
Hence éié = (é +É)? -392 
that is ET EP FE bo — Fg =O, oseeeceeenesereecerenneorerenrnreeenses (10) 
which is exactly the relation (8) fulfilled by ga, 98. The conditions fulfilled by ga, eB 
are, therefore, that they should be the roots of an equation of the form (9), and that 
Wa, P' B should have the opposite signs. 
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20, Calculation of azimuthal motion continued. Let us now suppose 
that w=2+1y [=pe'¥, see (6), 17], so that by (2), 19, 


EDLC ISAC Neen S, (1) 


cacB ou 


wtiy= 


o(w+a) T Taru 


e-a = (pa-p 


oaru o (u — a) eusa’ 


wut 8) zu 8) «B= (9 - Po ae B)euse? 


We know that 


and 


so that we obtain 


. i a caob o?u 
z+ iy=C(pa — pu) (Pp — pu) a a (2) 
Hence, if we can take 2+ =R (Qa =RU) PBE QU) eee errena naene A (3) 
where K is a constant, we oR 
. 2+4? K o(u-a)o(u- ByeuSatse) 
æ—iy= R To sarbon DARE SEIE (4) 


Now, by the equation of the sphere, 
e+y=P—-C=P1 -2)=2(1-z)\(1+2), 
and so by (12), 18, we get P 
Sirah. Mew aes 
goa — @a—eBy (Pa Ou NOR OU), ia eene iee aA (5) 


or By? = EM (Oa = Qu OBE QU) eheee eenas (5°) 
where M=2/(%a —9ß) as found in (9), 18. Thus K= - M= — 4/?/(9a - PBF. 

For the sake of symmetry we might choose a new constant E, such that C= EM. 
We should have then for (2) and (4), 


s+iy=EM] re P) -uate 
E O R (6) 
> _ Mi o(u—a)o(u-ß) x 
DEU TAIT ew (Sa+s8), 


Multiplying the two equations together, we verify that they give, as they ought, 
v+y= -ML (pu — pa) (pu ——B). 
Also, by the addition theorem, 
_ _o(utr)o(u—) 
peana ouo 


og- 262+ Baa B), 


oao’ h 


? 


we get Qa 


and therefore the value of M in (9), 18 gives 
2 2 
TAER S sae TE A ae 7 
wut Boa B) y 
Dividing the first of (6) by the second, and supposing that v= p cos Y, y=psin y, we get 
F T (u+ajo(u+ b) ə oes ! 
ei E? FOR Osan” ACE ol) ERR E DCCC 
by which y can be calculated. The value of E? falls to be determined from the initial 
circumstances of the case. 


21. Direct determination of azimuthal motion. We have thus found the 
azimuthal motion of the spherical pendulum as a solution of Lamé’s equation. The 
following direct process leads to the same result, and we give it here for the sake of the 
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conclusions to which it leads as to the angles turned through in successive half-periods of 
the motion. In 2 above we obtained 


Fad Cp tel ] 1 7 ; 
j=} EICRED] E O EEE (1) 
Writing Mgu+N=z, Mga+N=1, M@B+N=-—1, and remembering that du=dt, we get 
dy c (. 1 1 (2) 
a 
2 
Now a-(%) SMe ant lacy E eee (3) 
and w=a or ĝ according asz=1 or — 1. Hence 
pa=0 B=- V crete re eeteee ee terees eee (4) 
and ga, WB may have the same or contrary signs. In accordance with the choice 
already made above we take To 
P'a=-pP'R=i Cn (5) 
: xulk LB Q'a 
Equation (2) becomes 2i Tu es oR eu Gl cect scteve es soter ede e a ES (6) 


By the addition theorem of the (functions, we have from this, 


-aik - ¿(u+ B)+ C(u— B) +208 


= Ce a) FCG) BLO E E E (7) 
Integrating we obtain e2iy = — Be t ozi us E OR ZUCOT SP) NEAR e teria nene (8) 


From this and the equation of the sphere we can deduce z+ iy, æ— tiy; but the values of 
these quantities are given above. 


22. Proof of Bravais theorem by elliptic functions. In this connection 
the determination of what are called the complete integrals, 


ji BEE T RECE 
0 * Jo i 


is important. For the present we take only the first. We have 


ie C(u+v)du= log A) se eeevesvecccsercnvessscersceseness (1) 
But o(2u0-+0)= — oe 
and thus log {(2w+v)} =2(w+0)n+(Qm4+1)ritlog (TV). ...ccccceeceeseeneee ees (2) 


Now let the step of azimuthal angle described by the spherical pendulum when w is 

altered by 2w; be 2¥%. Applying (2) to (8), 21, we get 
AW! = 2 (a + wr) — 29 (— a + 01) + 2, (B + 04) — 2 (— B+ 01) — 404 (Ca.+ ¢B), 

that is Wo (Care G3) +29 OF E) eeaeee a ostencataice cate (3) 

Following a process due to Greenhill [Elliptic Functions, App.], we find an approxima- 
tion to the value of the expression on the right of (3). We divide the expression into 
two parts y and Yy, so that we have 

Nj Oy pend CO IC ape OT ay (Sie a (4) 

Now w, corresponds to the largest root z of the cubic equation in z, and w; to the smallest 
root z;. Let the two roots Zz, Z% (corresponding to w and ,+3, between which the 
variation of u takes place in the half-period) be both approximately equal to —1. The 
variation of w in the integration considered is through the whole period 2w,, so we now 
suppose w; written for w in (4), and n, written for 7 to correspond. 
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The value of u for z= +1 is a, and for z= -— 1 is ß [see (8), 18]. If then g and s be 
small quantities, we get by a period-rectangle, reckoning arguments from the upper circle, 
CSO 1—3) B= 0t gO ot oan snnndoobansoceunsnockonecueno cc (5) 


Developing (a, (8 by Taylor’s theorem and using the values 


Su) = -pu, PM3;=€3, Pw =e, 


we find GB=m- 70300, =N egw Ca=Nz + SW PW =Ng HEO; sonreeseenrereeeee (6) 
and therefore, by (4), 
ip=qo; (m+), p= OMN- VMN + 8O3(7)1 + C301) = Fem — sw (N +301). eee (7) 
It can be proved that dn?{u(e, —e3)2} = Sale B82 

iE 

Multiplying by du and integrating from 0 to w, we get 
f anule — erdu ot tors, EEE TE Eo (8) 

0 ei — ez 

so that (e — e;)2E =e O F Niy ees: E E T E SS (9) 


where E is the complete Legendrian integral of the second kind to modulus 
K= eMe ea). 
But we know also that Ke,- e =le TO) Waly oxen e E EAE (10) 


where K is the complete elliptic integral of the first kind corresponding to E. From (9) 
and (10), by subtraction, we find 


EAO E A E E A A ee (11) 
Equation (9) used in the first of (7), and (11) used in the second, give 
1 
OGG ae), \ Serie CNIS (12) 
Wr, = har +505(¢, — 6)? (K — E). 


Now, in 17 above, we have seen that M@a+N=1, MgB +N= -1, Mgu+N=z. Hence 
if y2, yz be the angles which the axis of the pendulum makes with the downward vertical 
when in the positions 2, zz respectively, we have by (12), 18, 

Gp SES E eee JOS et eae (13) 
7 TST Reap E Parag tee 

But 0"w3=2(e —ez)(eo— ez), hk? = (2 — es)/(€— e3) k?=(e;—ez)/(e1—23) Hence approxi- 
mately, by (13), 


cot sy5 


Cot? bya = — (e — Cg) 8%tng? = — 4787W)g7(€1 — Cg). eeaeee eA (14) 
Similar] 24 GL Ly a ae i hie he BADR Ie 
imilarly, cot?sy5 IT EE ac ae N as ee (15) 
Thus we find by multiplication, 
(e; — €3) 824? = -T oot? HGCOC? ETEN r sheath ae eons (16) 
and by substitution in (12), 
h=tth (ee E)ICOUS Ys COU yan a N o o rete (17) 


Again, by (1) of 19 above, which relates a to B, 
ie Can _ P (w +7) 9" oy PAER a k? 


Pa P (wz — sw) swg S eg—ez, s k? 
Ie 
Hence QS Pray ceeseiseeneeeseeceseeeeecseeseteeeeseeaeeesees (18) 


and therefore by (12) ip, = S03 (e, — 03)? a FD ge HOH dascABAL E A E A (19) 
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But [(16), above] we have seen that 


4 Jk 
Gi ee =i 7p cot dy2 cot $3, 


and thus we get W=VW,+Wo=$r+ 75 {h?(K—E) +E} cot yg cot dys. cceccesreseeerees (20) 


EF 
Substituting now from the expansions of K and E in ascending powers of %2, putting 

k2?=1- k, 1/k =1+}k?, we get easily 
Y= +y =pr{1 + (3 +k ---) cot dy. cot dg}. ssssseeserererieens (21) 

A rougher approximation is 

== pd (L COLD a COU Va), trenuseteecantecsssanece reat cele: (22) 
which may also be obtained by noticing that as Æ approaches zero, k’ approaches 1, without 
limit of closeness, and that the limiting value, for 4=0, of (K — E)/k? is 47, while that of 
Eis $7. Thus =}m (1+3 cot dy» cot dy,)=4a (1+8 sin yy Sin Ys). eee eeeeeeereeeeees (28) 
This is Bravais’ result, which was found above by another process, not involving the use 


of elliptic functions. 
If we replace the factor 1 in the value of y,, found from (19) and (16), by 
—(G-Cn)/(G+Cn), 
we obtain p= o ji cot $y2 cot sys ; 


which with (17) gives the approximate azimuthal turning for the corresponding case of 
the motion of a top. G is the a.m. about the upward vertical. 


23. Consideration of special cases of the spherical pendulum. Going 
back to the exact equation, (3), 22, we may now reckon arguments from the lower 
limiting circle so that a=w,+qw;, B=o,(1—s), da=ida’. Thus differentiating with 


respect to a, we get d a 
i 0 — w gam + (wip B+) ae. ROSAS ae ads Maa eee tee arses! (1) 
But we have here to take ¢’a+@’8=0, and therefore have 
n 7 = A da _ gB 2 
—ada+e"BdB=0, or eden ee (2) 
/t d it 
Tis we find gB E= (wpa mP B- (PBEM a iiie (3) 


But direct differentiation of the fundamental equation of the @-functions, that is of 
9? =4 u- g.fou—9Js, 


gives p'u =69u — $92, 
and so we have 0a=60a—49,, Q B=6P B-39 
In virtue of these values of 9a, WB, equation (3) takes the form 
Ea B do = 4 
pa- pB da’ = w (69a 9B +39) +6 (Pa +B). ..vvcccccccersraeecccers (4) 


Now we have seen in 19 that @a, @G are the roots of a certain quadratic equation 
which, if — «x be the sum of the roots, may be written 
P+ KE+ Ke? —392=0. 
Substituting, therefore, in (4), — k for a+ 8, and x?— jg, for pa P, we get 


= wea he BCe ail sconddie sosohoanodopeconncanee (5) 


Also we have 9a+0B8B+K=0. 


324 GYROSTATICS CHAP. 


By the addition theorem of the @-functions we have, since (a= —@'B, 


POOR AR ORO Tes eee (6) 
so that (a—B)=k.J 


It is important tu notice that, by (6), a+B+a—, that is 2a, is a period of the 
argument u. 

We know that ¢”8, pa- 9B are positive, and it can be proved [see Halphen, Fonctions 
Elliptiques, t. i. p. 315] that the expression (xk?--39,)@,—7k, which appears in (5), is 
negative. Thus dy/da’ is positive, that is yọ increases with increase of a’. The 
imaginary part of a is ia’, and a’ may have any value from O to the full half-period 
value w/i, so that a lies between w and w +w; also B lies between 0 and w. The values 
of a and 8 are situated as indicated in the inequalities 


> Mare, e>~PB>—o, 
and ØB reaches the value — œ when G=0. Thus we can write 

a=o,+90;, B=(1—s)ws, 
where g and s are proper fractions. In each of the extreme cases specified in the table 
below s is zero, and it will be seen that ’a+'B=0, and that 2a is a period. 


Again, if r be the time value of the half-period, and ¢ (<r) the current value of the 
time reckoned from the lower limiting circle, the equation for x is 


t 
Want) TO: 


As an example, let the pendulum very nearly reach the lowest point of the sphere. 
Then we have, also very nearly, g=0, that is @a=e, and a=w,. But now to the same 
degree of approximation z,= — l, and so also ~=1. Hence 9B=e, and B=os, that is 
the purely imaginary part of £ is zero. 

The following table shows the values of a’, a, B, when the azimuthal angle turned 
through in half a period has the extreme values $7 and m. This angle has been 
calculated, from (3) of 22, that is from 


iyo= — 0, (CC + (a)+ (a+) 


( 


a’ “ B Vo 


R (0) w w3 40 


w 
H 3 | a+, | Ws T 


In the first case we get, by the values of 8 and a, 
Y= 13 — 7315 
and in the second case Wry = 2(1@3 — 3): 
The quantity nw; — nw; is +477, according as w/čw; is positive or negative. Thus, in the 
present case, we have the values stated in the table 
The meaning of these results may be shortly stated. When a=w, and B=az, that is 
when one limiting position of the pendulum bob is at the lowest point of the sphere and 


the other infinitesimally higher, the azimuthal angle turned through in the passage from 
one limiting level to the next is 47. 
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In the other extreme case we have, by (6), 
2N 
9 (0 — B)= —(%a+9B)= F 
by (8) of 18. But a—@=w,, and so we have 
2N 
Po, = M’ 


This is the case in which [see 15, above] the limiting circles are shrunk into the extremi- 
ties of the vertical diameter, when ~)=2r. 

In the case of motion described in 4 above, the value of z, is infinite, and so we have 
,=0, as the defining integral for w shows at once. Here by (10), 18, @’a=o. 


24. Motion of a particle on a concave surface of revolution. Now let us 
suppose that a particle moves on a concave surface of revolution, the axis 
of which is vertical. We suppose that the origin of coordinates (Å, p) is 
taken on the axis, and that ¢ is measured upwards, p horizontally, and that 
¢=f(p) is the equation of the surface. The energy equation is 


dm{ p21 +f?) + pry?} = —mgf(p)th. ceccceceeereceeeeee (1) 


For clearly the expression on the left is the value of the kinetic energy, 
+mg f(p) is the potential energy, and h is the constant sum of these two. 

Since the action of the surface on the particle is always directed towards 
the axis of figure and the gravity force upon it is parallel to the axis the 
AM. mpa} is constant. We have 


mphA=2{ —mg flp)+h} -mA =m pe PEGS 
P 12, A 
Thus we get t—t= A piotr gri E Eee ee (3) 
i l2 <a flo) += fe 


p 2, 3 
oP | 1+f 7 | (4) 
4 2e —gflo)+—} -o 


where t—t, is the time of passage from the distance p, from the axis to the 
distance p, and w—v, is the angle turned through by the horizontal 
projection of the radius vector in the same time. 

It will be noticed that c? has not here the meaning assigned to it in 1. 
There it denoted ysin‘6, here it denotes v/*pt. 

It is clear that the value of c is vp sina, where v is the resultant speed of 
the particle at any instant and a the inclination of the direction of motion 
to the meridian (a section of the surface by a plane containing the axis) 
on which the particle is situated at the instant. Thus we have 


and v= ef 


GEM pM a= 1) AN pate Mere icacnstsnvoseeess=nC0) 


If the particle describe a parallel (a section of the surface made by a 
horizontal plane), the vertex of the cone the generators of which are the 
normals to the surface drawn from points of the parallel must be above the 
level of the parallel. This is necessary in order that the reaction may 
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balance mg. If the semi-vertical angle of the cone be 8, the condition 
necessary for equilibrium is clearly 


tan 6 =% ; 
But cot B=dé/dp=f(p). Thus 
v={gpf (P). mien minni an A (6) 
Thus v is a possible equilibrium speed only if f’(p) is positive. 
If the particle be under no force, except the reaction of the surface, we 
have, putting c? for c?m/2h, 


t—j=+ aN poole) 


ne ef 1+f Ys 
= = +C ote 
boas. f po P Se” 
In this case, since the force on the particle is always at right angles to the 
direction of motion, the value of the resultant speed remains constant, and 
therefore we have by (5), as a condition fulfilled by the path on the surface, 


the equation p sin a = const. 


This condition is characteristic of a geodesic on a surface of revolution, that 
is of a line so drawn on the surface that its osculating plane contains the 
normal at each point. We have thus obtained a dynamical proof of this 
characteristic property of geodesics. 


As a particular case, consider the motion of a particle on the interior concave surface of 
a hollow right circular cylinder. Here p is constant, and the inclination of the path to 
the successive generating lines of the cylinder is everywhere the same, so that the path is 
a helix on the surface. This is also obvious from the facts that whatever axial speed the 
particle may be given initially will be preserved unaltered, and that the a.m. of the 
particle about the axis also remains constant. Of course if the axial speed is zero, or if 
the angular speed about the axis is zero, we have the limiting cases of the helix, a circle 
about the axis, or a generating line of the cylinder. 


25. Motion ona paraboloid with axis vertical, Now let the surface of revolu- 
tion be a paraboloid with axis vertical. The equation of the surface, if the vertex—the 
lowest point—be taken as origin, and ¢ be measured upwards, is 


P SAA aeia E a boann 
In this case, if m be taken as unity, the equation for ¢ becomes 
č  (a+ejtde ) 
t—to= e E ES Se E E E (2 
o (2At - 29€- o2/4a)4 


This may be written in the form 


t-t)= D CED ICE EE nts A (2’) 
(C+ a) eng 29- 4a) E 
Let (, & be the roots, in ascending order of magnitude, of the quadratic 


2 
2g? — Dhe-+ mn SALE E T RO AAS (3) 
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“ee Cn | _ ey 4 
that is if eh ag far» 2) p e AN a a a (4) 
Na (¢+a)d¢ 
hav pene (eee ret fg NEE es (5) 
. alll aay OEO 
Now let Mg EIN ioe Saino tte Ser ci sated asindaainas uae cle aoe session cn (6) 


We get for the cubic expréssion in the denominator of (5) the form 


4M3(s = e) (s E ez)(s Ea ez), 


where a=- g = a 5 ae N, 
Hence, if e, +e, +e,=0, N==2tbth, SA SRS Eee see E E A (7) 
Bnd eae Hr LEL Pigs a Bee tte ee ee (8) 


We suppose that ¢ lies between ¢, and ¢,, so that s lies between e, and e}. We have now 


2. \2s (s—e,)ds 
FG, SUPE eS MNGi OSs Be ahs See ee (9) 
i ( I HEE aa 


Let s=(u. We get t-u=(-2M) [Ou-e)du E T RR Re (10) 


To determine the limits of integration we observe that as ¢ lies between ¢, and ¢, so also 
pu must lie between e, and e,, and that when gu=e, we may take w=w,. ‘Thus 


DANA 
t-p=( -2 wt)’ k (pu-— e) du= (-3 m) { — u + wg — e (U — W3)} oossoo (11) 
The value of M may be chosen at convenience. If, for example, we take M= —1, we 
have ¢,>¢,>e,, and get 
3 
t= n=(2) {ciut Coa C4 (Wi O) enie E E aa (12) 


If we choose M= —(a+¢,), we have e,—¢=(a+ &)/(a+G), ¢-@=1. 

In (11) and (12) ¢ is the Weierstrassian function usually denoted by that letter. 
Elsewhere, unless the contrary is stated, it denotes axial distance as defined above. 

For the azimuthal motion we have pdy =c dt, that is 


g 
dy = iz ALS EPET E A E E T (13) 
; i 2M\Ż 
But we have just seen that dt= ( - =n) (pu -—e,) du ; 
and, by (6) and (7)  ¢=Mgu— 4" Gab M (gu ee fi) 


Thus (13) becomes ay=~( — o a E asses sere (14) 
pu 


which may be written as 


Beal ap eee (iro) re an cae rnass (15) 
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Integrating, we find 


paapa reer (ee a re 
(ae 0 4a\” gM cam | ou E G 
w3 
We now define an argument a by the equation 
sae 
Qa = a-G-¢ Go EA E E E E A A E O] (17) 


E eN 3M 
and calculate W'a by the relation 


(9a =4 (Pa — e1)(Pa — e2) (Pa — ez). 


We get GF = —— sy, cv secetnteereneabnseresecrsesessrteuscetaneeonesserean (18): 
(2g)? 
and therefore by (16), i, 
DN a O(a a here - [f= aaa Dee ee (19) 
Now eo 2uéa+log o(u—a)—logo(w+a), 


where ¢ now denotes the Weierstrassian (function. 
Hence, taking as limits of the argument v and w3, we find 


-ga } olu+ajo(o—-a) 
o(u—a)o (w+ a) 


et- W)=e es of- a(8g aa 


26. Cases integrable by elliptic functions. It is stated in a paper by Gustaf 
Kobb [Acta Math., 10, 1887] that the integration of the motion of a particle on a surface 
of revolution, under the action of a constant external force parallel to the axis (e.g. 
gravity), can be effected in terms of elliptic functions if the equation has one of the five 
forms, in which ¢ denotes axial distance and p radial distance from the axis, 

p=mG pet+P=a*, p?=4al, 
9ap?=((€—3a), 2pt+3a?p?=2a%¢. 
To these a sixth, (p?— a€—4a?)? =a3¢, 
was added by Stickel [Math. Annalen, 41, 1893], and this was supposed to complete the 
list of algebraic surfaces for which the integration by elliptic functions is possible. Yet 
another integrable case has been reported by Salkowski [ Diss. Jena, 1904]. The equation is 
— 8a? p? + 2af =0. 


27. Ball rolling on a concave spherical surface. We now suppose that the 
particle moving on the spherical surface is replaced by a ball which rolls on the surface 
without slipping. Let r be the radius of the 
surface (denoted by / above) and a the radius 
E of the ball. Take axes drawn from the point 
of contact O, (1) OD drawn towards the 
observer at right angles to the vertical plane 
containing the centre of the sphere and the 
point O, (2) OE tangential to the sphere and in 
the vertical plane just specified, and (3) the line 

Fie. 86. OG joining O with the centre G of the sphere. 

These axes are drawn so that, as shown in 

Fig. 86, they constitute an ordinary right-handed system of axes. The inclination of GO 

to the downward vertical is 0, and so the positive (counter-clock) turning of OG about 

OD is 6. We suppose that the vertical plane containing the centres of the sphere and 
ball is turning in azimuth with angular speed y. 


OD is drawn towards 
the reader. 


xv THE SPHERICAL PENDULUM 329 


Let the azimuthal motion be zero, and the centre of the ball have turned through an 
angle 6 about an axis parallel to OD, drawn through the centre of the sphere, and ¢ be 
the angle (measured of course the opposite way round) between the radii, the extremities 
of which were in contact at the beginning and end of this turning. The ball has turned 
through the angle }—6, and its counter-clock angular speed is —(¢—6). But clearly 

ap=r0, and therefore ne 
$-6= 


The rate of production of angular momentum about OD due to this turning is 
—m(k?+a?)(r—a) 6/a. 
This is the part due to acceleration. i 
Again, the components of angular velocity about OG and OE are Ycos0, — Y sin 0(r- a)/a, 
due to the azimuthal motion, while if the angular speed of the spin about OG be n, the 


corresponding components of a.m. are mk’n, —m(k?+a){(r—a)/a}Wsin 0. The rates of 
growth of a.m. about OD due to the motion are thus 


mikeny sin, m(k?+a2)4(r — a)/a} sin 0 cos 0. 
The moment of forces about OD is mgasin 0. Hence we gét for the equation of motion 
(+a) (r-a)0— ý sin O4(k+02)(r—a) yp cos 0+ #na}+ga?sin 0=0. oo... (1): 


The same process yields for the axis OE the equation 


T-a; 
6. 
a 


- (K+ a*)(r—a) Z} sin?0)— akèn a E A (2) 
The constant a.m., G, say, about the downward vertical through O, is given by 
(42 +a2)(r — a) sin? Oy — ak?n cos =a, Poses ee ies a Eee (3) 
ae : ;  aG,+ak’n cos 6 
or, writing G,=G/m, Y= ar morr ae RSs Boeke etal Sn (4) 


Substituting for in (1), we find 

(aG, + ak’n cos 0) (aG cos 0+ ak?*n) 
(k? + a*)(r — a) sin3 0 

which we call the -equation of motion. It will be seen that it is of precisely the same 


form as that used frequently above for the motion of a top.* 
Multiplying (1) by 6, (2) by y, adding and integrating, we obtain 


(k2+.a2)(r—a) 6 


UGC ASV. coon Bock (5) 


(E+ a)(r- a)(6°-+ sin?) -2gac080= (2E -ter ) a, E E E EAN 


where E denotes the total energy when the potential energy is taken as zero for 0=}r, 
and therefore as — mga when 6=0. 


* The 0-equation of motion is (if ð is measured, as here, from the downward vertical) 
— Aĵ + (Cn + Ay cos 6)y sin = Mgh sin 8. 
But if G be the a.m. about the downward vertical, we have 
G= -On cos 0 + Aysin?6. 


G +Cn cos 0 
Asin ð 
Hence the equation of motion becomes 
(G + Cn cos 0) (G cos 6+ Cn) 
A sinë0 
which is exactly of the same form as (5). 


G cos 0+ On 


This gives ysin ĝ0= sino 


, Awcos6+Cn= 


AG 


+Mghsin 6=0, 
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If we write z=cos 0 and 
a(2E — mk?n?) aG, ak? 


“near ay P eA ay EFA ay 7) 
and give a the new meaning 2ga?/(k?+a?)(r— a), the equations of energy and momentum 
may be written 24 W2(1—2)?=(at+az)(1-2), (8) 

Y(1 —2)=B+ bnz. } i 
Eliminating y, we get from these equations 
B=(a +az)(l—2?)—(BAONZP=f(Z).. ....ccccorsccaescceccreccosears (9) 
In accordance with the notation of Darboux, followed by Greenhill, we can write (4) 
in the form =, «a G,+G';cos9  h-h | h+K (10) 
Ser LT Rey ETT OR TE 
1 aG, 1 aG’ 
=k = n EA T E 1 
Sae Comi = 2 (r— F +y i 2 (r—a)(k? + a?) an 
Thus we have (since @ is measured from the downward vertical) 
TEN ; ow, ak? a(G'i+Gcos 0) x 
p=w=n+yŅ cos 0 {t= ave aera} Gos Rae (12) 
; (7 —a)(k? + a”) h'-h h+k 
that is p= 2{ eo) 1 yh! tiges tI oos iie eee (13) 


From (10) and (12) we obtain 
INE Co TO n Ath 
ude D={ ees are sh eeu (14) 
Hg-p= {TOE ox PO 


The motion of the point of contact is thus exactly similar to that of the motion of a 
point on the axis of a top. In comparing the equations here found with those given in 
4, XII, above for the top, it is to be remembered that here we have supposed @ measured 
from the downward vertical, which accounts for the appearance of a+az and B+bnz 
in (8), instead of a—az, B—bnz (loc. cit.]. The calculation of ¢ and of y in terms of 6 (or 
in terms of z) can be carried through by the same elliptic function analysis as for the top 
{see 18 and 19, XIT]. 


28. Reaction of the surface on the rolling ball. The spherical surface reacts 
on the ball with a thrust R which balances the normal component mg cos 6 of gravity, 
and supplies the force m(u?+v*)/(r—a) required to give the acceleration (u?+v*)/(r—a) 

towards the centre of the surface. But w=(r—a)6, v= U(r —a) sin 6, and thus we get 


R=mg cos On NCRT ANEO oo eaa eiod (1) 
But, by (6) of 27, this becomes 


R=nl g cos 0+ Nes — Bn?) a+ 2gaeos lara | 
R goon (AESA aa nanan @) 
m ki +a? 
where H is the total energy per unit mass of the ball apart from rotation about the 
radius OG. 

We infer that the reaction along the axis of a top, or gyroscopic flywheel, which is 
constrained to move about a fixed point in its axis of figure, is given by (2) adapted to 
suit this case, by the supposition that, while & is the radius of gyration about any axis 
through the centroid of the top, at right angles to the axis, a is now the distance of the 


or 
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fixed point from the centroid. If we write 7 for the length of the simple pendulum 
equivalent to the compound pendulum formed by the top or gyroscope turning about a 
horizontal axle at the fixed point, we have /=(k?2+a”)/a, and therefore 


ae à 
R=g cos 0+2 rg cos 0+2H aa 
=g cos eaa E E ee ae ace teeeioocioste steed (3) 


The problem of the spherical pendulum and of the motion of a particle on a surface of 
revolution is of much interest, and more space has been given to it here than is perhaps 
consistent with the plan of this work. The reader will find the elliptic function aspect 
of the subject studied very fully, with a wealth of results, in Greenhill’s Report on 
Gyroscopic Theory. 


APPENDIX TO CHAPTER XV 


In Figures 87, 89 are shown reproductions of photographs of curves actually described 
by the bob of a spherical pendulum, in experiments made by Professor A. G. Webster, of 
Worcester, Mass. A small glow lamp was attached to a brass ball which formed the bob 


Vs 


Fic. 88 


” Fic. 87. 


of the pendulum, and cameras were placed directly under and to one side of the swinging 
lamp. The experiments were made in a dark room, so that the cameras were without 
shutters, and the light was kept on only for a sufficient number of swings to give a 
complete curve. 

In this way the plan (already shown in Fig. 82) and the elevation (Fig. 88) were obtained. 
Figure 87 shows for comparison a plan calculated from Fig. 82 by measuring the maximum 
and minimum radii, finding the roots of the cubic equation, and calculating values of ¥. 
It will be seen how closely the curves agree. 

A comparison elevation was also calculated which agreed very closely with Fig. 88. 


CHAPTER XVI 


DYNAMICS OF A MOVING FRAME CONTAINING A FLYWHEEL 


1. General equations for moving origin and axes. We have dealt with 

a considerable variety of problems, using in each case the system of axes 
which seemed most convenient for the 

2 - particular purpose, and establishing the 
equations of motion by a direct appeal 
to elementary first principles. It is how- 
ever desirable to set up formal equations 
of motion applicable to most of the gyro- 
static combinations that occur in practice. 
Let a frame of rectangular axes, 
O (x, y, z) [see Fig. 89], be drawn from 
an origin O which is in motion with 
speeds v,, Vs, Vz along the instantaneous 
positions of these axes, and let the frame 
have angular speeds w,, w, w about these 
positions. A straight line OP is at the 
instant inclined to the axes at angles 
the cosines of which are l, m, n. These 
cosines are clearly the coordinates of a 


Vertical 


Then, apart from the motion of O, the 
components of the velocity of A in space, 
with respect to the fixed axes with which 
O(a, y, z) coincide, are 


Vertical 


l- mwm tno, Mm — nw + lws, 
n — lw, + Mo. 
Fic. 89. 


If these are zero the point A has only the 
motion of O, and so OA remains unchanged in direction. For this the con- 


ditions are L=Me,—No,, M=NoO,—lw,, N=lwyg— MO. siseses. (1) 


Now take a fixed origin O’, and let axes O’(a’, y’, z) be drawn from it 


point A on OP at unit distance from O. 
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which move so as always to be parallel to O(a, y, z). Let m,, m,, m, denote 
components of momentum of a body taken parallel to the axes O’(a’, y’, 2’) 
in their instantaneous position. The momentum resolved in the direction 


OP is BOS e mitt Fores a a (2) 
If OP is fixed in direction, we have 
ds 


an L(y — gm, + wM) + MM, — © Mg + om) +n (tits — wm + om), ...(8) 


since the total time rates of variation of l, m, n are zero, according to (1). 
Thus if X, Y, Z be the components of applied force along the axes, the 
equations of linear momentum are 


M,— om, om =X, m-om tom =Y, m- om +o,m,=Z. ...(4) 

It remains to form the equations of a.m. Then we shall be able to calcu- 

late in any tractable case the motion of the system, and the reactions on the 

supporting framework, aeroplane or airship, or whatever it may be. Let 

h,, h, hà be the components of A.M. due to the turning about the moving 
axes O(a, y, z) The components of rate of change of these are 


hy—@shgteghs, hy—ohytoh,, h,—wh,+o,hy. 
To these we have to add the rates of change of A.M. arising from the motion of 
O. Denoting by Ê n, ¢ the coordinates of O with respect to the axes O' (Ê n, Ê, 


and by vi, Vo, Vg the components of velocity of O with reference to fixed 
axes with which O’(a’, y’, 2’) at the instant coincide, that is 


0, =E—wnteoer€é, V=) otoi V= ¢- wo + O xe es (5) 
and the whole mass of the body by M, the components of momentum due 
to the motion of O are 


Mv, = M(E- wn + wa), Mv,=M(}— o+ wf), Mv, =M(F— w+ wn). (5) 
If the origins coincide at the instant, Mv, =MẸ Mv, = My, Mv, = Mé. 

Now taking components of A.M. about parallel axes through the centroid G, 
and then those of the a.m. arising from the motion of G, putting «+£, y+n, 
z+€ for the component distances of G from 0’, we find that the a.m. about 
O'a’ is H =h,+M(yn—BE+v3y +n) —ve(Z+ 9}, 
where a, B, y=2, — Yo, Lo,—20,, YH, — Tw H,, H, can be written down 
by symmetry. 

We now calculate H,—o,H,+,H,, which is the rate of growth of A.M. 
about O'z’. To find that for Oz, we have only to put, in the result, & », ¢ 
equal to zero after the differentiation has been carried out, and equate to the 
applied couple P; and similarly for Oy, Oz. The equation for Ow is, 


hi —a@h,+ oh, — { Z Mug) — Mv xw + Mow} 


+ r (Mv,y)— Mv Zw + Mozes) EM EBO F yv.)=P, ........(6) 
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If the body be rigid, æ, y, z do not change as the body moves, and therefore 
the momentum terms affected by differentiation simplify to —Mv,z+ Misy, 
with similar terms for the other equations. 

If A, B, C be the moments, and D, E, F the products of inertia for the 
moving axes at the instant, we have 

h,=Aw,—Fo,—Eo,, h,=Bo,—Do,—Fw,, h,=Cw,~- Ew, —De,. ...(7) 

We shall find below some applications of these formal equations to 

practical cases. 


2. Expanding or contracting body. Mean axes. When the body is 
invariable the rate of change of A.M. arises only from angular acceleration 
combined with variation of the motion of the centroid. There are however | 
cases in which the mass of the body or system undergoes change, or in 
which the configuration is altered in consequence, it may be, of heating or 
cooling. We have then, in forming the equations of motion, ta equate the 
total time-rate of variation of a.M., from all causes, to the sum of the moments 
of external forces, together with any rate of change of a.m. directly due to 
such action between the system and external matter as the interchange of 
matter bringing or carrying with it A.M. 

In the case of a body changing by expansion or contraction, or in any 
other way, the equations of the form (6), 1, hold, provided the terms in- 
volving differentiation with respect to the time are properly estimated. As 
an example, consider a body rotating about a fixed axis, and receiving matter 
from external space in such a way that the impacts of the particles have, 
either individually or in the aggregate, no moment about the axis at any 
instant. Then, if Ô be the angular speed about the fixed axis, and D(mr?) 
the corresponding moment of inertia, we have 


s (0E (mr?)} = ÖE (mr) +0 DMR eae eee a e aA (1) 


and, if no external forces which have moments about the axis act upon the 
body, this is zero. Of course if we consider the body as it exists at any 
instant, and the infinitesimal layer of matter deposited upon it in time t, we 
see that, to the first order of small quantities, the additional layer of matter 
has been given the angular speed about the axis that the body has at time t, 
while the small impulse moment required to do that, and applied by the 
body, involves a reaction moment on the body which produces diminution of 
the A.M. about the axis. The loss of A.M. by the body is thus equal to the 
gain of A.M. by the mass added. We have then to reckon 6d(=mr?)dt as a 
retarding moment acting on the original body. 

In the case of a body changing in configuration, in a known manner, we 
can choose axes of reference, O(€, n, ¢), in such a way that, if the body were 
to become rigid at any instant, the axes would during the subsequent element 
of time be fixed in the body. Thus if we imagine a rigid body coinciding 
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with the changing body at the time t, and having the same moments, A, B, C, 
and products, D, E, F, of inertia as the body has at the instant for any 
system of axes, the a.M. about each axis is then the same for the imaginary 
rigid body as for the changing body. 

Let w, w, w be the angular speeds of the axes, and £, n, ¢ the coordinates 
of a point; the velocity components of the point are 

E-wsn Fol, h— otw C- w+ on. 
The components of A.M. are given by 
hy = Z[m{y(E— w+ en) — G49 — 16 + w€)} ] 
= {m6 — &H) + Aw, — Hos — Fos} Pir: (2) 

and two similar equations. For axes fulfilling the condition stated above 
the quantities È 7, K are zero, and so for these we have 

h= Aw — Ew — Fos, h = Bos — Fo — Dos, h =Co — Dow — Ew. ...(3) 
Such axes have been called mean ases [see Tisserand, Mécanique Céleste, 
t. 2, chap. 30]. They are not uniquely determinate, as may be seen from an 
instance suggested by Routh [Advanced Rigid Dynamics, 6th edition, § 22]. 
Let a body be initially at rest, and its parts be set in relative motion by 
internal changes. The A.M. about any axis fixed in space is zero, and so any 
set of rectangular axes given in position are mean axes. If then the body 
and axes be given both the same motion, the axes will remain mean axes for 
the resultant of the superimposed movements. 

In connection with the subject of internal changes certain special cases are 
of importance, and we give here the equations adapted to the more important 
of these. Denoting by bi, §,, §, the components, about any other axes 
O(a, y, z), due to the terms 

Ym(y€—&H), Eml- Eb, Em(êi— né), 
we have with reference to that set of axes, 
h, = bi a Aw, — Ko, — Fos, h, = ho + Bo, — Fo, — Dos.) (4) 
i ah a inde ee cai 
Here o, œ, w are now the angular speeds of the body, as it exists at the 
instant, about the axes O(x, y, z): in the general case the angular speeds 
of the axes are distinct from these, and may be denoted by 04, 0s, 03. A, B, 
C, D, E, F also refer to the axes O(z, y, z) The equations of motion are 
“(,+ Aw, — Ew, — Fw.) — (N + Bo, — Fo — Dos) 6, 
+(§,+Cw,— Dw, —Ew,)0,=P, ......... (5) 
with two similar equations. If then we suppose that (0,, Oz, 03)=(@,, w2, w3) 
and that the axes are mean axes, we get 


2303 + Aw, — Ew, — Fo) —(B—-C)@,03 — D (w — w) — Eww + Fow = P, (6) 


with two similar equations. If the axes are not mean axes the term 
— hw; + bzw, must be added on the left of (6), and corresponding terms added 
in the two equations not here written down. 
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If at the instant considered the axes of reference and the principal axes 
of the body coincide, D = E =F =0, and the equations of motion (5) become 


d ; ‘ 
7 it Ae) — Bios — Fa (b+ Brg) 05 + (D+ Corg)0g=P, -111s (7) 


with two similar equations. The terms — Éw, — Fw, are sometimes omitted, 
but it seems necessary to include them, for though D, E, F are zero at the 
instant, the axes of reference are separating from the principal axes, and so 
D, É, F are not necessarily zero, 

The component angular speeds a,, a,, a, of separation of the axes O (zx, y, z) 
from coincidence with the principal axes, give 0,=0,+4a,, 0=w,+ a9, 
8;=w,+a,. Then (7) becomes 


“(by + Aa,)— Ew, — Fo, — (B — C) ww — Boras + Sii 
— h (w t+ as) + blw ta) =P. ....... oe NOS) 
An important case is that in which the axis of rotation is Seen coincident 
with a aa axis, say that of ¢ for which the equation of motion is 


dt aja ey Do, — Ew, — (A — B) ow, — Aw,a,+ was 
—h (wt a) th lw ta) ER. «2... SNE O) 
Then ,, w are both small. If the internal changes are small and take place 
slowly, œ, œ remain small, and D, É, F are also small. For a set of axes 
nearly coincident with the principal axes, which we suppose are only slightly 
displaced in the body by internal changes, a}, aj, a; are also small. If then 
bio Da, Dg are also small and R=0, (9) becomes 


Meh sat), Oe AA el 8 US eke eres 


to quantities of the second order of smallness, and Cw; is approximately a 
constant. Calling this constant h, we get for the other two equations of 


motion, 
ae Ee a P hta) Bayt ag P| 


£ (Bo,)— ee Sap hh ug) Aco, — hha, =Q. | 


Equations similar to (8) were used by Sir George Darwin in his paper 
“On the Influence of Geological Changes on the Earth’s Axis of Rotation” 
[Phil. Trans., 1876]; equations similar to (11) were given by Lord Kelvin 
in an appendix to that paper. 

Let the motion be referred to the axes O(a, y, z) drawn from the fixed 
origin O, and the coordinates of a point at unit distance from O on the axis 
Oz be £, n, 1 (which we may call the angular coordinates of Oz), so that Oz 
nearly coincides with OÇ, and Ê n are small. The axes O(a, y, z) are moving 
with respect to the axes O(€, n, &), but slowly, so that a,, a,, a, are small, 
Clearly we have a =H ES EA Ee (12) 


2D 
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Let now the body be symmetrical about Oz; and A, B, C change so slowly 
that terms in Å, B may be neglected. Putting w=h(C—A)/CA, and 
= —h/A, we get (11) in the form 


JAE. 
© + uw + LEN ii, — po, bn =2, s Soths aay ARN) 


which, it will be observed, are equations with gyrostatic terms uws, — mw. 

We come now to an important gyrostatic application of these results— 
the investigation of the motion of the resultant axis of rotation of a body 
like the earth, the axis of figure (practically coincident with the axis of 
rotation) of which is changing its position in the body in consequence of slow 
internal changes, the effects we may suppose of the yearly cycle of meteoro- 
logical phenomena. Let us suppose that the angular coordinates of OC are 
given by €=pcos mt, n=q sin mt, so that the point in question moves in a 
small ellipse about the axis O¢ the mean position of the axis of figure. 
Putting P=Q=0 in (13), we get 

®,+yo,—vpmsinmt=0, @,—po,+vgmecosmt=0. .........14) 

If we differentiate the first of these with respect to t, and substitute for @, 
from the second, we get 


6, +w — vm (mp + uq) COS mt=0, vee eee cece es eeee eens (15) 
of which the complete solution is, with K and e as arbitrary constants, 


oy = OPTED cos mt +K COS (uten etd ces ore e (6) 
Thus we have o,=— PHAD sin mt—pK sin (ut+e), vce (17) 
which, by the first of (14), gives 

w= mp ET ma sin mt +K sin (ute). sirere: (18) 


Now the angular coordinates of the instantaneous axis are Ê+ w/m, 
n+w,/n, where n (=w) is the angular speed of the earth about OC. We 
get, since n=v— u, 


w 1 


K 
Lale p+mng+™ (u? q+mup)| cos mt+— cos (ut+e), ...(19) 


where K and e are the constants of integration. 

Similarly we obtain 

RS = aaa wat mup +7 (up +muq)\ sin mi-+*sin (ut+e). ...(20) 

These results are due to Helmert [ Astron. Nachr., Bd. 126]. It is to be 
observed that u is small compared with v, and that m/(v—m) is small. 
Hence the second term of the multipliers of cos mt and sin mt in (19) and 
(20) may be omitted. For the earth (supposed unyielding) 27/u is about 
306 days, or 10 months, and 27r/u is a year, while 27/v is about a day. 
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The effect of the terms (K/n)cos (ut+e), (K/n)sin (ut+e) has been dis- 
cussed in Chapters X and XI. They form what is called the free precession, 
which, if there were no yielding of the earth, would be accomplished in a 
period of 306 days. 


3. Expanding or contracting body unacted on by force. If an expand- 
ing or contracting body is not acted on by any force the Eulerian equations 
of the motion are of the form 


d d 
gA —(B—C)ww=0, di (Bo,) —(C — A) ow, = 0, 


© (Cary) —(A—B) 60g = Oj ooececveeend) 

since A, B, C vary with the time. Let us suppose that A, B, © fulfil the 

condition MET TOETA EB Cry i cea ee 
The equations of motion become - 

APIO- (Bo— C, yor = 0,  6b6, ios. cccaccssesnaae psec 


where p, q, r= (w, w, 3) f(t). Tf then we take a new independent variable 7, 
such that dr=dt/f(), we obtain for the equations of motion 

d 
P —(By—Cy)qr=0, ebena te. neie eet eee Ce 
which are of the usual form. 

We observe that the A.M. of the body remains unaltered while the body 
changes, but that the kinetic energy increases or diminishes according as f(t) 
diminishes or increases with ¢. The first result follows from the fact that 

Ata? + Blas? 4 Co = Ap Ber eC er oc E (5) 
the second from the relation 
$(Aw,? + Bop” + Cw,”) = $ 


Ay 


AP +B ag? + Cor? 
Fw) 6) 


since from (4) it follows that 
App + Bygg + Cygg=9, 
so that the numerator on the right of (6) is constant. 

The remark made above as to regarding terms arising from changes of 
configuration as moments of forces is illustrated here. We can write the 
equations of motion in the form 

Aw, —(B—C)e,0;= — Aw, = -Awb O, ote rooter 
They are therefore the equations of motion of a body acted on by couples 
(about the principal axes) which are equal and opposite in sign to the corre- 
sponding components of A.M., each multiplied by f(t)/f(t). The couples are 
actually equal to the components of a.m. if /(¢)=e~', and to these components 
with the sign changed if f(t)=e'. 


XVI DYNAMICS OF A MOVING FRAME 339 


If we suppose that f(t)=e-* and that r and t start from zero together, 


we get 
3 r= (œ—1). TRET OAO SON 
The equations of motion are then 
AO, NEN N a concer carZinrevocnesneveree (9) 
If f(t)=1— at, so that f(t)=1 when t=0, we have, supposing 7 =0 when 
t=0, 1 s 
ar =log>—— ana goatee 1 O59 e ahaa se((L 0) 
Finally we may take f(t)=1— at, so that, if r=0 when t=0, 
ath pn E 
a za. STEA sosssssessesoosocoeooooosoososos (11) 
In this latter case at tanh (ar) Bass sags e a ar ee (E2) 


4. Rigid body containing a flywheel and turning about an axle. We 
now consider some applications of the system of equations set forth in 1 
above. The most important practical case is that of a rigid body turning 
like a pendulum about an axle in any position while the axle is turning 
about a fixed vertical. Let 6 be the inclination of the axle to the downward 
vertical, and ¢ the angle which a plane containing the axle and fixed in 
the body makes with the vertical plane containing the axle. Denote the 
length of the common perpendicular to the fixed vertical and the axle of the 
pendulum by a, and the distance of O along the axle from that perpendicular 
by r. Figure 89 (or Fig. 12 and (2), 3, III, with w increased by 47) gives 


o,=Ocos¢+ysin sing, w,=—Osingd+yWsin 0 cos ¢, 


aN COS OP Grono oos) 
Also, by the figure, the coordinates of O with respect to O(a’, y’, 2’) are 
given by EOE) EE OSIM (CL, a E cee (2) 


Thus we obtain for the component velocities of the moving origin O 
v = E—o+0,€= —résin p+} (r sin 0 cos +a cos O sin ¢), 
v =ġ— w+ w= — rÂ cos g+% (—r sin 0 sin +a cos 0 cos »| puree (3) 
03= €—w€+on= — apu sin 0. 

Since, besides the motion due to the turning about the axes O(a, y, 2), 
the whole body has the component velocities v,, Vp, v3, we get, writing 
z, J, Z as before for the coordinates of the centroid with reference to these 
axes, the equations of motion [see (6), 1] 
hy — hyw + hetog + M{ dy — b2 — (042 — Ugh) wg + (V8 — VY), — BV; + yva} =P, (4) 
with two similar equations. If A, B,C be the moments and D, E, F the 
products of inertia with respect to O(a, y, 2), 

h,=Aw,—Fo,—Eo;, h,=Bo,—Do,—Fw,, h;=Cw;—Ew,— Dos. ...(5) 
We consider the third of the equations typified by (4) in its application to 
the case in which the system is turning with uniform angular speed y= u 
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about the fixed vertical, while a and r remain unaltered in length. Thus 
we get 
Cé—4(A—B)p2sin?6 sin 26+ Fu?sin?6 cos 26 
— sin 0 cos 0{(D+ Myr) sin ¢—(E+Mzr) cos ¢} + Mp2a(a sin p+ y cos o) 
= — Mg sin 0(@ cos p— y sin p). -..ee eee eee eee e(6) 

If the body contains flywheels in rotation, unretarded by frictional couples 
at the bearings or elsewhere, terms must be added on the left in (4) arising 
from the components K,, K,, K, of A.M., about the axes O(x, y, z), contributed 
by the flywheels. The groups of terms to be inserted in the respective 
Ve ame a K,o,+ Kaw, — Kw +K iw — Kw + K0, 
for the terms K,, K,, K, are zero. Thus on the left of (6) we must add the 
expression — K usin 0 cos $+ K,u sin O sin ¢. 

Of course the fulfilment of the condition that u and @ should be constant 
requires the application of constraint to the pendulum, and this constraint 
will give a reaction on the supporting system, to be calculated with the 
other reactions due to the motion. 

When the two axles intersect, and the origin O is at the intersection, the 
values of a and r are zero, and (6) reduces to 
Ch—4$(A—B)y?sin?6 sin 26 — u sin 0(K cos ¢— K, sin ¢) 

+ Fu?sin?@ cos 26 — usin 0 cos 0 (D sin ¢— Ecos ¢) 
= —Mgsin 0(& cos P—YSIN AP). kaeet ee) 
If the axis Oz is a principal axis, F=0, and by turning the other two axes 
round Oz we can cause D and E also to vanish, so that (7) becomes 
Cé—4(A—B)py?sin?6 sin 26 — u sin 0(K cos p — K,sin ¢) 
= — Mg sin 0(«cos p— y sin g). ......(8) 
If u? be very small, this becomes 
C$— usin 6(K,cos ¢— K,sin ¢) = —Mgssin @. ............045 (8’) 
where s= cos ġ— y sin ¢. 

As an example we take a flywheel pivoted within a ring or case (which is 
symmetrical about the axis Oz), with its rotation 
axis inclined to Oz (not in general the vertical) 
at an angle a. The centroid is a point G, below 
O, on the axis of rotation, and the distance of G 
from O the common centre of the wheel and case 
taken as origin is h. We measure ¢ from the 
position of the system when Oz and OZ (the 
vertical) are in plane with the axis of the flywheel. 
We have then, by Fig. 90,x=0, y= —h sin a. 

If the moment of inertia about an axis through 
the centre of the wheel, at right angles to the 
rotation axis, be A, that about the rotation axis be 
Fro. Wo. C, while C’ and A’ are moments of inertia of the 
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case about Oz, and about an axis through O at right angles to Oz, the moment 
of inertia about Oz of the whole system, with the flywheel clamped so as to 
be in one rigid piece with the ring or case, is Ccos’a+Asin?a+C’. The 
moment of inertia about Oz in the same circumstances is © sin?a+ A cos?a+ A’, 
and that about OY is A+A’. [Thus the meanings of A and C are altered.] 

But if the flywheel be unclamped and free to rotate about its axis, the 

moment of inertia about Oz is Asin?a+C’, while that about Oz is 
A cos?a+ A’. 

As to the products of inertia, these are zero for the case and axes O(a, y, z) 
Hence only products of inertia arising from the wheel have to be considered. 
From what has been stated above as to the reckoning of ¢, we see that E 
and F are zero. The product D arises from the flywheel alone, and is given 
at once by the theorem, that for any given origin the expression 

AB+BC+CA-— D?—E?—F? 
does not depend on the axes chosen, taken along with the fact that E? = F? = 
Thus we have for the flywheel free to rotate 
DSA Sn ACOs Gd. hora E A eeaeee asset) 
[If the flywheel is clamped, D? = (A — C} sin?a cos?a. it 

If K denote the a.m. of the flywheel about its axis, the equation of motion, 
(7) above, becomes 

(Asin?a+C’) $+ 4Ap?sin’a sin? sin 26 — Ap’sin a cos a sin 6 cos 0 sin & 

+(Mgh— Ky) sin asin O sing =O, meee a e eee eee LO) 
or, if we neglect C’, 
Asina.¢+4Ap’sin asin’ sin 2¢— Ap’cos asin 6 cos 0 sin d 
+(Mgh— Kyu) sin 6 sin 6=0. ....(11) 

For small values of u, for example that of the earth’s rotation about a 

given vertical, (10) gives small oscillations of the period 
Asin?ta+C , ihe 
2°) (Migh — Kz) sin acos 0) ’ 


or, if C’ be neglected, in the period 
Asina | 3 
2r cE Ky) sin ðf ` 
If Ku >Mgh, this period is imaginary. But then if the flywheel were 
turned through 180°, oscillations in the shorter period given by these 
expressions with the sign of Ku reversed would be performed. With the 
flywheel thus directed it would then be possible to invert the pendulum, 
and the period would be 
A sin?a+ C’ * 
2r T] 


where Ky is taken with the positive sign. 
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For the relative equilibrium of steady turning about the vertical we have, 
by (11), either sin ¢=0, so that =0, or $=7, or 
Ap?cos a cos 0+ Mgh— Kp (12) 
Apo aan diss A Madea oer DOS 


cos ġ = 


5. Gilberts barogyroscope. As an example of steady motion and relative 
equilibrium we apply (11) or (12) to give the theory of Gilbert’s barogyroscope, which 
we have already discussed from first principles in 6, VII. At a place P in latitude À the 
apparatus (see Fig. 33 above) is supported on trunnions, or, better, on knife-edges, the 
line of which is horizontal and inclined at an angle 8 to the east and west horizontal line 
through P. The axis of the gyroscope is in plane with, and at right angles to the line of 
knife-edges, and contains the centroid. It is inclined at an angle ¢ to the vertical at P. 
We have by (11), since p? is small, 

Magkasing — ry snopa OF wats re pae enera cna: (1) 


Here, by the theory given above, using is the rate of turning about a line AB 
at right angles at once to the axis of the flywheel and to the line of knife-edges. 
Also Mghsin¢ is the couple about the line of knife-edges and is the rate of production 
: of a.m. about that line, while K usin ¢ is 
the same rate of generation of a.m. due 
to the rotation of the earth about the 
polar vertical with angular speed w and 
the consequent angular speed about AB. 
We have thus 


Ww COS Y= [SIN gy ...eessreeeee (2) 
where y is the inclination of the line AB 
to the downward polar vertical. 

To find cosy we proceed as follows. 
A unit distance along AB (see Fig. 91), 
taken in the direction from A to B, has 
projection cos on the horizontal and 
sin ¢ on the vertical. The projection of the first component along the meridian is 
cos pcos 3, and the projection of this on the polar vertical is cos#cosBcosX.. The 
projection of the other component of this line on the polar vertical is sin ọsin A; and 
thus the total projection is 


Fic. 91. 


sin $sin A+ cos ¢ cos B cosà = cos y. 
The angular speed w cos y is therefore 
w (sin sin À+ cos ¢ cos B cos À). 
If now K= -Cn, the rate of production of a.m. about the common perpendicular 
at P to AB and to the axis of the flywheel is 
—Cn o (sin ¢ sin À +cos ¢ cos B cos A)= — Kusin d, 


CROCS COSY P eee ae E (3) 


that is tan PEMA PIE Vie 


The directions of turning shown in Fig. 91 fit this equation. If the gyroscope rotate 
the opposite way the equation will be 
Cnw cos B cos À (3') 


Ga eit Cuban Dy) a RCS SS GASKET 


with the gyroscopic axis on the opposite side of the vertical at P. 
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6. Relative equilibrium of rigid body; oscillations about steady 
motion. Returning to 4 above, we see that if the relative equilibrium is stable in the 
steady motion we can find the period of the oscillatory deviations. We have, writing 
q for 4, dp 1. 


Hence, from (10), 4, by differentiating with respect to ¢, treating 0 and p as maintained 
constant, we get 

(A sin?a+C)g 

+{(Mgh— Ky) cos $+ Ap?(sin asin 0 cos 2h — cos a cos 0 cos )} sin asin 0.q=0. 
Thus, if we write 
2 _1(Mgh -K u)cos $+ Ap?(sin asin 0 cos 2 — cos a cos 0 cos f)} sin asin 0 
x A sin?a+C’ k 

we have for the period of a small oscillation 27/p. 

For a position of relative equilibrium in which p=0 or ġ=2r, that is when the axis 
of the pendulum and the vertical are in one plane, and @ is positive, as shown in Fig. 89, 
we have, if Mgh- Ky be positive, 2_ Mgh-Kp 


~ Asin?a+C” 
and the equilibrium is to be regarded as stable. When however p=r and Mg- Ku is 
positive, Mgh-Ku 


es ia ee 
P =- Ksinta+C” 
and the relative equilibrium is unstable. This configuration is stable and the other 


unstable when Mgh— Kp is negative. The stability therefore depends on the magnitude 
and sign of Ky. 


Ap?sin?a sin? 6 

Asin?a+C ’ 
and when ¢=37, p? has the same value. Hence the relative equilibrium is unstable in 
these cases. 


When ¢=37 we have p=- 


7. Example: Watts steam-engine governor. In his Report on Gyroscopic 
Theory, p. 204, Greenhill considers a Watt’s steam-engine governor as a case of this 
arrangement of a rotating pendulum. It is shown in 
Fig. 92, and consists of two equal arms, a, a, carrying 
two equal massive balls, and connected near their lower 
ends by two rods, b, b, attached to a short sleeve free to 
move up or down on the vertical spindle, which supports 
the joint O. The arms are equally inclined to the 
spindle on opposite sides of it, and, when the spindle is 
driven round, the arms with their balls are made to 
revolve about the vertical through the joint, and the 
rise and fall of the latter is made to regulate the 
admission of steam to the engine. 

Putting aside this use of the arrangement, which 
depends on variations of speed about the vertical, we 
may suppose the relative equilibrium when the apparatus 
is running in steady motion to be slightly disturbed, subject to the condition that the 
angular speed u about the vertical is kept unaltered. 

Take three axes, one Oz towards the observer through the joint O (Fig. 92), the 
second Ow along the arm on the left in the diagram, and a third Oy in the plane of the 
paper, and (neglecting the moments of inertia of the rods b, b) let A, B be the moments 
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of inertia about Ox, Oy, mk? that about Oz, where m is the mass of an arm and attached 
ball. Let p be the inclination of the arm on the left, in Fig. 92, to the downward 
vertical. Calculating the rate of production of a.m. about Oz for the left-hand arm, we have 
first the term — mk, which is affected with the negative sign, since the positive direction 
of rotation about Oz diminishes ¢. The angular speed about Oy is usin ¢, and about Oz is 
peosd. The a.m. about Oy is Busind and about Or is Aucosd. By the turning about 
Oy and the consequent motion of Ox, a.m. about Oz is produced at rate — Ay?cos sin 4, 
and by the turning about Ox and the consequent motion Oy, it is produced at) rate 
By2sin¢cos¢. The total rate of production of a.m. is thus —mk*f - (A —B)p? sin ¢ cos p, 
and the couple acting is mghsin¢. Thus we get the equation of motion 


mid +(A — B)p2sin bcos pt mghsin P=0, ..ccccscsccssesseseeeseseeee (1) 
or, since in the case of symmetry about Ov, B=ink?, 
tee pêsin d cos g+ Asin = One E seas esas sac (2) 


If we differentiate (2) with respect to ¢, on the supposition that u does not vary 
with ¢, we get, putting g for ¢, 


; + ČP u2(cos?g— sin?) + Zoos f= Oiirane sone sevens cancawe tae (3) 


Now let this value of ¢ be that for which ¢=0, the value, in fact, for relative 
equilibrium ; then from (2) we get 


BEA poos $=% =", E EEE ATES (4) 
T BAAT an 
and so (3) reduces to ğ+—p p?sin Ped ON AE aa EE ONE S BAe (5) 


Thus, if B>A, the motion is stable, and small oscillations are performed about steady 

motion in the period 
( B \} 2 Qa 
B-A/ psing? © sind 

If the ball revolve about the arm, or contain within it a flywheel with its axis along 
the arm, the equations can easily be modified to take account of the additional a.m., K, 
say, involved. We have only to alter the expression Ay?sin ¢cos œ in (1) and in (2) to 
(Ap. cos $— K) wsin ¢, so that (2) becomes 

$+ 
The alteration here specified determines the sign attributed to the a.m., K. Thus the 
period of oscillation about the configuration of steady motion is not altered by the rota- 
tion of the ball or flywheel. The moments of inertia are of course those for the whole 
mass moving about the axes. 

A flywheel placed with its axis at right angles to the arm, and in the plane of the two 
arms, produces A.M. about a horizontal axis at right angles to the plane of the arms, 
at rate Kucos ġ, but has no other effect except that of contributing to the inertia of the 
moving system. f 

Returning to the question of stability, it is not difficult to show that, if the condition 
that u should be constant is removed, the system is really unstable when in steady 
motion. We shall suppose that a flywheel, of moment of inertia I, is fixed on the vertical 
spindle, and turns with it. Associating 4I with one of the arms, we have for the a.m. 
about the vertical for one half of the arrangement (4I +B sin?p +A cos*¢)u. Weassume 
that when ¢ is changed from the value for steady motion [that is the motion for which # 
and (41+ Bsin?}+ A cos’)p are constant, and therefore ¢ is zero] by a small amount 


, if A be negligible. 


pisin cos p+ moe Bi Ep PUE e a E (©) 
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a, a force — fa is called into play, altering the a.m., and that f is positive. Putting y for 
the steady motion value of $, we get the equations 


d ane 2 E 
ge Gl + Bint +A cos 4)u}= -fa } ee (7 
Bd —(B— A) p2sin $ cos $ + (mgh— Ky) sin p=0, 
with the steady motion condition (B— A) py?cosy =mgh — Kp. ...cceecccseccvees (8) 


If this condition be slightly deviated from, so that p=py+v, p=y+a, where v and a 
are small, equations (7) become, with p written for d/dt, 


($1+Bsin?y +A cos’y)py+{(B—A)posin2y.p+f}a=0,) (9) 
{(B— A) wosin 2y+K sin y}v—{(B— A) p,2sin?y + Bp}a=0.J TTUT 
Eliminating a and v from (9), we get 

(31+ Bsin?y+ A cos? y) Bp? +(B—A) sin y[2{(B— A) posin 2y +K sin y} cos y 

+($1+Bsin? y+ A cos?y)uosin y]p+f{(B—A) posin 2y +K sin y}=0. ...(10) 

Unless K is negative and |K | so great that |K |sin y is greater than (B— A) sin 2y, 
the last term on the left of (10) is positive, and the product of the roots of the cubic in p 
is negative. Hence the real root is negative. The coefficient of p, by a similar con- 
dition as to K, is also positive, and so the other two roots are imaginary ; and because 
the sum of the roots is zero the real parts of the roots are positive. The motion is 
therefore essentially unstable : it is oscillatory, but with increasing amplitude. 

As Sir George Airy seems to have first pointed out (Routh, Advanced Rigid 
Dynamics, 6th edition, p. 73), stability may be obtained by connecting the opening 
or closing arms of the governor with a dash-pot arrangement, which brings into play a 
retarding force proportional to the angular speed ¢. If this force be k we get 
an additional term in (10), (41+Bsin?y +A cos*y)kp’, 


which is positive. Thus, if the roots are all real they are all negative, since all the 
coefficients in (10) are positive. If there are two imaginary roots the real root is 
negative, and it is easy to see that if & be sufficiently great the real parts of the 
imaginary roots will be negative. The motion is then stable. 

Regulation for a given load may be obtained in this way, but if the load is 
considerably altered a new setting of the governor, if of the simple form, is required, 
For clearly, if the load is diminished, the supply of steam will be too great, and the arms 
of the governor will diverge to a new angle for steady motion. The steady speed of 
revolution must then be greater for a smaller rate of supply of steam. For most kinds of 
work a certain speed is required and must be adhered to within limits. Thus, from an 
important point of view the unmodified form of Watt’s governor is seriously defective 
[see Routh, loc. cit., for further particulars]. 


8. Watt's governor. Elliptic function discussion. Referring now to (6) 
of 7, multiplying by ¢ and integrating we get, with u constant as before, 
G2 = — p2cos?h + 2n2cos p Hh, sessscssssccrcsreseeesccecsssceceees (1) 
where now p?=(B-— A)p?/B, n?=(mgh—Ky)/B, and 4 is constant. 
If we can put cosa cos B= —h/p?, and cosa+cos B= 2n?/p?=2 cos y, so that [(6), 7] y is 
the value of ¢ for relative equilibrium, we can determine two angles a and B (B <¢ <a) 
between which the inclination of the arms to the vertical lies. For we have 


¢?=p?(cos p — cos a)(cos B — cos $), «..+- PS ONG OROO ON ot (2) 
and ¢ is zero for 6=a, and for ¢=. Thus a point at unit distance from O on the axle 
of the pendulum vibrates from a height cos y—cosa above, to an equal vertical distance 
below the position of relative equilibrium. 
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From equation (2) we can determine the time ¢ in terms of the corresponding angle ¢. 
For assuming an angle x given by the equation, 
tan pa costy + tan?$B sin? y =tan? hd, ........0cccoescoesecceeeses (3) 
we are able to reduce (2) to the form 


\2=p*sin? $a, costa (1 = aoe sin? x): r E (4) 
’ : ilies 2 ieee 
Thus, if we write pee ie $6 m=p sin tacos$f...... e aaee e eE A E e (5) 
(where of course m no longer denotes the mass of an arm of the governor), we obtain 
FO LAERE ERNIE SE NE E Ee (6) 


(1—k?sin? y) 
and so, starting the integration from ġ=a, find 
mE AN ht nin i Ae eS (7) 
o (1 — ksin? y)? 
If T be the period of the motion, the time of passage of from the value a to the 


value $ is $T, and we get T br dx a 8 
BIT aah E ereere (8) 
o (1—#sin?y) 
where K is the complete elliptic integral to modulus &. 
The frequency N of this finite oscillation is given by 
Ly 
ih soe CORO meee eee e eee ene e eerste eee sess esses (9) 
When the range a— 8 is very small, this reduces to 
N= 7 E DD as iny. 400) al mee leaden (10) 


Qar =- (cos yE 
since, with a and 8 very nearly equal, m=}psin }(a+ B)=$p sin y by (5), and p?=n?2/cos y. 


9. Watts governor. Case in which the arms reach the vertical, If 
B=0 the arms reach the vertical. But then 4?’=1 and K=œ. Thus the time of passing 
from inclination a to the lowest position is infinite, and the position is asymptotically 
approached. We have in fact 


P a op hi che 68 ashe Bins ylang (1) 
cos x 
which, if we substitute v for tan yx, reduces to 
mdt= _ dee Wels al arina aan a o a a Ae a (2) 
qd +2%)2 
1 
Thus, by integration, we obtain cosh mt= are cae s snvlienessniires seen eee eee Oe eee (3) 


Here of course also m=p sin $a. 
In the case in which (1), 8, thrown into the form (2) of that article, gives |cos 8| >1, we 
may write cosh 8, instead of cos B. We get then 


n? n? - p*cos* hu. 
BEIA 24 BE DRA AA Re 

cosh3 Fe: cosa, tanh?4@= eee (4) 

Using now the transformation tan?4a.cos?y= tanik p, deerne eaea eei e a scenes (5) 
we find m Panas Aa., a E N E A O E ¢ (6) 

(1 — ksin? y)? 

where timid m? tan pom tanbih (7 
“tan? ga + tanh? 3e’ ie (1—tanh?$8)(1+tan?sa) U UUnTUST ) 
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The equation for m? reduces to A A EE A E A E a RE paea (7’) 
by (4), as the reader may verify. 
When cosh?B= and p?=0, so that p?cosh?G is finite, the equation for ¢ reduces to 


f= of (cos $ — cos a), 


where 2g// has been written for p?°cosh? 8. Thus we have 
dx 
(1—#sin2y)* 
where k?=sin?}a, and m=p cosh 8/22=(g/l)?. The motion thus reduces to the plane 


vibration of a pendulum of length /, through a finite angle a on each side of the vertical. 
So also in the general case in which p is not zero, we see, putting 
2 
m? =n? — p? cos a=f, and k= 2S ka pin hy 

that the motion corresponds exactly to that of a pendulum of length /=g/(n?—p?cos a), 
vibrating through a finite angle 0, on each side of the vertical. 

There remains the case in which both the angles a and 8 are unreal. This corresponds 
to the motion of a pendulum performing complete revolutions in a vertical circle. 
Here we write —cosh a’ for the quantity which takes the place of cosa, and note that the 


mdt= 


motion just discussed and that about to be considered will agree if cosa=—cosha’= —1. 
We have ¢?=p*(cosh B— cos p)(cos P+ COSh a’). eeeeeeeeeeeeeesseeeeeeseeees (8) 
If we assume that TAD SD — ballin O CADW eeoa Aeree E E e ENERE EIE (9) 
we find mdt= INE PEN EATA A A (10) 
(1 —k?sin?%)? 
2an 21a 21 eee ie EO 
where k?=1-tanh?$a'tanh?$8, m = —tanh?}a)\(1 = TEA (11) 
When a=z7, and therefore a’=0, we get from (4), 
2 
2 2 p =e 2 
k=l A E N FP“, seecesossocesoeseseooesossosos (12) 


in agreement with (7’). 

Equations (7), above, give the same values of k? and m? for a=+7. Hence the 
two results agree, as they ought, when a’=0,a=+7. In this case of the motion 
complete revolutions are just achieved. The 
angular speed at the lowest point is then given 


by $2 =4m?tanh?3. 


10. Example: Liquid filament in a 
revolving vertical circular tube. We now 
consider an example which forms an interesting 


variant of the problem of the Watt governor. mee 
A filament of mercury is enclosed in a uniform 
circular glass tube, the plane of which is vertical 
and revolves with uniform angular speed about œ 

the vertical, OZ, through the centre of the circle. 

It is required to find the motion of the mercury 

in the tube. Let (Fig. 93) a line drawn from the z 
centre of the circle to the centre C of the filament 

make an angle ¢ with the vertical, and the line 


drawn to an element of the filament make an angle +6 with the vertical. Let m be 
the mass of the filament per unit of length, and / its radius. Take three axes of 


Fic. 93. 
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coordinates OC, OD, drawn from the paper upwards, and OE in the plane of the diagram 
perpendicular to OC. 

If u be the angular speed about the vertical, we have pcos, using for the 
components about OC and OE. Calling the angle subtended by the filament at the 
centre 2a, we have the following 


1. About OD= — 2mi8ad. 


Pa ag 2. About OC= f mlu cos > sin? 0d =ml3p cos p (a — 4 sin 2a). 
of. A.M. -a 


eefe) 
3. About OE -| mlu sin h cos? 0 d0=m usin p(a +4 sin 2a). 


Hence the rate of growth of a.m. about OD is —2mlaġ, due to the time-rate of 
increase of the first component, —m/*p2sin $ cos $(a—4}sin 2a), due to the turning of the 
vector OC about OE, and finally mi%y?sin œ cos $(a+4 sin 2u), due to the turning of OE 
about OC. The total rate of growth of a.m. about OD is therefore 


— ml3(2ad — p2sin ¢ cos ġ sin 2a). 


The moment of forces about OD is easily found by integration to be 2aml?g sin a sin d/a. 
Thus the equation of motion is 


i(2a¢ — p2sin > cos Hsin 2a)+2g sin a sin P=O. ...eceeeeceecceceeeeeesees (2) 


The filament will be in relative equilibrium if 6=0 and ¢=0. When this is the case 

we have 
E =T cosacos o` 

As a particular case of this result we see that if a filament of angular length 4a be 
symmetrically situated with respect to the vertical, it will (if there be no capillary forces 
to be taken account of) just break in two when p? is slightly increased beyond the value 
g/tcos?a. Or, since the fluidity of the filament does not influence the dynamical result, 
except through capillary action which is here neglected, if two curved rods of the same 
material, fitting the tube and each subtending an angle 2a at the centre, have their 
adjacent ends in contact at the vertical through the centre of the circle, they will, unless 
prevented by friction, separate when p? exceeds the value given in (2). 

Moreover, if „?=0, the equation of motion becomes 


Pty BIN = E E E E tose (4) 


The motion is therefore one of oscillation in the period of a pendulum of length Ja/sina. 
Supposing p? kept constant while the motion is slightly disturbed from one of relative 
equilibrium, we get from (2), since 


g sina 


Cah se ll 
dp q dt?’ 
2al d’, o 
"G ae + pl sin 2a(sin? p — cos?) + 2g sin a COS P=O. s.esseseeecessnees (5) 


But in this we must use u?=g/l cosa os d, the value for steady motion. Thus we find 
d?g g sinasin? 
EN ai gE OA E a (6) 
Small oscillations about steady motion are therefore performed along the tube by the 
filament (or circular rod) in the period of a pendulum of length la cos ġ/sin asin?¢. 
Hence no steady motion can exist if the centre of the filament is above the horizontal 
line through the centre of the circle. 
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We may take a vertical circular tube erected on the surface of the earth, and turning 
with it, as an example. If w be the angular speed of the earth and À the latitude of the 
place, the component of angular speed about the vertical is wsin A. Then in order that a 
particle may not be in stable equilibrium at the lowest point of the tube, we must have 
(since now a=0) œ°sin?À > g/l, or >g/w?sin2A. Thus the lower limit of the radius of the 
tube, set up at either pole, would be, in feet, about 32°2 x 861602/47?, or 1,120,000 in 
miles. In latitude A the radius would be this divided by sin? À. 


11. Example: Ball containing a gyrostat and rolling without slipping 
on a horizontal table. An example which may be taken here of the motion 
of a body containing a revolving piece, is the problem, proposed and treated 
by Bobylev [Moscow Math. Rec., 1892], of a hollow sphere containing a fly- 
wheel mounted on an axis along a diameter. The centre of the flywheel 
is at the centre of the spherical case, which is also the centroid of the 
whole. The sphere rolls without slipping on a horizontal plane. 

Let a be the radius of the sphere, A the moment of inertia of the sphere 
and flywheel together, about any diameter of the sphere at right angles to 
the axis of the wheel, C the moment of inertia of the sphere, not including 
the flywheel, about the flywheel axis OC (the axis of symmetry), M the 
total mass, and K the a.m. of the wheel, supposed constant. We take 
two sets of axes, (1) a set O(z, y, z), of which Oz is vertical, and Ox, Oy 
horizontal, the former in the vertical plane con- 
taining the axis of symmetry, and the latter at 
right angles to that plane; (2) a set OD, OE, 
OC, of which OD is at right angles to, and OE 
is in the plane COz. The angle COz we denote 
as usual by 0. 

We suppose the angular speeds about Oz, Oy, 
Oz to be wz, wy, wz and those about OD, OE, OC 
to be 6, sind, d+ycosé (=n). Thus vy is 
the angular speed about Oz, and ¢ the angular 
speed with which a plane fixed in the body is 
turning with reference to the plane COz.. 

The arrangement of axes are as shown in the diagram [Fig. 94], and 
from that we obtain 

wz=n sin O—ysin OcosO, wy=O, we=Yr ...seesseeeeeeeee(L) 

The horizontal components u, v and the vertical component w, of the velocity 
of the centroid with reference to the axes O(wyz), are given by 

U=Awy, VS —Awz=—APSINO, W=0. ...cccccreveeeveeee(2) 


Fic. 94. 


The angular momenta about O(D, E, C) are 
AÊ, Ay sin, Cn+K, 
so that the components about O (xyz) are 
he=(Cn+K-— Ay- cos0)sin 0, hy=A6, h,=Arrsin?¢+(Cn+K)cos@. (3) 
Clearly h, is a constant: in what follows we shall denote it by G. 
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The equations of motion are 
M(w—yu)=K, Moty Ya a 
h,—Why=aY, hy + Whe= —aX.J 
Eliminating X, Y we obtain 
h,—Why=aM(o+ Wu), hytWhe= —aM(u—Wr), oe (5) 
which may be written : 


d pre dath O 
uleto Mġisin 0)— Y (hy +° M0) i ee e ye 
© Chy +aMô) +ý (h+ a?M¢ sin 0) = o.| 


Equations (6) are obviously true. The angular momenta about horizontal 
axes parallel to Oz, Oy and drawn through the point of contact with the 
table are hy + Ma?ġ sin 0, hy+ Ma? respectively, and the total rates of growth 
of A.M. about them are the expressions on the left of (6), which are zero, since 
no couples act about these axes. 

The second equation of (6) is important, and can be established at once as 
follows. Written in full it is 

(A+ Ma*)6+(Cn+K+ Ma?n)y sin @—(A+ Ma?)Wsin 0 cos 0=0. ...(7) 
If we write the second and third terms as 

(Cn +K + Ma?¢ sin?6)y sin 6—(Ay> sin 6 — Ma?¢ sin 0 cos 0) cos 6, 
we see at once, by taking axes OD’, E’, C’) through the point of contact O’ 
parallel to O(D, E, C), that they constitute the rate at which A.M. is being 
produced about the axis O’D’ by the motion; for the speed of the centroid at 
right angles to the plane EOC is —aġsin 0, and the angular momenta 
about O’O’ and O’F’, arising from this motion, are 

Ma*¢sin?9 and —Ma’¢sin@cosé 

respectively. Besides this there is for O’D’ rate of growth of a.M.(A+Ma?)6; 


and the sum of these two rates must be zero since there is no moment of 
forces about O’D’. 


Equations (6) give by integration 


(hat Ma?d sin 0)? + (hy-+ Ma? 6)2= HY, vo. eeeeececeeeeesesseeeneens (8) 

where H is a constant. Expanded, this equation is 
(A+ Ma?) +{Cn+K + Man —(A+Ma?)y cos 6}2sin? =H oe... esses (8) 

By (6) and (7) we can write, making y=0, that is Oy coincident with OD, when 6=0, 
hy+Ma?= -Hsin y, h, +Ma?ġhsin 0=H cos wy o.sseesesessereceeeees (9) 
and so obtain 

SOn FK +Ma*n—(A +Ma?)y cos 6} sin ]=(A + MAO veseeseseeeees (10) 
or Asin 9 Z (Cn+K+ Man) sin 0}— (A +Ma?) cos 64 (ay sin’ Ostet oe (11) 


But, since Ay sin?@=G—(Cn+K) cos 6, performance of the differentiations gives 
{AC+ Ma?(A sin?6+C cos? 6)}7 —(Cn+ K — An) Ma26 sin 6 cos 0=0. ......... (12) 
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Multiplying by Cn+K-—An and integrating, we find, putting A(C+Ma?*)E? for the 
constant of integration, z for cos 0, and & for (A — C) Ma?/A(C + Ma?), 
EE nelle <a AEA: (13) 


E 
Cn+K —-An=———., n= - + z. 
Qk) A-C A-C (1_ 42y3 
Also by (9) 
ENTE fc+ma a EPa a)n 
2 
FRORA N ka AAMA Ge tte (14) 
By the value of v given in (13) this becomes 
7 A+Ma?,, A+Ma? Ter 
Hsin 0cosy= 2g K- e- o EUA. aeiee (15) 
Again, by (8) and (9), we have 
PANY A Hsin sin Yy ; 7 
#=sin?6. ée—( EME y = (Ane i (1 — cos?y)(1 — 2?) 5 .-eeereee ones (16) 
and so by (15) 
; HSE RAIES G, C+Ma? ay 7 
2 (| a EN RAT E 17 
#-( apia) 0-9-0 g aime acot- me 
or [in the notation defined by a comparison of the two forms] 
ES A AEN ee 07 fe WY (TS Ae eR ee oe av) 
Thus r= [&. IONE RNa ditch ae a eet era tar T ee sees (18) 
Z2 
The centroid moves with the component velocities 
Z \t 
u=ab= -aH'siny= -af 4) e e E (19) 
v= —a0,= —(— a} cos 0+an)sin 6. 


By (8), (9) and (13) we get 


P A-0 Esino 


C+ Ma? a -ka 


C+ Ma? 


phere iO Ma 


H(Cn+K— An)(1 — ke? 


12. Rolling ball containing a gyrostat. Track on table referred to 
fixed axes. If we refer the motion to fixed axes, the velocities ¢, y with respect to 
these are E=UCOSW—VSINW, YHWSINWHVCOSW, .ceceseeeccerserseneereers (1) 
where yy is the angle which the plane EOC makes with a fixed vertical plane in which is 
laid the fixed horizontal axis Ox, here referred to, which is not the moving axis Ow of 
Fig. 94 [see Fig. 12. The angle is that between the planes OCE’ and Ozx as stated 
in 4, IV]. We have 

f=a A-0 Hsin ésiny a A-C E A E A ESI (2) 
~ O+Ma? a — kj C+ Ma? H’ a — k)? 
by the first of (9), 11. Again, by (19), 11, 
A-C E’sin cosy, 
C+Ma* (_ 4223 


y=—aH’+a 


or if we solve (15) for sin 0 cos y, and substitute in (3), 
j pe eh a E R 4 
Y af Oy Ma W*C+Ma? F sora 19 


352 GYROSTATICS CHAP. 


The integration of (2) and (4) is direct. It is carried out by Greenhill (R.G. T. p. 216) 
as follows: First, let A—C and & be positive, then 1—4=C(A+Ma?)/A(C+ Ma”), is 
positive. Put then s=sin?a. We get, writing 1—427=(1 aoa +F, 


in doe e 
oilers sf dzsin a= saan Dn Tevenseeressasasnsiseociiegs (5) 
The equation for ¢ is at once integrable ; we get 
A-C E e Oi ` 
g= 2a Ma Wsin Wane Go Wasiesielens ss\aiae sloiee sess esas (6) 
Now by (17’), 11, we have 
(149%)°Z=Q=H' (14¢)-4-0-} {49-29 gE) } yee) 
and therefore, since dzsin a=2(1 — g?)dg (1 +933, 
mene 
sin adi=sin a= 75h? Of ENEE EEEIEE e AS AORAR EESE (8) 
Finally, from (4) above, since sin a dt=sin a dz/Z2, we obtain 
dzsin a A-C E K'- Gz 
dy =~ epee Ges 
tg eI -C Ef 2 2) 4 9G a) 
sina eae -9)- Gea WBA #)- Ka +9) N O 


Thus we see that v is given directly by (6) and that ¢ and y are given by elliptic 
integrals of the third kind. 


This conclusion is true also in the following case. Let C—A be positive and & negative. 
Then we write —k=sinh?a, 1—k=cosh?a, 


and obtain, with c= —a(A—C)E’/(C+ Ma?)H’sinha, 


sinh “=sinha COS io en snert ore ee E EA (10) 
[7] 
AVRO Be ag ned \-{ / 2 Gq | y.. 
Q-g}Z=Q=E{ (1-4-4 } —{wa—g)-2 S42 —Basgy}’. 0 
i 2 
T L S E E E eee (12) 
Vk l-g" Q} 
a One 2 2 aka} 
dy = ka eth peal H(1+9")- oa Edt- K‘(1—9?)+2G’ ‘}a3) 


We take some special cases. If the spherical shell have little mass, we may suppose 
that C=0, and that A depends almost entirely on the enclosed gyrostat. Then 4=1, 
and (7) becomes 


Qnia otf Rar 20g BA oF, eA ele eee (14) 
Also by (9) $ s 
2 q l A Ey, a : 
dy=2a aL - HO 99 ~ aes p E-e-e] we (15) 


If C is not zero but K is, we have a spherical case with a rod along a diameter, round 
which therefore there is symmetry. If both K’ and C are zero, we have merely a 
diametrical rod supported on a massless spherical shell. The equations can be easily 
written down from those given above. 

When K and G vanish but not necessarily also ©, ¥ is constant and % is zero 
if A—C=0, and the ball rolls along a straight line. 


a 
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13. Rolling ball containing a gyrostat. Case of A-C=0. If A=C, kis 


sane (2), Migiro A (A+Ma?)i=KMa?6 sin 0008 0. ...seesseererersseeresseesree (1) 
Integrating, we obtain, since z=cos 6, 
A(A+ Ma?)n MOKRE A oodi eee eae E TE E eie (2) 


a constant. In this case we have also 
u= -aH'siny, v= V Ma : 
which give, by the values of @, ý in (1), 12, 


atatys=const. E E EE EE EAE (4) 
ý= -aH'+ EST Ta a AA R OCOS NA a e e E (5) 
Now by 11, (14), since C= A, 
(A+ Ma?)n+K n. AntK , 
sin 0 ces Y= wi Ay Ma (1-2)-G’z+ —_— a as a}, 
or, by (2), 
F+K 1 MaK2 7 
sin 8 cosy = iy AA tM 9 raria e) EE A O A (6) 


Substituting in (5), we obtain 


im f ù (A+Maæa)jn+K 7 1, An+K } 
pet Cae ata A+ Ma? Cae. Sr ae yee? 0) 
We have also FUELO E e ea ad stearate AA EE e (8) 
With (6) this gives 
F+K 1 Ma’K# : 
PN fray 8 01 Glee) ee a Bi Ric ENE E, 
aa aie oa Gesreae A(A+Ma?) Gis} (9) 


E, F, and K are constants, and we can write the equation in the form 
=Z=E +F- (at pzF YZ), crcercsscsecscrereeneceersceces (10) 


where a, 8, y are constants. 

By a proper choice of origin (the “centre of the elastic forces” in the analogue of a bent 
spring) we can expréss the rate of variation of the square r? of the radius vector of the 
elastic curve * from point to point along the curve by an equation of the form 

dr\2 
(=) = 447? —(Ard+ 2Br? + C)%, 

d@_ Art*+2Br?+ c 

ds 

The integration of the differential equations of the curve is based on these relations [see 
Halphen, Fonct. Ellipt. t. II, chap. V, and Greenhill, Math. Ann. 52), and the analysis is 
available for the present problem. We shall give it with some other elliptic function 
calculations in a later chapter if there is space. 

It will be found that the path of the point of contact lies between two parallel straight 
lines on the table, and consists of periodic repetitions of a certain figure, the nature 
of which is discussed in 15 below. By covering the table with a sheet of coloured transfer 
paper over a sheet of white paper, and rolling the ball on the former, the curve can 
be traced out. The weight of the ball is enough to produce an imprint of the path. 


and so find 


*The form of a uniform elastic wire or spring under terminal couples and uniform normal 
pressure over its whole length. 
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14. Rolling ball containing a gyrostat. Small oscillations about 
steady motion. From the equation (7), 11, 

(A + Ma?) 0+(Cn+K + Man) sin 0—(A+ Ma’) ysin 0 cos 0=0, nres (1) 
we can find the period of a small oscillation about steady motion, that is the motion for 
which 0 and @ are zero, and therefore H and 

Cn+K+Ma’n—(A+ Ma?) cos O (=P) cecccccceeeccessceeseeeeeees (2) 
are zero. We denote the steady motion value of ¥ by p. For a slight deviation a of 0 
from the steady motion value we have 


(A+Mo?*)a +p sin oa, Oa Orne ccepesecernante sta cdvacese aeeeenene (3) 


a= 0. 

Carrying out the calculation of the second term on the left, using (12), 11, and the 
constant value (Cn+K)cos6+Aysin29 of G, to determine dn/d0 and dy/d6, we see at 
once that the group of quantities obtained vanishes if we put A= — Ma?, and that in fact 
the terms amount to (A+ Ma?)y2a. Thus we obtain the vibrational equation 

(tH TPE) E nuadeGpcornon oo E O ot (4) 
The period of oscillation is thus 27/p. 

In steady motion the sphere rolls so that its centre moves in a circle with angular 
speed u. Ifc be the radius, we have, by Fig. 94, v positive for u negative, and so, since 
u=ab=0, —cu=v. By (2), 11, 


= v= (7 sin Q — p sim Cos @), \..ce..<c-cs-2es2se ees ceee-Cosescdecuees (5) 
so that ema(Zsin 0 — sin 6 cos o) z AVOID. e D ooi (6) 


The first term in (5), ansin 0, is the speed with which the centre L of the small circle 
of contact on the sphere is moving at right angles to the vertical plane, and ax sin 6/, the 
first term in (6), is the radius of the horizontal circle described by that centre. 
Now n/n=(A + Ma?)n cos 6/(Cn+K+Ma?n), and therefore 
= oe Bin O cog O. fe acess cunsescns coesioesnol AN AAA (7). 
Thus the ball will roll steadily in a straight line if K= —(Cn+ Man). The radius is 
zero if K=(A —C)n. 


15. Rolling ball containing a gyrostat. Small oscillations about 
straight line motion. Stability of straight line motion. Now let the ball 
roll along a straight line with the axis of the gyrostat horizontal, and let the motion be 
slightly disturbed without change of the (zero) value of the a.m. about the vertical through 
the point of contact. The result just obtained is inapplicable, for u now vanishes, and 
there evidently must be a finite period of oscillation about the steady straight line 
motion of the centre. 

Putting then the a.m. about the vertical equal to zero, we get 

(Cras) cos OHANIN O=O n eene encase eee (1) 


where @ is very slightly different from 47. We have approximately p= — ee +K)cos 6/A. 
Hence substituting in (1), 14, which now is 

(A+ Ma?) 6+(Cn+K+ Man) m=O, e (2) 
we find A(A+ Ma?) 6—(Cn+K +Ma?n)(Cn+ K)cos 0=0. ..ccccsceseeseesseeceeee (3) 


Thus, according to the notation adopted above, we may put ®=cos 0, since the terms in 
dn/d@ which occur in d®/d0 are all affected by the factor cos 8. Hence 


dẹ/d0= -sin = -—1, 
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since 0=37r +a, where a is very small. Equation (3) becomes 


.  (Cn+K +Ma?n)(Cn+K) _ 
a+ A(A+Ma?) CREO NEN OR OR Spee ee (4) 
Thus the period of disturbance of the motion is 
i - A(A+Ma?) 3 
T=2r Ge aE Rc ee (5) 


The ball is rolling forward with the linear speed na. Hence the wave length A of the 

disturbance as traced out on the table is 
A(A+Ma?) È © 
Cae eea Re cae 

These expressions for the period and wave length will not be real if the angular 
speed v and the a.m. K are oppositely directed, and also 

|(C+Ma?)n|>|K|>|Cn| or |K/(C+Ma?)|<|2|<|K/C|. 
The ball cannot in this case roll stably in a straight line. 

If 0 is neither zero nor }7, we obtain, from (1), 14, neglecting the term in y¥%, for a 
slight deviation from steady rolling along a straight line (at right angles to the plane of 
the diagram in Fig. 94), the equation 

(A+ Ma?) 6+ (Cn+K + Man) usin 0=0. ..eccecerceees T (7) 


Hence, since the steady value of u is zero, we put ®= p, and get 


dé ee 


A=2rna 


(A+ Ma?)a +(Cn+K+Ma?n) sin 6. ao” ee Ses. caetenee E (8) 
: On 
a oe ee E ET 
dé dé Asin?@ i 
=p 
= 29i 
and. by (12); 11, He AS ie SS) NSE UN TAD OM gee a co (9) 


d0” AC+Ma*(A sin? 6+ C cos? 6)" 

The reader may verify that from these values we obtain 

.  (Cn+K+ Man) {(C+Ma?)Cn+(C+ Ma?sin?@)K} _ 

a+ (A +Ma){ AC+ Ma%(A sin? 0+ Ccos?6)} A NE (10) 
Denoting the second term on the left by pa, we have for the period of oscillation 2r/p. 


This agrees with the former result, if 9=4}7. 
In the present case, since in the steady motion p is zero, we have for the speed of 


advance of the centroid v= —am sin 0, so that we may write n= — v/a sin 0. 
Thus we find 
D AA OV. Loin? - OY @ a 
AK (C+Mat)—? a} {(C+Ma sin?@)K ~(C+Ma?)C —?- ay 


d ~ AFMA {AC+ Ma?(A sin?0-+C cos? 6)} 
Hence the ball cannot roll along a straight line unless both factors of the numerator have 
the same sign, or, to put the result in another way, it will not roll stably along a straight 
line if Ka sin O y C+ Ma?sin? 0 Kasin 0 
C+ Ma? “f C C + Ma? 

In using this inequality it must be remembered that if K and n have opposite signs, we 
may take K positive, and then for n negative we have v positive. When K and n 
have both the same sign p? is essentially positive. 

The value of a wave length of the small deviation from the straight course is 
Qran sin O/p. 

The reaction against side slip is easily found, in any of these cases of motion, from the 
couple producing rate of change of a.m. about the 0 axis (OD) through the centroid. 


356 GYROSTATICS CHAP. 


16. Rolling ball containing a gyrostat. Method of solution by direct 
reference to first principles. So far the foregoing discussion follows the 
mode of solution adopted by the proposer of the problem, and by Greenhill 
(R.G.T.) with some differences in the analysis. But the reference to first 
principles, suggested in 11, may be extended so as to give all the essential 
equations of motion, in fact practically to solve the whole problem. 

We note, in the first place, that if the motion of the sphere be referred to 
axes O’(D’, E’, C’) parallel to O(D, E, C), the angular momenta about these 
are as follows: about O’D’, (A+Ma?)6, 

about O’E’, Ay-sin 0—Ma?¢ sin 0 cos 0, 
about O’C’, Cn+K-+Ma?¢ sin?6, 
since a little consideration shows that the speed at right angles to the plane 
EOC, of the point L (see 14) is nasin 6, and of O is (n—y-cos 0)a sin 0, 
that is gasin@. There is no couple about any axis through O’, and the 
rates of turning of the axes are respectively 6, y-sin 0, cos @. Hence the 
rates of growth of A.M. about the axes as enumerated above are 
(Cn+K-+Ma?¢ sin?6)v sin 0— {Ay sin 0— Ma?¢ sin 0 cos O}y cos 6, 
[or (Cn+K+Ma?n)v¥ sin 6—(A+ Ma?)Vsin 0 cos 6,] 
Ady cos 0— (Cn +K + Ma?¢ sin26) 6, 
(A+ Ma?) 6 sin 6—(A+ Ma?) Å} sin 6, or zero. 
Now the first of these equated to zero gives the O’D’ equation for steady 
motion, and thus we have 
(Cn+K+Ma?n)v sin 6—(A+Ma?)Wsin 6 cos 9=0, noesa (1) 
as that equation. 

If we consider the A.M. about O’D’ when the motion is not steady, we see 

at once that the complete equation of motion is 
(A+Ma?)6+(Cn+K+Ma?n)v sin 6—(A + Ma?)¥sin 6 cos 0=0. ...(2) 
This is (7) of 11 above. 
The magnitude of the couple about OD is clearly 
AÖ+(Cn +K) sin 0— Avsin 6 cos 0. 
Hence thè horizontal force applied by the table in the plane EOC is 


LAÖ+(On+K)ý sin 0- Aj?sin 6 cos 6}. 


This gives the reaction against side slip. 

Again, the A.M. about a horizontal line drawn to the left through O’ in the 
plane EOC, [Fig. 94] the line of the force just calculated, is, by the angular 
momenta given above, 

(Cn+K+ Ma?n) sin 6—(A+ Ma?)v sin 0 cos 0. 
Also the rate of growth of A.M. about the positive direction of this horizontal 
line [the direction to the right from O’ in Fig. 94] due to the turning of 
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the axis O’D’ [with which is associated A.M. (A+Ma?)6] at rate y about 
the vertical, is (A+Ma?)6y. Since there is no other rate of production 
of A.M. for this line and there is no couple, the total rate of growth of 
A.M. must be zero. Hence we get 


" {(Cn+K-+Ma?n) sin 0— (A + Ma?)¥- sin 6 cos 0} — (A + Ma?)6v- SOG) 


which is precisely (10) of 11. From this we find 
i (Cn+K—An)Ma?sin 6 cos 6 ; 
AC+ Ma?(A sin?0 + C cos?@) ~ 
With this and the value of y as found from 
G=(Cn+K) cos 6+ Ay sin? 
we have all the equations required for the discussion of the motion. The 


discussion of the different cases of oscillation about steady motion proceeds 
as in 14 above. 


17. Example: A cylinder containing a gyrostat and rolling on a 
horizontal plane. 


Example. [Problem restated from Math. Tripos paper, 1908.] The ship in Fig. 50 
is replaced by a hollow right circular cylinder which rests on a horizontal table, and the 
gyrostat axis b, b is at right angles to and intersects the axis of the cylinder. There is no 
gravitational stability of the gyrostat ring or wheel, and the cylinder, supposed in 
position with b, b horizontal and the spin axis of the wheel vertical, has an attached mass 
m at the centre of its highest generating line. A is the moment of inertia of the flywheel 
and ring about the axle b, b, B that of the flywheel and ring about the axis through the 
common centre parallel to the planes of rotation of the wheel, I the moment of inertia 
of the cylinder and attached mass about the line of contact with the table, and Cn the 
A.M. of the flywheel, counter clockwise as seen from above. [As we suppose all angular 
deflections produced in the motion to be very small, B remains nearly enough constant. ] 
Prove that the time of a small oscillation of the cylinder is 


A(B+I) \2 
C’n?—mgaA) ` 

Let the cylinder be rolling at rate ¢ towards the left [Fig. 50]. This produces a.m. at 
rate Cnġ about an axis across the wheel to the left. Hence the top of the spin axis turns 
towards the reader with acceleration 6, and we have AO=Cnd, and therefore AO=Cnd. 
This motion of the spin axis produces a.m. about the cylinder’s line of contact at rate 
Cn, and the total rate of generation of such a.m. is (I+ B)$+CnJ, that is, since A6=Cn¢, 
(1+B)$+C2n2p/A. The applied couple is mgap. Hence we have 


A(1+B)$+(C2n?—mgaA)p=0. 


Thus if C?n? > mgaA there is stability and the system oscillates in the period stated 
above, 


2r 


CHAPTER XVII 


MOTION OF AN UNSYMMETRICAL TOP 


1. General equations of motion. A straightforward process of analysis 
enables the equations for the discussion of the stability of a body of 
any form resting on a horizontal plane to be investigated. We start from 
the equations of motion for moving axes established in 1, XVI. Referring 
to principal axes GA, GB, GC drawn from the centroid G we suppose that 
the coordinates of the point of contact O are a, y, z and that the equation of 
the surface of the body is f(a, y, z)=0. The components of linear velocity 
of G will be denoted by u, v, w, those of angular velocity about the axes 
by wi œ, wz, the direction-cosines of the outward normal at O from the 
surface of the body by p, q, r, and the force components (arising from normal 
reaction and friction), applied to the body at O by the supporting surface, 
by X, Y, Z. The equations of rotational motion are 

Aw, —(B—C)o,0,=yZ— zY =R(yy— Bz), 

Ba, —(C—A) ww, =2X — xZ = R( az — yx), | 

Co; — (A — B)ww =Y — yX = R(x — ay), 
where R is the reaction at O, and a, 8, y the direction-cosines of its line of 
action taken outward from the surface. 

For the motion of G we have, taking the mass of the body as unity, 

W— vo + Www =9p+X, 
0 — Www + macax) 
w— umt vo = gr +Z. 
The direction p, q, r is fixed, and so we have 
p—qw+ro=0, g—Te,+po,;=0, F—pogtqw,=0..... ee (3) 

Equations might be established for O as origin. The moments of forces 
would then be those of the forces applied at the centroid. Further the 
motion of O would have to be brought into the account. 

There are three cases to be considered: (1) no sliding at the point of 
contact, (2) no friction, (3) sliding with friction. The conditions for 
case (1) are clearly 


U—Yo3,+20,=0, V—20,+%0,=0, W—Ho,tyo,=0. n (4) 
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In case (2) the action of the plane on the body is a normal force R, so 
that, since here a, 8, y=p, q, 7, 


Kae Spite Vi GR arRo Aie (5) 


The minus sign is required since R acts towards the body and p, q, rare 
defined for the outward normal. In this ¢ase the point G moves parallel to 
the plane at uniform speed. If PG=¢, we can write the single equation 


€= $R—g Dror Rag BG Pee eeke (6) 
Equation (3) holds also in case (2), since the direction of the vertical 
does not change. 
In case (3) the resultant of the forces X, Y, Z makes an angle with 
the normal equal to tan-14% where u is the coefficient of friction. Thus 
2 3 
Pe et ye = cost(tan Mn) = 7. RH NOE Coan cR ent ocoe (7) 
Also the slipping (of components w’, v’, w) must take place in the opposite 
direction to the horizontal component of X, Y, Z. The direction-cosines 
of a line, perpendicular to the normal and to the resultant of X, Y, Z, are 
proportional to gZ—rY, rX —pZ, pY—qX. Hence we have 


w (rY —qZ)+v(pZ—rX)+w (GX —pY)=0; esee (8) 


2. Stability of a body spinning about a nearly vertical principal axis. 
Now taking case 1, that of no slipping, let the body, supposed of any form, 
be set up with the principal axis GC vertical and its extremity C in contact 
with the horizontal plane, and be made to spin with angular speed n about 
GC. The body is then slightly disturbed: it is required to find the motion. 

Here initially p, q are small and r=1, nearly. Also #,=7, and w, we, 
w, v, w are all small. A will be taken as less than B. We shall suppose 
that the body does not deviate far from its original position, so that these 
small quantities remain small. The following discussion will indicate under 
what conditions the supposition is justified. 

In the first place we see from equations (2) that X, Y are small, and 
that Z= —g, nearly. Hence to the degree of approximation involved in 
neglecting the squares and products of small quantities we see that 
{1), (2), (8), (4) become 


Ae,—(B—C)nw,=—gy—hY, Bo,—(C—A)nw,=hX+ga, Cù=0, 


u—nv=gp+X, o+nu=gq+¥Y, T 
p+o,—=ng=0, j—o,+np=0, 
u—nytheo,=09, v+nx—hw, =0. 
The equation of the surface may be written in the form 
mete Sea cry yy" 
zah—5(— +440), Pores vere seserereereoeeoeve (2) 


where a, b, c depend on the curvatures of the principal sections of the 
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surface through the point P. We have from (2), neglecting squares and 
products of æ, y, which are small, 
dena  ¥ dz œ y 
= SE E 3 
Dect E aia he (3) 
Eliminating w, w, w, v, X, Y from these equations, we get 
(A+h?)G+(A+B+ 2h?—C)np—{(B—C)n? +hg+h'n*}q 
+(gthn*)y—hné=0, 
(B+h?)p —(A+ B+ 2h?—C)ng—{(A-—C)n?+hg+hn?}p 
+(gt+hn?)x+hny =0. 
[To take account of the mass M it is only necessary to multiply the 
last pair of terms in each equation, and every h or h? in the others, by M. 
It is a good exercise, of no very great difficulty, to account for all the terms 
in (4) by first principles in the manner often exemplified above, and in that 
way establish the equations. The evaluation of the couples requires a 
little care. ] 
If we substitute for æ and y in (4) from (3), the terms affected are 


Pune loga 


A EIE abhn poi) 
(g+hn yy hné= — ap) + — g P cå), 


Br 
5 ab os: 
(eka eh AM —cq)— eben (64 — ap, | 
If the equation of the surface be 
ye Conte oy 
P=) sC +"), SSO ee pentane (2) 


a and ¢ are the radii at P of the lines of curvature, and the tangents 
to these at P are parallel to the principal axes at G. The terms written 
down become in this case 

e(gthn?)q—nhap, alg +hn?)p+hneġ. 

In the general case the equations are intractable ; but when the terms g, y, 
č, y in (4) have the simple form just found the equation of motion (4) 
can be made to take the usual form for a gyrostatic vibrator possessing two 
freedoms. For we have then 


(A+h*)G+(A+B—C+42h?—ah)np 
—{(B—C)n2+gh+hn?—c(g +hn?)}q=0, | . (6) 
(B+h?)p -—(A+B—C+ 2h? —ch) ng | 
— {(A—C)n?+gh+l?n?— a(g +hn?)}p = 0. 


If we assume the solutions 
p=ae*, g=Be, 
and substitute in (6), we get from each of these equations a relation between 
aj and A. Eliminating the ratio a/8, we find the quadratic in A? . 
(LA? + N)(L’/A2-+ N’) =A2n2(M—ha)(M—he), ......cceseeeeeseeene(7) 
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where L=A+h?, L'=B+h?, N=(B—C)n?+(h—c)(hn?+9), 
N’=(A—C)n?+(h—a)(hn?+g), M=A+B+2h?-C. 

[If it is desired to introduce the mass of the body (here supposed unity) into 

these formulae, it is only necessary to consider A, B, C as the ratios of the 

corresponding moments of inertia to the mass. ] 

The roots of the quadratic (7) in A? are real if the inequality 

{LN’+L'N —7?2(M—ah)(M—ch)}?>4LL/NN’ 
is satisfied. 

Let the solid be of revolution, and the radius of gyration about the axis 
of figure be k, and that about an axis through the point of support at right 
angles to the axis of figure be k. Then since the mass is taken as unity, 

B=) PaASVaeB+H, La=Vak® M=2k?-h, 
N=N’=(k?—k?—ch)n?+(h—-c)g. 
Thus we obtain, after a little reduction, for the expression in this case of the 
inequality stated above, (k?+ch)?n?> 4k?(h—c)g, or 


{ki(h—c)g}3 


The values of A? which satisfy (7) are real when (8) is satisfied, and the 
condition (8) also shows that they are positive. If d,?, A,” be the values of 
2, each gives two values of \ numerically equal and of opposite sign. 


3. General case: lines of curvature of surface at contact not parallel 
to the principal axes through the centroid. In the more general case in 


which l/a?, xy y? 
z=h-5 (+22 +E) aeaa « a a A L) 


Cc 


we have, using n to denote the angular speed about the principal axis which 
joins the centroid with the point of support, and is vertical or nearly so, 


A’g — achkng+(D + abhk)np +ackg'p— {(B’—C’)n?+(h+bek)g’} ¢ =0, 


Bpj+achknp —(D+bchk)ng+ackg’q—{(A’—C')n?+(h+abk)g’}p =0; Pe 
where (using k now in a different sense) 
A’=A+h, B=B+h?, C=C+h2, D=A'+B-C' Hh’, 
g=gthn?, k=b/(ac—b?). 
Let us suppose that 
EC GER), Ltt ena use. siskeveresisss CO) 


we obtain, by substitution in (2), 
{A2+(B’—C’)n?+ (h+bek) 9’ +cachnky} 
x {B24+(A’—C)n? + (h+abk)g’ —iachnkn} 
+ {i(D+abkh) nr + ackg’} {i(D+ bekh) nd — ackg’} =O... essere (4) 
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If b = œ , we fall back on the simpler case in which the terms affected by the 
multiplier acknh are zero, that is (4) becomes, when b is large, approximately 


{ A’? +(B’—C’)n?+ (h+ bck)g’} {BA +(A’-—C’ pata } 


—(D+abkh)(D + bekh)n?r? = Axia EEN 
where bck and abk are approximately —c and —a, R This is of 
the form AEA PAE QO, ec E SEE) 


where P and Q are independent of À. 

Equation (5) corresponds to the case in which a principal plane of 
moment of inertia for the centroid coincides with a principal plane of normal 
section at the point of contact O. For let @ denote the (acute) angle between 
the plane GOA, and the plane of normal section for which the radius of 
curvature at O is p,, taken positive from the former plane to the latter 
(that is clockwise in Fig. 95), we have, assuming that p,> pz 


1 Th “IN 
Se SS SIT O COS ONIA antete eee eee ENG 
F a (6) 


The multiplier ack is abe/(ac —b?), and, as can easily be proved, is negative 
if b be positive, as b is on the supposition that p,>p,. For, since we 
suppose the two curvatures turned the same way, the indicatrix at the 
point of contact of a tangent plane with the surface is an ellipse, and ac—b? 
is negative. The multiplier ack is zero when 6 is infinite, that is when 0 =0. 

If however 0 be not zero, we have, omitting terms in k?, 

A’B/At — PA? +Q 4+ tachnk (B’— A’) (A2—n?)rA =0. 200.000.0000 -(7) 


The roots of (5’) are real if P? >> 4A’B’Q, and are positive if P and Q are both 
positive. We shall aire that these conditions are satisfied. The roots 


exe ST, N2= pP- ANEO I. reede E 
Let a root of (7) be A?+x, where |x| is small; then we have from (7) 
(2A’B’X? — P)«+-iachnk(B’ —A’)(A27—?)AH0. oe eee eee eee ee(Y) 
Hence « is imaginary; let it be 2«’A. Then 
(2A B'A? — P) x’ =achnk(B’ — A’)(n?—A2?), ... 00. cess eee (10) 


and by (8), if A,”, Ay? be the two values of \”, and x,’, x.’ the corresponding 
values of x’, we obtain 


«,(P2—4.A’B'Q)? =achnk(B’—A’)(n?—r,2), | 


RA Bee (11) 
ry (P2— 4A’B’Q)* = achnk(B’ —A’)(A.2— 12). | 
But since |x| is small Vahey eae ie 
and hence PS REN ERK EEA SS E cre E, (12) 


so that the motion would increase exponentially if x’ were positive. Thus 
« must be negative for stability. Hence in (11), x,’, xy are both negative. 
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Now we suppose that B’> A’, and, in (6), p> pẹ This involves taking 
b positive and therefore k negative for positive 0, since b is large and 
ac=b <0. Let then A,?>n?>),?, if that be 
possible without affecting the reality of the roots. 
We see that nk must be positive, that is that n 
must be negative in order that (11) may be 
satisfied. This means that the turning must be 
in the direction shown in the diagram by the 
arrow. [See experimental results in 5 below.] 


Oo Plane of 
minimum curvature 


4. A body spinning steadily in one direction 
on a horizontal plane, unsteadily in the opposite 
direction. If n< AŻ, turning in either direction will be consistent with 
one of equations (11) and inconsistent with the other. The turning indi- 
cated in the diagram will be accompanied by diminntion of the amplitude 
of the vibrations of period 27/),, and increase of the amplitude of those of 
period 27/\,. The reverse will happen if the turning is in the opposite 
direction. But since \,?—%?, d,?— n? are of very different magnitudes, it is 
manifest that there will be much less increase of vibration and consequent 
unsteadiness when the turning is in the direction indicated in the diagram, 
than in the other case. The effect thus of a small value of k might be 
hardly perceptible for spin in the direction taken as positive in the diagram, 
that is from OA to OB, and so great for the opposite spin as to render 
continuance of the motion impossible. 


Fic. 95. 


5. Experiments with a top supported on an adjustable curved surface. 
The results found in 3 were first given by Mr. G. T. Walker in a paper 
published in the Quarterly Journal of Mathematics, 28 (1896). They were 
confirmed experimentally by him by means of a simple form of top, which 
admitted of the axes of least moment and least curvature being placed in 
any desired relative positions. This top is in general shape a flat ellipsoid. 
In it a circular disk is embedded, so that the plane upper face of the 
disk rests against the face of a cavity cut in the body and the lower 
face continues (but not exactly except in one position) the curved contour 
of the lower surface of the top. The disk turns about a central axle 
which is normally vertical, and can be clamped in any position. In one 
clamped and marked position the disk was shaped with the lower surface, 
so that at any time the line of least curvature can be made to coincide 
with the longer axis of symmetry, or be placed at any required angle to 
that axis. 

A massive nut which can be screwed up or down on the axle enables the 
position of the centroid to be altered. When the nut is removed or is screwed 
low down, the frequency of a transverse oscillation is greater than that of a 
longitudinal one; but when the nut is placed high enough, the transverse 
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period is made greater, and the dynamical behaviour of the top otherwise 
altered. 

The following are some of the results obtained with this apparatus. 
When the periods were adjusted to be considerably different, the disk was 
turned so as to make the angle 0 about 2°, and the top was then gently spun 
about a vertical axis. It was found that when the direction of spin was 
opposite to the angular displacement given to the disk, the rotation lasted 
about four times as long as it did when the spin was in the other direction. 
The rotation was stopped in the former case by the growing up of oscillations 
of the slower type, in the latter case by the production of the quicker 
vibrations, as explained above. With only a very small angle the spin 
either way was little interfered with; when it stopped however, the 
top was found to be oscillating in the period appropriate to the direction 
of spin. 

With an angle 0 of 4°, a spin in the direction of 0 set up violent 
oscillations which stopped and then reversed the spin. It will be observed 
how this took place. The spin energy disappeared, being replaced by energy 
of the vibrational motion. But in the oscillations, forces of reaction were 
brought into play which had moments round the line GO, which joined the 
centroid with the point of contact, and these reversed the rotation. 

When the spin was thus reversed the motion was stopped, though more 
slowly, by the growing up of the vibrations of longer period; then these 
vibrations reversed the spin, and another cycle similar to the first was started, 
and so on, with proper arrangements, to a considerable number of reversals. 

When purely longitudinal or transverse vibrations were started by tapping 
the edge of the top on an axis of symmetry, the top began to rotate in the 
direction for which such disturbing oscillations would die out. The difference 
between the times of oscillation with and without spin could be marked as 
the top settled down into oscillation about static equilibrium. Except when 
the angle @ was very small, one reversal or more occurred before this 
equilibrium was finally reached. 

When the periods—transverse and longitudinal—were nearly equal, a tap 
given at a point near the edge, from 25° to 30° in azimuthal distance from 
the longer axis of symmetry, produced a spin the direction of which depended 
on the azimuth of the point struck, but not on the value of 0 or the difference 
of periods. The direction was always that from the diameter struck to the 
longer axis. 

Mr. Walker found that similar results were obtained by spinning the 
“celts,” or stone axes, which are to be found in museums and private 
collections. When these bodies are laid in equilibrium on a table it is found 
in many cases that the principal axes of moment of inertia, which are 
parallel or nearly so to the table, do not coincide with the lines of curvature 
of the surface of the body at the point of support. In such cases the 
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celt can be made to spin smoothly one way, but if it is made to turn the 
other way it begins to “ chatter” as it turns and the spin ceases. 


6. Effect of oscillations of the body on the curved surface in producing 
azimuthal turning. We shall now investigate by Mr. Walker’s method the oscilla- 
tions of the solid on the supposition that these are small, and endeavour to trace their 
effect in producing rotation of the solid in azimuth. Taking w1, w2, 3, U,V, W, P, q, X, Y, 
all so small that their squares and products may be neglected, we have by 1, 


AgG=—gy—-hY, —Bp=gx+hX, Caz=0 or Cog=On. .....0.cereeeoeee. (1) 
The motion of the centroid is given by 
VUE GYOl OS. GBC Ne WES E VAE O T E o (2) 
But ù= —hò=hp, =h = kğ, 
and so we obtain X= 1p — gp, NRG gJ] resressesisernoerorsesenresesesses (3) 
The equation of the surface, z=h— = “(= ae ay +2) i 
a c 
; ,ab(bp-eg)  _be(bg—ap) 
oat ee 4B eas eG «Beas 
Thus the first two of the equations of motion above become 
A'G+4 9(aq— Bp)=0, ee e a E gach coos? (4) 
where d= os -h B= ia aad Dees aise E (5) 
(ss 4 ae e? Yy B aor ORETEETEETTET 
Let E TE A E A near (6) 
Substituting in (4) and eliminating K, L we get 
(A'M — ag) (B'A — yg) — B2g?=0. ossesesessseseresererereereeee (7) 
Consider the roots of the equation in À? 
(A'A? — ag) (B/D? — yg) =O. ssessesseerossesersrerererseserereee (8) 
These are À =g Àz? =59 AA O O EE (9) 
But if A2 be a root of (8) and X2+«, where x is small, be the corresponding root of (7), 
le ANTIN g(A’y + Ba)}e— 220. aos o Ea (10) 


There are two values of x, one corresponding to the root i ?, the other to the root A,?, 
given in (9). Call these «Kı, kọ We get by (9) 


ye 2g? __ by l 
A T SN das a A EA (11) 
ot Bg? pasa 
2“ 9ABA,?-g(Ay+Ba) Ba—Ay 
Thus the roots of (7) are 
yok SB oo, A es We Vg a clan lan ee (12) 


A’y-Ba’ “? A’y — B'a 
Considering now the third equation of (1) and including quantities of the second order 
of smallness, we have to find the reduced form of 


Ch —(A —B) 0a = HY — YX. seesessesssoceseesesecoosesoseoes (13) 
We have first a ae E RESE e IRANE AE EESE ar (14) 
and a¥ IA =a, (bg N a (b9- | ETE (15) 
with Y=i—99, Oe: 
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Substituting in (13) from (14) and (15), having regard to (5) and (4), we find to the 
degree of approximation adopted 


Ci =(A — B)(— pg tAp/g)+ Big — Agp. .secceseeeeeeenereceenes (16) 

If we assume p=, cos Àt + acos Agt + bsin Ayt + basin Ag, +e sseeeeeeeseecee eee ees (17) 
we obtain by (4), 

9 (Bq -— yp) = — BAP (acos Aye + by sin A) + Ag? (acos Agi + bysin Agt)}, ereere (18) 


which gives q. 
Let the initial values of p, q, 7 be zero, so that the body is oscillating about an axis parallel 
to Oy. We get then by (17) and (18), and the values of 4,?, À? in (9), 

A'B' B2 
AZ 
where A (= —B’a+A’y) is supposed great in comparison with 3?g. The exact denomina- 
tor in the second of (19) is A?+ 2g. Hence, with the initial conditions stated above, we 

get from (18) and (19) 


@=—a,=0, Abs 


: ABb? A, .. b BB’ , ; 
p=b, (sin Àt + H A sin Aat) M v= “ee ( —X,sin A,t+A,sin Aat). +... (20) 


7. Summary of results. When these values of p and q are substituted in (16), it 
is found that the mean value of ò, is proportional to 1/(A,?— A,”), so that a longitudinal 
oscillation will give rise to rotation in the direction of steady turning or in the contrary 
direction according as À’? — Àg? is positive or negative, that is according as the period of 
longitudinal oscillations is shorter or longer than the period of transverse oscillations. 

Exactly in the same way a transverse oscillation will set up azimuthal turning propor- 
tional in mean value to 1/(Ay?—A,”). The turning is thus opposite to that produced in 
the former case. Here of course p, q, p are supposed to be initially zero, and the initial 
angular speed is 9. 

In all cases the rule stated above holds, that the azimuthal turning is in the direction 
which is stable for oscillations of corresponding frequency, provided corresponding 
oscillations about rest and about steady motion are each of greater or each of less 
frequency. 

For the general case, in which either B or A may be numerically small and initial 
angular speeds exist about the axes Ow and Oy, the reader is referred to Mr. Walker’s 
paper [loe. cit., 5, supra]. It is found that if B be small compared with A, the direction 
of the spin set up changes sign with 8 and with A, but not with either of the initial 
speeds Q,, Q, about the axes Ox, Oy. If 0,2/0,2-—a/y be small, the direction of the 
rotation changes sign with Q, or Q, but not with 8 or A. 


8. Hess’s particular solution of the problem of an unsymmetrical top. 
An interesting particular solution of the equations of motion for the solid of three unequal 
principal moments of inertia may be given here. If a,, 81, yı be the direction-cosines of 
the line joining the centroid G and the point of contact O, these cosines are proportional 
to x, y, z, the coordinates of the point of contact O, and we have by (1), 1, 


a,A.0, + 8; Bay + y,Cas — {a (B-C) ww + B,(C — A) wm, +y (A — B) 0} =0. ....-.(1) 
This equation expresses the fact that the rate of growth of a.m. about the line fixed in 
space, with which GO coincides at the instant, is zero. 
It is clear without analysis that this quantity must be zero, for the resultant of gravity 
at G’ (the projection of G on the horizontal plane) and the reaction at O both intersect 
the line OG. 
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If further the part of (1) in brackets {} is zero, we have 
a AG, + By Bodo Hyos.  cescesereseessscserseeconseescens (2) 
This, taken by itself, means that the rate of growth of a.m. about any line through G and 
fixed in the body, and directed by cosines a,, 8,, yı with respect to the principal axes, is 
zero. [The rate of growth of a.m. for an instantaneously coincident line, the direction- 
cosines of which vary, and which therefore is moving in the body, is 
Aa,6,+ BB, oe, + Cy103+ Ado, + BB wo. + Cy 03. 
If this is zero, then for that line 


y ajAo + By Borg ty Co=c, vecececnecssccescesercescseeeneeees (3) 
where c is a constant. ] 


Equation (3) is true for OG, since a,, B1, yı are invariable. Let c be zero; then 
0, AW + By Borg t+ yyCwg=O oeesssesesesceeseresereeseserreese (4) 
states that the a.m. about GO, as that line moves, remains zero. If then the second part 
of (1), with the minus sign prefixed, is equivalent to 


Ado, + BB,02+C7,03, 
equation (3) will hold, and also tae particular case (4). 
The expressions (B-C)a,0,, (C—A)o,0,, (A-B)aw, 


are clearly proportional to the direction-cosines of a normal to the plane in which lie 
both the vectors (Aw,, Bos, Cw ), (w1, 2, 3), that is the plane of the axis of resultant 
A.M. and the instantaneous axis of rotation. The equation 
a(B-C)osws + B,(C— A) 030, +y (A — B) og =0 seserrereserreseseees (5) 
thus states that the line OG lies in this plane, and, if the equation always held, OG would 
always lie in the plane specified, and be at the same time perpendicular to the resultant 
of A.M. 
Equation (5) is thus the condition that (3) or (4) may be a particular solution of the 
equations of motion. 
Let us now suppose that /3, is continually zero, that is that the line OG lies permanently 
in the plane of the principal axes GA, GC, then the particular solution (4) becomes 


Oy AW +1 OWg=0. oeeeeseseserseasenoeseeneeeenereeeer aes (6) 
The condition (5) is in this case 
Oy BECO; r yA BO = Oj e ee ese e ees orena ET eis (7) 
which, if (6) is to hold, may be written ; 
NGC) EOV AE BIA Nid aa A (8) 


In order that (8) may be possible we must have either A >B>C or A<B<C. But 
since q? +y: =1, we get from (8) 
E O E a T aie a (9) 
ie BA OU E T NEO 
so that the line OG is fixed with reference to the axes GA, GC, and moves with the body. 
Then 4,=y,=0, and (3) holds with 6 and ¢ both zero. 
If x, z be, as indicated above, the coordinates of O, (8) becomes 
aæ2A(B-C)=20(A — B), 


ee Ear) 
or a(t B) = (5 Fes erste sa tek ya oh aose hain stead (10) 
Now consider the ellipsoid of which the equation is 

abi ae ee 

a Brenzh ASE T SIC RMT TE ARE To art (11) 


which is the reciprocal of the momental ellipsoid, 
AE? +B? +C =L. 
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The equation of the surface may be written in the form 
1 Lal el 
peteta g) +o) 


Hence if A> B> 0, a eeoa ESERE Sie EEE E sees (12) 


represents a pair of planes which give the circular sections of the surface. Comparing 
this equation with (10), we see at once that the line OG is perpendicular to one of the 
planes of circular section of the reciprocal ellipsoid. 

It follows that in this case of motion the axis of resultant a.m., which is always perpen- 
dicular to the line OG, lies, as the body changes position and Aw,, Boz, Cw; change in 
amount, always in a plane of circular section. 

The particular solution (7) of the equations (1) of motion which has just been discussed 
appears to have been first given by Hess in Math. Ann., Bd. 27, 1890; it was also given 
by G. Kolosov of Petrograd in 1898 [Qött. Nachr. 1898]. A geometrical account of the 
solution by Sommerfeld follows Kolosov’s paper [Joc. cit.]. The reader interested in the 
theory of the unsymmetrical top may also refer to papers by Hess [Acta Math., 37]. 


9. Other particular solutions for an unsymmetrical top. Another parti- 
cular solution of the equations [(1), 1] can be obtained when the top is symmetrical in a 
certain special way about an axis and spins about a fixed point O, which lies in the plane 
through the centroid G perpendicular to the axis of symmetry. The motion is referred 
to axes Oxyz drawn from O and fixed in the body ; of these Oz is the axis of symmetry, 
and the symmetry is such that A=B=2C. 

The equations are applicable with the meanings of A, B, C proper for the new axes 
[which are drawn from O instead of from G], provided z, y, z are now the coordinates of 
the centroid, p, q, 7 the direction-cosines of the downward vertical. From the position 
assigned to the fixed point O, we see that z=0. We can also so choose the axes that y=0. 
The equations of motion are then, if we write Rv/C=c, 


201 — WyH3=O, ZÓ WgWy= — CT, Wg=CY. eeeeeeceeeceessececsseeeees (1) 


Multiplying the first of these by w, the second by w, and the third by w, and adding, 


ee 2 (010 +0202) + O303= — c (roz — qo) = Cp. 


This gives by integration 2 (4? + 0g?) + OP = LPH, ceeeesesereececeeeeeresseeeeenes (2) 
where f is a constant. 


Again multiplying the first equation of (1) by p, the second by q, and the third by r 
adding and taking account of the values of ù, g, f as given by (3), 1, we easily find 


d d 
2 dt (po, +92) + ai (wy) =0, 


so that 2 (prody +qw) + Wg? = Ql, vereerevaceeceesececceeecseseccecees (3) 
where / is another constant. 


Finally we obtain by multiplying the second of (1) by ¢ and adding to the first 


2 (dy + ió) + iOO FiO) = HAC § eeesenneererreenessteutensnenner (4) 
also we obtain similarly from the first two equations of (3), 1, 
prigttws( p+tq) — (Wy + 10g) =O. cee eseecereeeeeeeeseeeeeeee ees (5) 


Eliminating r between (4) and (5) we get 


dr ; ; 
at [log {(@, + 2@,)?— Cc p+ig)p]= —1Wg. ..-eeeeerescrereeeerensesees (6) 
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In the same way we find 


d : d f 
qos (GRECO E SAGO S0Ghs, a (7) 
By addition and integration (6) and (7) give 
{(@, +72)? — ¢(p +7q)} { (Wy — tus)? — celp —%g)} =COMSE. vrsseseeeeneceeenes (8) 


In (2), (3), (8) we have three integrals of the equations of motion for this special case 
of symmetry. The third integral was discovered by Madame Kowalevski[ Acta Math., 14]. 
Its complete discussion is not of sufficient interest for the theory of a top to find a place 
here, but the reader may refer to the paper just cited, and to papers by Kötter [Acta 
Math., 17) and Kolosov [Math. Ann., 56]. 


10. Tshapliguine’s integral. For a symmetrical top turning about a fixed 
point O under gravity, and having moments of inertia A=B=4C, about principal axes 
through O, and its centroid G continually at the point of coordinates h, 0, O with refer- 
ence to these axes, with the line OG directed by the cosines p, q, 7, a particular integral, 
subject to the condition that the a.m., N say, about the vertical is zero, is 


ww + @,7) — he OE GOI, IOS O ENO D Tios (1) 
This can be verified as follows. The equations of motion are 
4Co, — 8Ca,03=0, 4C +3Cojwz=ghr, Cöz= — Ghd, sessesrsresrssee (2) 
if the mass is taken as unity, and p, q, r be the direction-cosines of OG. From these, if 
N =4C pu, + 4Cgo + Crag=0, s.cceercecsscerecesscesoees (3) 
h ee h 
we have A (òr + ot) =% (wwr + ww p — wq) 


gh N+ zB {Zegwgr — (w+ o2”)q} 


= 4082 


= 2h Wyo + 11) F OLO + Wg”). eeveneeeeeeereerenee (4) 
Thus we have found that 


2e4(@, 0, +0202) + lw + 0) — Flor ABOVE cieccoocdsodcacusonts (5) 


and hence by integration obtain equation (1). 
This particular solution is due to M. Tshapliguine [Moscow Collections, 1901. See also a 
paper by Kolosov (Mess. Math., 1902)], 


11. The principal invariants of an unsymmetrical top. The equations 
of motion of.an unsymmetrical top spinning about a fixed point O, under 
the action of the gravity Mg of the top, are [see 16, II, where the notation 
is explained and the equations established] 

Ap—(B-C)qr=Be—yb, 
Bg—(C—A)rp = ya—ae, e N E tees sleadanee een GL) 
Cr—(A—B)pq = ab — Ba. 
For brevity p, q, r are used instead of the œ, œ, w of 16, II, and a, b, ¢ 
denote Mg(é, n, €). Besides (1) we have also 


a—Br+yq=9, B—-—yptar=0, y—aqt+6p=0. a R LEA (2) 
By the table of relations at the top of p. 73 we have 
a= —sin ĝcosġ, B=sin sing, y=COSA, «00... cece (8) 
; qgsing—pcosd 
and by (3), 2; IV Vee n e sien settee dth oases. eE) 
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The potential energy V of the top may be taken as given by 


V da+bB+cy. AWN re aoc A E E ous Os 
The equation Vie BT, variants bes to bares ete wee a 
where T is the kinetic energy, that is 

Da} (Ap + BaF O17), coir reoat (7) 


expresses the conservation of energy if we take E as a constant. 
There is constancy of A.M. about the vertical through O, that is 
C= GAD BDO PYON E e ter ccdeanmes (8) 
where G is a constant. 
Two other quantities, S and U, may be here introduced. They are 
defined by 
S=aAp+bBq+cCr, U =}4(A?p +B? HOr). ...cceececee eee (9) 
Clearly S is the product of the a.M. about the line joining the fixed point O 
with the centroid G by Mgh, where h is the length of that line, and U is 
half the square of the resultant am. S, T, U have been called the prin- 
cipal invariants of the top. À 
From (7) and (9) and the fundamental equation (1) we can find a, 8, y- 
Thus we obtain, writing l? for a? +b?+ 0, 

(2U —S2)a = V (2a U — ApS) + G(2Ap — aS) +Ù (bCr —cBq), .....(10) 
with two similar equ-‘ions which can be written down by symmetry. 
Further, we find 

S=(B—C)agr+(C—A)brp +(A—B)epa, | 
(22U —S*)T =(SV—GI?)S + {22T —(ap+bq+er)S}U, prs (11) 
U?=12(2U —G?)—S(S—2GV)—2UV?. | 
Equations (1) give also 
U =a(bCr—cBq)+ B(cAp—aCr)+y(aBg—DbAp). oeoc (11’) 


12. The Hess-Schiff equations of motion of atop. Equations (10) and (11) 
are equivalent to the relations derived by Hess in 1882* and by Schiff in 1903,t and may 
be called the Hess-Schiff equations.t By the first of (9) and the first and second of (11) 
we can determine p, qg, 7, and from the three equations of which (10) is the type find 
a, B, y. The question then arises whether the values of p, q,r, a, B, y thus obtained 
satisfy (1) and (2) in all cases, that is whether (10) and (11) may be regarded as always 
an exact substitute for (1) and (2) This question was discussed by Stickel in an 
importaut paper in the Mathematische Annalen, 67 (1909). We state here his chief 
results, with indications of the manner in which they are obtained. It will be seen that 
the equivalence of the two sets of equations is by no means unconditional. 


* « Uber das Problem der Rotation,” Math. Ann., 20 (1882). 


t“ Über die Differentialgleichungen der Beweguny eines schweren starren Körpers,” Moscow 
Math. Coll., 24 (1903). 


į Also equations (1) and (2) may be called the Euler-Poisson equations. They seem to have 
been first published by Poisson in his Traité de Mécanique, t. II (1811). They were given 


by Lagrange in his Mécanique Analytique, 1816 edition, but they do not appear in the 1811 
edition. 
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In the first place, it is clear from (10) that 2/2U —S? must not vanish. Now we easily 
find from (9) UU —S?=(bCr — cBg)?+(cAp —aCr)?+(aBg—bAp), sesers (1) 
so that the right-hand side will vanish when p=g=r=0, or when p:q:r=a/A:b/B:¢/C. 
The former case need not be considered, the latter is that of motion about an instan- 
taneous axis fixed in the body, a case in fact of the motion called by von Staude a 
permanent turning [see 16 below]. 


Let us now write L=Ap-(B- C)gr—Bet+yb, 
M=Bg- (C—A)rp—ya+tace, | 
N= Ci — (A — B)pq — ab + Ba, 
so that L, M, N vanish when equations (1) are satisfied. The first of (11), 12, becomes 
ALUFOM FONS eesse de cceac season cos en Trae nah (3) 
If we multiply the three equations of the form (10) of 11 by 
bCr-cBg, cAp—aCr, aBg—bAp 


respectively and take account of (1), we get 


APLEBIM FON =O “agnnosonsaococudeeuot canon coansacce (4) 
But if (10), 11, be multiplied by br —cq, cp — ar, ag — bp respectively, we get 
PEFGM FIN =O.) see saeclsmone E A e se (5) 
Equations (3), (4), (5) can only hold if 
a, OG 
ivi Ni Oerors Ap ee bo. O=O ae amc eae cee (6) 
Ps pp te 


The first alternative is that equations (1) are fulfilled, the second is S=0. Hence, if S is 
not constant equations (10) and (11) of 11 are equivalent to (1). 
Now to find when equations (2), 11, are satisfied we write A, m, v for the expressions 
à- ßBr+yq, ete. We easily find, since aa+BB+y7=0, 
GN he Beat 0, gins in S A ve thdcarensnn0t (7) 
Multiplying the three equations of (10), 11, by a, b, c respectively, we obtain aa+Bb+yc=V, 
and therefore aa+b3+cy+T=0, that is, by (1), 11, 


CON FOM TOV == Oey E ea a a a EA: (8) 
Again we have 


Apà+Bqu+Crv=Apà+ Bg +Crý +a(B—-C)gr+ßB(C-A)rp+y(A -— B)pq. 
Also by (2) 
aL+BM+yN=Apa+BgB+Cry —a(B-C)gr—B(C—A)rp— y (A - B)pq. 
Hence by addition we obtain 
Apà+Bqu+Crv+aL+ BM +yN=S(Apat BgB+Cry)=G. 


But G=0, and so ApA+Bgpt+Crv= —(aL+BM+yN). 
Now we have seen that if Š is not zero, L=M=N=0. Hence, on this supposition 
AprAFBGPACTVHO. esssrserereeseorcereescererreneesess (9) 


From (7), (8), (9) we see that either A=~=v=O or the variables satisfy the deter- 


minantal equation ay Boo 
a > b, C = 0. PORE Ree HEHEHE OEE EEE Oe ( 1 0) 
Ap, .Bg, Or 
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Now U=A%»p+B%qgt+Crr=Ap. Ap+Bg. BY+Cr. Cr 
=Ap{L+(B-C)gr+ Be- yb} +... , eee (11) 
that is if (10) holds W=A pL +BgM+Crn) emeen (12) 


If, as we suppose, L=M=N=0, the satisfaction of the determinantal equation (10) 
leads to U=0. Hence we have the result: Jf neither S nor U is constant equations (1) and 
(2) follow from (10) and (11). 


13. The Hess-Schiff equations are not applicable to a symmetrical top 
under gravity. Under the conditions found above, which are convenient for the in- 
vestigation of special cases of motion, the quantities S, T, U are the parameters employed 
in the Hess-Schiff equations. If no forces act on the top we have S=0, not because there 
is zero A.M. about the line OG, but because Mg=0. If the top is symmetrical and under 
the action of gravity, with O on the axis of figure, so that ~=b=0, we have S=Cev, and 
r is constant. Thus S=0, and the top is excluded from the cases for which the equations 
in terms of S, T, U are equivalent to the Eulerian equations. 


14. Instantaneous axis fixed in the body and resultant angular speed 
constant. Staude’s cone. Let now S, T, U be all constant, and the top be unsym- 
metrical and under gravity, then p, q, 7 are also constant. The instantaneous axis is 
fixed in the body, and the resultant angular speed is constant. The motion is then 
what O. Staude has called a permanent turning. From the constancy of S we have 


(B—Ch)agr+(C— A)brp + (A — B)cpq=0. ...cceeeeeeeeeeeeeeneeeeees (1) 
Thus the instantaneous axis may be any generator of the cone of which the equation is 
(B—Chayz+(C—A)bzx+(A — B)cwy =O. ssessesssssrereseesereses (2) 
Since for constant values of S, T, U, p, q, r are also constants, we may write 
P=€O, GHW, P=, cecccecesrereroesesescoresecrervaese (3) 


where w is the resultant angular speed (and g is no longer the gravity acceleration, but a 
coefficient). ‘Thus e?+/?+9?=1. Going back to the Euler-Poisson equations we find, 
since p=g=r=0, 


(C—B)fgw?=Be-—yb, (A-—C)gew?=ya—ac, (B—A)efw?=ab— Ba, ......... (4) 
where a, B, y are now constants. But since now by (10), 11, a= b8=7=0, we have 
a:B:y=e:f:g, 


or, since a?+ 6?+y?=e?+/2+9?=1, 
Oy By Y= Oy fy Ju veercorerececcnceccascarraridessecescssnes (5) 
Thus the axis of rotation is vertical, and there are for each instantaneous axis in the 
body two speeds, w and — w, of rotation. 
As regards the values of w we have the third of (11), 11, 
L(2U —G?) —-S24 2GS(E-—T)—2U(E-—T)?=0. ..... eee eee eee ee (6) 
Substituting in this the constants 
S= (aAe+bBft+cCg)o, 
T=}(Ae? +Bf? + Cg?)w%, 
U=3( Ae? + B22 + C29?) w?, 
we obtain an equation of the sixth degree for w But since E and G are arbitrary con- 
stants the values of w are only given by the roots of the sextic when E and G are known. 
Fhe Eulerian angles 0 and ¢ are now also constant, and we have by (4), 11, 


a A ek Fee ere (8) 


if ¢ be reckoned from the instant when ~y=Yp. 
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The hitherto excluded cases are p=qg=r=0, and p:q:r=a/A:b/B:c¢/C. No doubt 
the case of rest may be considered as a permanent turning ; but in the other case w is 
not constrained to be constant, though if it varies its components must all vary in the 
same ratio, that is the relations (3), with e, f, g constants, must hold. We shall see that 
this varying motion is excluded by the Euler-Poisson equations. 


The only motions possible with S, T, U all constant are the so-called permanent 
turnings. 


15. Case of resultant A.M. of constant amount. For the case in which U 
only is constant we must refer to Stäckel’s paper [Math. Ann., 67 (1909)]. The conclusions 
arrived at are however as follows: The Eulerian equations (1) are a consequence of (10) and 
(11) of 11 above. Porsson’s equations, (2), 11, however are not satisfied unless, besides (10) 
and (11) of 11, the supplementary condition 


{2U (E - T)- GS} (ap +bq +¢r)S-— 22T} —{S(E—T)-Gi?}2=0 noaee. PAD 
is fulfilled. This equation of course exists along with that obtained by putting U=0 in 
the third of (11), 11. It forms a substitute for the second of (11), 11, which becomes an 
identity when U =0. 

But it is to be observed that the equation obtained from the third of (11), 11, by putting 


U=0, that is 2(2U — G*) —S?4+2GS(E—T)—2U(E—-T)?=0 oo... ceteeseeeeee (2) 


and (1) are independent equations. If for all values of A, B, C, a, b, c one equation were 
a consequence of the other, then this should be true for the special values a=1, b=c=0. 
We should then have S= Ap, and (1) and (2) would become 
{2U(E-T)-GS}(S?-2A?T)— A{S(E-T)-Gi?}?=0 
22(2U —G*)-S?4 2GS(E—T) —-2U(E-T)?=0 at 
These are two quadratics in E—T, and if we form their resultant we obtain an integral 
rational function of S of the eighth degree, of which the first term is A?S8. This is 
inconsistent with the value S=Ap. Thus the equations are independent, and we see that 
if the values of A, B, C, a, b, c are left quite general, the condition U=0 involves also 
S=0,T=0. Thus if U=const., the only motions are the permanent turnings. 

Next considering the effect of supposing S=0, Stickel comes to the conclusion that there 
are two possibilities, according as the plane S=const. cuts Staude’s cone in a curve, or is 
one of two planes represented by the equation of the cone. In the first case the second 
of (11), 11, is rendered an identity by the first : in the other case the second equation 
remains independent, and the motion is that discovered by Hess and described in 
9, above. 

In point of fact, in the general case the Eulerian equations are, when S=0, not a 
consequence of the equations (10) and (11) of 11, given by Hess and Schiff, and a supple- 
mentary equation is required. The conclusion reached is that here p, g, * are to be found 
from the equations 


App+Bgg+Cri=T, aAp+bBg+cCr=0, Pp+QG+RP=0,..... eee (4) 
where 


P=(C—A)br+(A-B)cp, Q=(A-B)cp+(B-C)ar, R=(B—C)aqg+(C—A)bp. 


16. Case in which S=0. As an example take the case in which Staude’s cone 
breaks down into two planes of which the plane S=0 is one. Then two of the principal 
moments of inertia are equal, and the axes may be so chosen that a principal plane passes 
through G, the centroid. The equation S=0 may now be written as 


NGO Y =U mreiversenite ace re csecsetsstatenerecévshe ete (1) 
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The equation of the cone is (B=C)ay+(C—A)bG =O, .oesseensseeneetesceccoeshereseree. (2) 
so that we have (B—C)a/Bb=(C— A)b/Aa, that is 
A(B-C)a?=B(C—A)B% eentenari ene rip sanean ae (3) 


Equation (1) shows that the vector of a.m. is at right angles in this case to the line OG, 
joining the fixed point to the centroid, 

It will be seen that this is the case of motion discovered by Hess and discussed in 8, 
above. ` 

It is interesting to notice that the second of (11), 11, is in the present case no consequence 
of the first, and takes the form UT=TU, which gives 


TENURE a a a badoouncacsot (4) 
where À is some constant. Using this relation in the third equation, we get 
Ulm PCU G2) —2U (BOA )® 2. E a (5) 
aas = | gU PEE A ES (6) 
{22(2U — G2) -2U(E-AU)?}3 


that is ¢ is an elliptic integral of the first kind in U, and U is an elliptic function of the 
time, 
If in the equations a Apt OBa Orb — NU SO eene on Eea aeee Aa (7) 


we put A=1/C, we obtain the distribution of matter required in the motion discovered 
by Hess, and the first equation shows that the axis of rotation has the direction which 
that motion requires. The equation CT Uea ii teaei aae a a E Ee ES ...(8) 


is the supplementary equation required in the present case, to render the Hess-Schiff 
equations equivalent to the Euler-Poisson equations. 


17. Motions when S=0. When S=0 the only possible motions are the motion 
discovered by Hess, permanent turnings, and permanent or continued pendulum motions. 
We proceed to consider the pendulum motions. 

Let us find first the conditions under which the resultant vector of a.m. remains in a 
plane fixed in the body. Going back to 14, and supposing the instantaneous axis OI 
fixed in the body, we have p, q, r=(e, f, g)o, with e?+f?+g?=1. These values of p, g, 7 
used in (1), 11, multiplied respectively by a, b, ¢, give 


(aAe+ bBf+cCg) a= {(B-C)afg+(C—A)bge+(A—B)cef}wr .........eee (1) 
Jn the same way, when the equations (1), 11, are multiplied by a, 8, y, they give 
(aAe+ BBf+ yC9)o={(B-C)afy+(C—A)Bget+(A—B)yef}w% oeren (2) 


In order that (1) and (2) may hold simultaneously we must have either ©=0 and w=0, or 
(B-C)afg +(C—A)bge +(A—B) cef, aAe+ bBf + cCg, 
(B-C)afg+(C— A) Bge+(A-B)yef, aAe+ BBf+ Cg, 8) 
The second alternative must of course be taken. 
But also we have ea +/8+gy=0, and so 
Cat (3 Aro vic= Kita Mev at chemeeas ac ceghsuanates Wececmtaents (4) 


where «x is a constant. The direction cosines a, 8, y satisfy the three equations (3), (4), 
and a?+ 6?++y?=1, and are therefore constants. Hence by (2) of 11 we have 


Bg -yf=9, ye—ag=0, af- Be=0, 


and therefore a=e, B=/, y=g, that is OI is vertical, We have thus a permanent turn- 
ing about the vertical of kinetic energy given by 


T=}(Ae?+ Bf2+ Cg?) 02 
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But if we insert the values of e, f, g in (2) we get 
Ce EBRE) OSO. eea Eens hasep ERE Agee enas (5) 
This result is ohviously true, for since the body turns about a vertical axis through O, 


fixed in the body, the level of the centroid G does not change, and so the potential energy 
is constant. 


Again from (3) and the vanishing of (B—C)afg+ cE A) Bge+(A — B)yef, as an identity, 
by the values of a, B, y, we get, since fy=gr/w?,..., ..., 
(B-—C)agr+(C- eA heen 
that the axis is a generator of Staude’s cone. 
These results are independent of any assumption regarding the distribution of mass. 


18. Motion when S=0. Pendulum motions. Now writing p for 
(B—C)afg+(C—A)bge+(A—B)cef and o for aAe+bBf+cCg we have for (3), 17, the 


form {o(B—C) fg — pAeja+{o(C— A) ge— pBf}B + {a(A — B)ef— pCg}y=0. ......... (1) 
If we put x in (4), 17, equal to zero, we have also 
COEF ye Oo a T E E E E (2) 


The expression on the left of the last equation does not vanish term by term. 
Equation (1) must either be a consequence of (2), or the left-hand side must vanish 
term by term. Let us assume the former. Then, if M be a multiplier, we get the equa- 
tions 
eM —(B-C)fgo+ Aep=0, 
FM=(C—A)ger + Bfp=O, forrrceesesteeesetsteseeeeeeeeaees (3) 
gM —(A-Bhefr+Cgp=0. 

Thus we have the determinantal equation 


Pai gti Sannin BMG Os } AAIEN (4) 
which gives (B-C)fg=0, (C—A)ge=0, (A-—B)ef=0. 
Hence either B=C and e=0, or e=f=0 and g=1, The former gives a symmetrical top, 
which we need not: consider; the latter by (1), 17, gives c=0, and therefore o=0. It 
follows by (3) that M=0. Thus (1) is not a consequence of (2); it must therefore, by (3), 
vanish term by term, Hence we get 
o(B-C)fg=pAe, o(C—A)ge=pBf, o(A-B)ef=pCg. 

PERS: these in order by e, f, g and adding we get 

p(Ae+B/?-+Cg?)=0, 
and therefore p=0. It follows that ø is also zero, Hence we get the equations 

phot beineg oy OEE See (5) 
(B-C)afg+(C—A)bge+(A — B)cef=0. 

The first of these shows that the vector of a.m. is perpendicular to the line OG, the second 
that the instantaneous axis OI lies in the plane containing the vector of a.m. and the line 
OG. 

Now take the case of e=f=0 and e=0. Then r=w and the a.m. is Cw, The axis OI 
and that of a.m. coincide, The a equation of (1), 11, becomes [since by (2) yCg=0, so 
that y= cos 0=0] = A (GBIN PAD R EA E Melon ns: (6) 
The top swings as a pendulum ia the horizontal line through O, which is at right angles 
to the principal plane containing the centroid. By this motion equations (1) and (2) are 
satisfied. 

We have thus obtained the theorem: Jf the centroid of a top under gravity lies in a 
principal plane through O, the equations of motion (1) and (2) of 11 are satisfied by-ordinary 
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pendulum motion about the horizontal normal to this plane. This theorem expresses the 
results arrived at by Mlodzjejowskij, who investigated these motions [Moscow, Phys. Sect. 
of the Imp. Russian Assoc. of Friends of Nat. Sci., 7 (1894)]. The method of proof here 
followed is due to Stickel [Math. Ann., 67, 1909]. Stickel completes the discussion by 
proving that the pendulum motion specified in the theorem just stated is the only 
permanent motion of this sort. Moreover for this motion it is shown that the Hess-Schiff 
equations are not equivalent to the Euler-Poisson equations. The reader must consult the 
original paper for these and other interesting results. 


19. Motion when S=0. Distinctions between cases. As has been stated, 
the three motions possible when § is and remains zero are the permanent turnings, 
the continued pendulum motions, and the case of motion discovered by Hess. To 
distinguish between the different cases, Stickel calls a top, the centroid of which lies in a 
principal plane, a planar top, if Hess’s distribution of mass is not fulfilled, and a Hessian 
top if the condition is satisfied. In all other cases of unsymmetry he called the top 
a general top. 

For a general top Staude’s cone is a veritable surface of the second degree, and the plane 
S=0 either passes through the vertex, or touches it along a generator, or cuts it in two 
generators. In the first of these cases the top is at rest, in the two others the motions are 
permanent turnings. : 

In the case of a planar top the cone splits into two planes, one of which contains the 
centroid, while the second is perpendicular to the first. We may call these the Staude 
planes. The plane S=0 is distinct from these and intersects each in a straight line, 
The intersection with the first plane is an axis of permanent turning, the other line of 
intersection is an axis of pendulum motion. About this a permanent turning of infinite 
angular speed is possible. 

In the case of the Hessian top, the intersection of the plane S=0 with the first of the 
two planes into which the cone has degenerated, is again an axis of permanent turning. 
The second of these is however identical with the plane S=0, and gives therefore an infinite 
number of axes of permanent turning all passing through O. Further the plane S=0 is 
perpendicular to the principal plane which contains the centroid, and therefore contains 
the third principal axis. For this axis the angular speed of the permanent turning is 
infinite, hence there exists an infinite number of continued pendulum motions about it. 
Moreover there is a family of Hessian motions, for which the instantaneous axis turns in 
the second Staude plane about O. 

Finally the equation of the Staude cone is identically satisfied by the line 

p:q:r=a/A :6/B:¢C. 
Hence every unsymmetrical top may have a motion of permanent turning about this line as 
axis. For a planar top c=0, and therefore also »=0; hence the line just referred to is 
not an axis of pendulum motion. 


20. Steady motion of an unsymmetrical top. Vibrations about steady 
motion. The conditions of steady motion of an unsymmetrical top have also been con- 
sidered by Routh (ddv. Dynamics, p. 164, sixth edition). He finds that if no two of the 
principal moments of inertia are equal, steady motion is not possible unless the axis of 


rotation be vertical and the centroid (coordinates h, k, l) lie in the vertical straight line 
of which the equations are 


97, Avt=g g- Bo=g i —Cor, 


where is the angular speed about the vertical, and the mass is taken as unity. This 
is the result given in (4), 14, To construct the straight line, measure along the vertical a 
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length OV =g/w? [y=acceleration due to gravity], and draw a horizontal plane through V 
to touch an ellipsoid confocal with the ellipsoid of gyration. The centroid must lie on 
the normal at the point of contact. 

The investigation of the oscillations about steady motion involves an equation of the 
form a= cosa’ + Psin wt+P,cos pt for a, and similar equations for B, y. Substitution in 
the equations (1), (2), 11, gives twelve linear equations for eleven ratios, elimination of 
which gives an equation for u. For stability this must have real roots. 

The reader may refer to Routh (loc. cit.) for a discussion of a variety of other problems 
connected with the motion of unsymmetrical tops. 


21. Homogeneous ellipsoid spinning on a horizontal plane. A homo- 
geneous ellipsoid spins without friction on a horizontal plane, with a 
principal axis inclined at a small angle 0 to the vertical. It is required to 
discuss the stability of the motion. 

Let the coordinates of the point of contact with the horizontal plane 
be æ, y, 2, and the axis of z be the downward nearly vertical axis. We 
refer to (1) 1, as the equations of motion. The equation of the ellipsoid 


gives for the direction cosines of the normal at the point æ, y, z 


TL TY 
a=, BHT yada ahs eect (1) 


where Ø is the length of the perpendicular from the centre on the tangent 
plane at æ, y, z. But here =c, so that 


_ ag? belts K 
5 Ae 7 a Y DEE Ga oo EnS RT a E Ea (2) 
EO) ep 2__ 2 
Thus he eae — B az— yn =" ae a, Ba —ayj=" 5 : GBs “aires: (3) 


Now when @ is small we see from (1), 1, that ww is small. Hence we 
get, approximately, from the third of the equations of motion, (1), 1, 


EN Pe eC OEE OC E COCR. MAC R (4) 


But, adopting here the arrangement of axes and angular velocities w, ws; ws 
explained in 4, XVI, we obtain, also approximately, 


OT et ESE Cora ec ee eee nee ee (5) 
and so © =0(w— $) sin p+ cos p= ed Ere br (6) 
0, = 0(w,— ¢) cos p — O sin p = — å + bwg. - 


Moreover, since z is approximately constant, the vertical acceleration of 
the centroid may be taken as zero, and so F 


P OE NA OT he) 
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By using (6) and (3) in the equations of eee we na after reduction, 


AB+(A+B—Cayat {( C—B)e,; 


weer eerers 


dy, oleh meres 


or AB+Da+EB=0, Ba—DB+Fa=0, ieee (9) 
where D, E, F have the values indicated in (8), 
If we assume, for an oscillatory solution of period 27/n, 
ass Ket Bias he haces: Pe Ras (10) 
and substitute in (9), we get, by eliminating K and L from the resulting 
equations, the quadratic for n?, 
ABnt—(AF+ BE+ D*)n?+EFH=0. losen (11) 


The roots of this equation are real if 
(AF +BE+D?)?>4ABEF, 
and are positive if EF>0 and AF+BE+D?>0. 
They must, for stability, be both real and positive. 
We consider two cases, (1) w very small, and (2) w as great as may be 
required for stability. 
It is easy to verify that in case (1) the first inequality is satisfied, and 
that the two others become 
(@—c*?)(b?—c?)>0, A(a?—c?)+B(b?—c?)>0. 
These will both be satisfied by taking a>c and b>c. Thus, if the shortest 
axis of the ellipsoid be vertical, the body will be in stable equilibrium, with 
no spin at all or only a slight spin about the vertical axis. 
In case (2) a little analysis shows that the inequalities are 


(a2+ +5(Be) +2(at+b!—2 20n Soe +(a2—b2)?2>0, 
aaee os Oey we tla al Osea ae (12) 
Co,” ct—a?b? 
5g ~ ct+a?b? 


These are clearly all satisfied if the shortest axis of the ellipsoid is vertical. 
If the intermediate axis is vertical the second inequality is not satisfied, and 
the ellipsoid cannot spin in equilibrium with that axis vertical. Finally, if 
the longest axis be vertical the spin must be great enough to satisfy the 
last inequality, and must also be such as to satisfy the first inequality. A 
value of cw,”/5g which is greater than the larger root, or smaller than the 
smaller root, of the equation 

(a? +u + 2 (at + bt — 2c#)w+ (a? bE 0... eee ee eee (18) 
will satisfy this inequality. Hence a value of cw,?/5g which satisfies the 
third inequality and does not lie between the roots of the quadratic 
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equation just written will enable the ellipsoid to be stable with the longest 
axis vertical. 


The roots of the quadratic (13) are 
ka —at (ct— wy 
az + b2 
If we substitute (c*—a?b?)/(ct+ab?) for u in the quadratic we obtain an 


expression which vanishes when ct=0, when ct=a* and when c!=b4, and 
as we easily see can be written 


c4(ct—at)(ct —b*) 
(é+ a®b?)? 4 
This expression is essentially negative, and hence we conclude that the 
limiting value of cw,/5g lies between the roots of the quadratic. To satisfy 
all the conditions necessary for real and positive roots we must therefore 
have for stability with the longest axis vertical 
(Ca at + (t bt) p 
= > a? +b? 


a (t= aye +(ct— ia 
a? +b? 


or w > 


It is interesting to observe the dependence of the minimum value thus 
obtained for the angular speed upon the dimensions of the body. If all the 
dimensions be increased or diminished in the same ratio, no change will be 
produced except in the factor 1 KOs of the expression on ve right of (14). 
Thus, if c be changed to ke in this way, w will become wa) he. The limiting 
speed of rotation thus depends on the actual, not the relative, lengths of the 
axes of the body, 


22. Stability of any solid with a principal axis normal to the hori- 
zontal surface. The foregoing discussion of the stability of a spinning ellipsoid 
follows, with some modifications of notation and analysis, an important memoir by 
Puiseux in Liouville’s Journal de Mathématiques, 17 (1852), In the same memoir Puiseux 
considered also the problem of the stability of a solid of any form and distribution of 
matter, consistent with having one at least of the principal axes of moment of inertia 
normal to the bounding surface. The body is placed with that axis vertical. 

The discussion of this case proceeds on the same lines. We have as before 


o,=OcosP+ysin Osing, o=- sin p+wsin 0 cos ¢, 
; A E a eNO GR LE (1) 
a=sin sin ġ, B=sin cosh, y=cos ð. 
Instead of the equation of the ellipsoid we have, taking the origin at the centroid, 
POA D Ui A O MAELO), COD OCB OOO COCO OOD DOT OI (2) 


and the direction cosines of the normal with reference to the principal axes are given by 


lat+my _mat+tny _1 (3) 
a eey 
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If we give to y its approximate value 1 we get 


mp — na. _ _ma—lp 
In—m?? Y5- n-m 


g=- 


For the point of contact we have approximately z=c, and since the deflection of the 
axis of z from verticality is supposed to be very small and the curvature is continuous, 
with the axis of z normal to the surface, we have 7=0, and so, since z is downward, 


R= Mg e ae a n seers peverasivaneecrereeren (5) 
Going back to the Eulerian equations of motion, we note that now 
=i (Qe 
yy-Be=epe Beas, az—yo= -ca Py, a ooe (6) 
and since wj, œ are both of the first order of small quantites œw is negligible, and we 
have BFE UUR si: ARAA fae (7) 
Thus the equations of motion become, by the same process as that used in 21, 
AB+Da+E-Ga=0, (8) 
ERAON T A oo ibe 
where D=(A+B-C)o;, G= Mg, P 
ļ 
E= =(C— B) oz? +My(- a m -e), eigieieie (diel E EA era O ON GE (9) 


F=(C-A)oe+Mg(-*—, -c). 


If p;, pz be the principal radii of curvature at the point of support, and % be the angle 
which the plane Gzy makes with the principal section of curvature 1/p,;, we get 


1 , : 
{eae boats sin?s, I AS 
Pı P2 P 


1 (OI Wie a Disede T (10) 
m=(4-1)sins oss. | 
Pi 12 
Thus (9) become 
E=(C—B)o,?-+My{(p, — c) sin? +(p,—c) cos*s}, 
F=(C—A)o,?+Mg{(pi —¢) cos? S+ (py —¢) sin2S}, p -eseeeeeeeeeeeeeee es (11) 
G=Mg(p.—p,) sin cos 3. 


For (8) we assume the oscillatory solution a=hcosnt+h'sin nt, B=kcosnt+K sin nt, 
and substituting we get by equating to zero the coefficients of cost and sin nt in the 
two resulting equations (An?— E)k —Dnh'+Gh =0 

(An?—E)k+Dnh at, os | eco 
(Bn?-F)h + Dak’ +Gk = 
(Bn? — F)¥' — Dnk + Gk = 

Solving for /’ and X’ from the first and third of (12), and substituting in either of the 

other equations, we obtain the relation 


(An? —E)(Bn?— FB) — Dn? e ..cccensseasesecsnccscsceecese (13) 


The roots of this quadratic in n? must be real and positive if the motion is as assumed. 
For this three conditions must be fulfilled, 
(AF + BE-+ D?)?— 4A B(EF—G?)>0, 
AF+BE+ D250, | cerceeceeccessreserscesvens (14) 
EF- G20! J 
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These inequalities can be written in the form 
C(A + B-C)?o,4+ Ho,?+1> 0, 
(C—A)(C—B) ag! + Hag? +1 > 0, bevsereeseeeeeeeeesereceneeees (14’) 
{(C—A)(C—B)+AB}o.?+K> o) 


where the coefficients H, I, H’, I’, K do not depend on w;. From these it is clear that if 
the principal axis which is made vertical be that of greatest or of least moment of inertia, 
the motion can be made stable by sufficiently increasing the value of wz. 

If the spin be made very small the conditions of stability become 


I>0, [>0, K>0. 
It will be found that these Jast inequalities can be written 


[(A cos? + B sin?S)(p,; — c) —(A sin?3 + B cos?S)(p, —c)]? 

+4(A — B)*sin?9 cos?3(p, — c)(p2—¢) > 0, 
(pı = C) (pe a c) a 0, 
(A cos?3 + B sin?$)(p; —¢)+(A sin?3 + B cos?$)(p,—¢)>0. 


The second and third conditions are satisfied if p, and p, are both greater thane. Thus 
we have the result, which of course could have been established by a more direet process, 
and is indeed obvious without any analysis at all, that a body placed on a horizontal plane 
with the centroid on the normal at the point of support will be in stable equilibrium if 
both the principal radii of curvature at the point of support are greater than the 
distance ¢ of the centroid above the plane. 


CHAPTER XVIII 


THE RISING OF A SYMMETRICAL TOP SUPPORTED ON A 
HORIZONTAL SURFACE. 


1. A top supported on a rounded peg. We now consider a top supported, 
not necessarily at a point on the axis, but at a point on a surface of revolu- 
tion about the axis of figure as shown in Fig. 96. This is the case of a solid 
of revolution spinning and rolling on a horizontal plane under the influence 
of gravity and frictional forces, in 
short the case of a top spinning on 
a rounded peg. At first we introduce 
no condition as to slipping at the 
point of contact. Let G be the cen- 
troid, GC the axis of figure. Draw 
a vertical through G meeting the 
horizontal plane in M, and a perpen- 
dicular from the point of contact O 
to the axis of figure, meeting that line 
in N. Denote GN by z and ON by v. 

Let F, F’ be the components of friction at O, the former acting along the 
intersection of the horizontal plane and the vertical plane GOM, and the 
latter acting at right angles to the vertical plane as shown, and let R be 
the normal reaction of the plane on the solid at O. What is called pivot 
friction (by the Germans “ boring friction”), the resistance due to spinning 
of the solid on the plane, is here neglected. For a body resting on what 
may be regarded as practically a point, its moment is very small. Let @ 
be the inclination of GC to the upward vertical. 

Now take axes at G, one along GC, and the others, GD, GC, at right 
angles respectively to the plane GOC, and to the line GE in the plane GOC, 
all as shown in Fig. 96. If the solid turn about the vertical at speed y}, 
counter-clockwise to an observer looking downward, the A.M. about the, 
axes just specified are Cn, AO, Ay- sin0. Hence for the rate of growth of 
AM. about GD we get, by the process used above, the expression 


A6+(Cn— Av cos 6)y sin 0. 


MF O 
Fic. 96. 
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But the moment of force about GD is clearly 


R(zsin 0 — x cos 0) — F(z cos 0+ asin 0). 
Hence we have 


A6+(Cn— Avi cos OJ} sin 6 = R(z sin 0— g cos 60) — F(z cos 0+ sin 6). (1) 


Again, as in (2), 1, VII, we see that the rate of growth of a.m. about GE 
is Ay sin 0+(2A} cos @—Cn)6, and the only force with moment about GE 


is F. Hence Ay sin 0-+(2Av- cos 0—Cn)O= Pe. LART (2) 
The motion of the axes produces no change of a.M. about GC, and there- 
fore Cre Gan oe ce eee E (3) 


The force F’ if positive thus gives a moment diminishing-Cv ; to this must 
be added in actual practice the couple due to air friction. F’ will be positive 
or negative according to the motion of the point O of the top [see 8, below]. 

The total couple given by F’ is F’. OG; thus besides the component speci- 
fied in (3), there is a component couple of moment F’. GN. The axis of 
this is in the plane OGN and points upwards at right angles to GN. The 
extremity of the axis of resultant A.M. will move in the direction in which 
points the resultant of the three couples which have now been specified. 
The motion due to the first and third has a vertically upward component 
and a horizontal component, and hence, unless there is rapid loss of spin, the 
axis will rise. The motion of the axes may now be discussed in detail. 

Let u, v be the speeds of the centroid parallel to OM and perpendicular 
to the plane GOC respectively when the rolling is pure. Then since O, 
taken as a point on the top, is supposed to be at rest, 

w=MG.6=(zcosO+esin 0)6, v=an—wWzsin O, neee (4) 


where v is taken in the direction DG. Equations (1), (2),(3) hold also when 
there is slipping of the point of contact. 
The rates of growth of momentum in these directions and along MG are 
given according to the equations of moving axes by 
M(w+oy)=F, M(o—uy)—F’, M€=R—Mp, ...........04. (5) 
where ¢ is the vertical height of the centroid above the horizontal plane. 
Equations (1), ... (5) give the whole motion. A relation between æ and Zz 
is of course given by the form of the surface. For steady motion 0=0; 
6=0, w=0, (=0, ~=0. Thus if =p, a constant, 
F’=0, —F=Mp(uzsind—nz), R=Mg. 
Hence (1) becomes 
{(C+Ma?)n—(A+Mz?)u cos 0} u sin 0+ Maz(nu cos 0 — u? sin? 0) 
=Mg (zsin 0— «x cos 0). ...(6) 
Of course F is constant when the motion is steady, and (4) gives 
v=an—wWzsin 0=F/Mu. 


384 GYROSTATICS CHAP. 


Thus v is constant. The direction of v turns round with uniform angular 
speed u, and therefore G moves in a circle and M in a parallel circle in the 
horizontal plane. But wv is the acceleration of M towards the centre of the 
circle. Hence if r be the radius of the circle, uv=Ħ%v?/r and r=v/u. Thus 


r= _zsin 0. an Oat CES UC ERT Dero (7) 


This result, (7), is obvious without calculation. For in the steady motion 
the position of the point N will move parallel to the horizontal plane 
with speed na, in consequence of the spin n about the axis of figure, and 
the fact that the rolling is pure. The angular speed about the centre of 
the circular path of N is uw, and thus the radius of that path is n/n, and 
we obtain (7). 

But from (6), if u and x be small we have (including the a.M. of the 
fly wheel) (KON) ia Mgnt eee (8) 
From (7), by the value found above for F, that is Mu(næ— uzsin 6), we get 

Mgk. gk k(K+Cn) x 
=A= pn; SWED seessesotosossossceseceee (9) 
The azimuthal motion has the counter-clock direction to an observer 
looking from above on the solid, and therefore the circle in which O moves 
has the position shown in Fig. 98. This circle and the projection of that in 
which G moves are both indicated in Fig. 98. 


2. Varying motion of a top on a rounded peg. Now returning to the 
unsteady motion, we notice first that 
=p cos OO, ż=—psinĝ. ð, W/o (1) 
where p is the radius of curvature at O of the section of the body which 
contains O and the axis of figure. By means of these values of 4, 2, and 
those of u, v, ¢ and noticing that ¢=zcos@+asin 0, and that by (1) 
ż sin @+4écos 0=0, we find easily 
M(w+vy-)=M{(z cos 0+ sin 0)6—(zsin 6 — x cos 0) 62 
+(an—zsin6.W)P}=F, 
M(s—wy)=M{p(ncos O+yrsin?6)6+anr—zsin Oye bv (2) 
— (x sin 0+ 2z cos 6) 6y-} =F’, 
M{g+p0?—(zsin 0— x cos 6)6} =R. 
Substituting the values of F and R from these equations in (1), 1, we get 
{A +M(a?+2)}6 —Mp(z sin 0 — v cos 6)6?— M{(z?—«*)sin 6 cos 0 
— 2z(cos’6 — sin’6} Å? — {(A + M22) cos 0+ Mzz sin 6} sin 0 


+Ma(z cos 0+ sin 0)ny-+ Cm} sin 0— Mg(z sin @— cos 0)=0. ....... (8) 
Again, by (2) and (8), 1, we get 
Czn+ Am sin 0.u-+(2A cos 0, — On)æĝ=0, noieses (4) 


or Oeh 4 Asin 0 + (2A cos. y-—Cn)a=0. oy eaten. (5) 
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By eliminating yy and F’, by means of the second of equations (2) above 
and (2) and (8) of 1, we find 
AC 


(Gp tAat+ C24) Ala p sin 0)xsin 0. Å+ Apxcos@.n6—Cnaz6=0, (6) 


or (Gp t Ante Cet) o— 
Finally from (2), 1, and the second of (2) we get a value of 7 free from F’, 
and (6) gives another expression for the same quantity. Equating these 
we obtain 
= z 
M + Av?+ Cz? )(sin 6.W+2cos 0. Oy) 


A(a—psin 0)æ sin 0.4} + A pæn cos 0 — Cnaz =0. (7) 


+0 (2—psin 0)zsin 8. 6y,—Czpeos 0. nð+ STNA CIEE yao (8) 
We may of course divide this by 6, and write dy-/d0 for w//6. 
It will be observed that if æ and p be zero, we are thrown back on the 
equations of a top supported on a point and spinning without friction. 


3. A top supported on a circular edge round the axis of figure. From 
(3), (4), and (6) we get the equation of energy, but further integration seems only possible 
in particular cases. For example, let the body be supported by a disk, on a sharp edge of 
which it rolls. A smooth-edged coin, a wine-glass rolling in an inclined position on the 


Fic. 97, 
edge of its disk-shaped support, or a top, as shown in section in Fig. 97, and a child’s 
hoop made of thin but rigid wire, are cases in point. In such a case as this we have 
approximately p=0, and x, z constant. Then (7), 2, becomes (Greenhill, Æ. G.T., p. 241] 


AC 2 2 Zhe 5 
(SrtA + Cz dé Asosin 6. —Cna2=0. a (1) 
Eliminating ù between this and (5), 2, we obtain 
Spraoi (iia) 
Trt cob O55 —N ees CON TO Pests kn tite sh oat acti WKY (2) 
where N= ot 
= +A z+ Cz? 


M 
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The differential equation (2) is that of a hypergeometric series, and can be solved by the 
theory of such series. If we make the substitution w=n/(sin 6)%, (2) is transformed to 
1 dw ( = eee ; 
DAE N Lt = cot 0 F COU? 0 pnpa aaran iN (3) 


But the most useful substitution is that which holds when the circular base on which 
the body rolls contains the centroid G. Then z=0, and v is the radius of the circular 
base. We take-a new variable é defined by 26=1-—cos 0, or €=sin?46. Equation (3) 


becomes then dn ta 
SO SO) gat 20) ee: TERE aa reed (4) 


This is the particular case of the differential equation of the hypergeometric series 


if I a EE SLES: Cine] Seb th Sate RAM T (5) 
dg gg) a - 8)" 
for which a+ 6=1, y=1, aB=N. 
It is well known [see Forsyth’s Differential Equations, Chap. VII] that if B be 
positive and y >P, a solution of (5) is 


1 
=B oP o RETE E e Ae (6) 
0 
where B is a constant. The definite integral in (6) is a generalised form of Euler’s first 


integral 1 
8 Í vl-1(1-v)™-1dv, 
0 


where /, m are positive constants. By expanding (1 —v€)-¢, and calculating the values of 
the coefficients of different powers of é, we obtain 


SB’ oF (1—v)7-F de, 
= a(at+1)B(B+1) gp, a(at1)(a+2)B(B+1)(B+2) 
es ba eer caeas BE REN E “De a cresyl 


the ie series. By inserting the special conditions we get a particular solution 
of the top problem stated for these conditions. [See Greenhill, loc. cit.] 


4. A top on a rounded peg and containing a flywheel. If the body 
contain a flywheel, the centroid and axis of which coincide respectively with 
the centroid and axis of figure of the remainder of the body, the equations of 
motion given above require correction by the substitution of K+ Cn for Cn, 
where K is the A.M. of the flywheel about its axis. M then denotes the 
whole mass of the body, including the flywheel, and A the moment of 
inertia of the whole about an axis through the centroid transverse to the 
axis of figure. 

With this change the equation (6), 1, for steady motion becomes 


{K+(C+Ma?)n—(A+Mz?*)u cos 0} u sind + Maz (n u cos 0 — u?sin?0) 
--Mg(zsin @—xcos@)=0. ...(1) 
This may be written in the form 
[2{(A+ M2?) cos 0+ Mzz sin 6} u sin 0— {K+(C+Ma?)n} sin 0+ Mxzn cos 0}? 
=[{K+(C+ Ma?)n} sin 6+ Mazn cos 6? 
—4Mg{(A+ Mz?)cos@+ Mazsin 6} (zsin 0— x cos 0)sin 0. (2) 
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The quantity on the right in (2) must be positive for steady motion, since 
the first line is a perfect square. The roots of the quadratic, (1), in u are 
imaginary when the quantity on the right of (2) is negative, and steady 
motion is then impossible. 

If p denote the length of the perpendicular let fall from the centroid on 
the horizontal plane, and q the distance of the foot of this perpendicular 
from the point of contact O, then 

p=zcosĝ0+æsinð, g=zsin@—a«cos0. 
The a.m. G about the vertical through G is given by 


G= (Cn EK cos OH Ausin? O oo. .0ciseecasvedssnecoetesec(B) 
while that about a horizontal line drawn through G in the meridian plane is 
H=(On+K) sin 0 = Ap sin 0608 Oeir uesa. enres 4) 

Hence the equation of steady motion can be written 
Bye MM Gat g= a te eae et a(S) 


where r denotes the radius of the circle described by G in the steady motion 
(see above, (7), 1). 

In this form the equation is obvious. The inward radius from O to the 
centre of the path of O on the horizontal plane, about which the A.M. is 
H + Murp, is turning with angular speed u. The rate at which the extremity 
of the vector is moving in the horizontal plane is(H+Murp)x, which is the 
rate of growth of a.M. about a horizontal line through O perpendicular to 
the radius, the line towards which the vector is turning. The moment of 
the gravity forces about this line is Mgg. Hence equation (5). 

From the value of H it is clear that when @ is small, that is when the 
axis of the body is nearly vertical, we have 

; I ior E [1 PR PROSE ERS Alcon Monn ED) 
If the body is a flat disk, or to a great extent consists of a flat disk, the 
edge of which rolls on the table, p is small when @ is small. But then q is 
large and therefore u is now large. This can be well seen when a coin is 
spinning with its axis nearly vertical. 

If the body is spinning upright (like a prolate ellipsoid or egg-shaped 
body, with its longest diameter vertical) supported on a base well rounded, 
we have both 0 and æ very small, and «=psin@. The equation of steady 
motion becomes 

{K+€n—(A+M2’)u} 1 +Mpznu—Mg(z—p)=0, be rane ml Wg) 
where p is as before the radius of curvature of an axial section at the point 
of contact. Steady motion is therefore possible if 

{K+(C+Mpz)n}?>4Mg(z—p)(A+ M2). viene (8) 
This condition is always fulfilled if z< p; hence the body is stable in the 
upright position with or without a flywheel, and even if in the latter case 
the spin is vanishingly small. 
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From equations (3), (5), 7 we might find that of small oscillations about 
steady motion. For this we shall suppose @ to represent the inclination of 
the axis to the vertical in steady motion, and +a the same angle for a small 
deviation from the motion. Thus, if & denote the quantity on the left 
of (1), 4, we may write the general equation, (3) of 2 for the latter case, 


in the form d® 
(A+M(2?+2')}a+ 7a a=0, ee: Stas oMnad nest A (9) 


where after the differentiation the values of the quantities for steady motion 
are to be used in the second term on the left in the equation just written. 
This term involves du/dé and dn/dé, and the values of these quantities are to 
be inserted from (5) and (7) of 4. 


5. Problem of a disk or hoop on a horizontal plane. The general equa- 
tion thus obtained is very cumbrous, and on the whole it is‘more convenient 
and instructive to deal with various special problems separately. 

The vibration equation for the case of 7=0 will be given later [(7) below], 
but we may, for the sake of illustration of what precedes, consider the 
problem of a disk or hoop rolling on a horizontal plane and performing 
oscillations about steady motion. We have here z=0, and «=a, the radius 
of the circular edge, and the equations of motion for the disk, with a 
coaxial flywheel included as specified above, are 


A6+(Cn+K—Ay;- cos 6) sin 0= —a(R cos 6+ F sin 6), 
Ayr sin 0+ (2Ay-cos6—Cn—K)6= 0, | eeeeseeee (1) 
Cù = —F'a. 
These equations can easily be established from first principles. 
With equations (1) we have also 
M(wtoy)=F, M(d-—uwh)=F, MË=R-Mg. asees (2) 


If the rolling is pure w=aĝĵsin 0, v=an, 
and, since (=a sin 0, we get 
R=Mg-+ Ma(6-cos 6 — 62sin 6), 
Ma(6sin 0+ @cos6+ny)=F, Ma(i—Oy-sin @)=F’. ..........(3) 
Hence we obtain for the first of (1), rejecting of course terms in 6?, 
(A+ Ma’) 6+{(C+Ma?)n+K — Av cos 6} Y sin 0+ Mga cos 0=0. ...(4) 
The other two equations of (1) are 
© (Ayesin?6)—(K-+Cn)Osin @=0, (C+Ma)à— Mah sin 6=0. ...(5) 
Now let the motion be steady, that is Y% =0, 6=0, 6=0, u=0, w=0, v=0, 
i=0, and we get 
{K+(C+Ma?)n— Au cos 0} u sin 0+ Mga cos @=0, ..........4+--(6) 


with v=na. 
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[For a uniform circular disk without flywheel C=4Ma?, A=1Ma?, and 
for a hoop C= Ma?, A=}Ma*] 

Let 7’, 6’, u be the steady values of n, 6, wy, and w +r, +a, u+ B be 
the values at any instant for a slight deviation from steady motion. Then 
equations (4) and (5) become by the process suggested in (9), 4, 

(A +Ma?)ä+ {K+ (C+Ma?)v—A8 cos 6’ + Aau sin 6} u sin 0 
+{K+(C+ Ma?)n— Au cos 6} (8 sin 6+ “a cos 6’) — Mgaa sin 0=0,| (7) 
AB sin 0’+(2Ap cos 0’ —-K—Cn)a=0, 
(C+ Ma?) »— Ma?au sin 0’ =0. 
From the last equation we get 
OM w =Ma ete SO vce css. c8eseisnnocvonseos(O) 
since the constant of integration is zero. Substituting in the first equation 
we obtain 
(A+Ma?)a+(Ma?au sin 6’ — AB cos 6’ + Aau sin 6’) u sin 6 
+{K+(C+Ma?)n—Aucos 6} (6 sin 6’ + ua cos 6’) — Mgaa sin 0 =0. ...(9) 

Putting now arsin (Pi) B= cos (pt—P),\.ce 00.0 eee a (LO) 

and substituting in the last equation, we obtain 
{K + (C+Ma?)n — Au cos 6’} u cos 6 
s_ +(A+Ma?) (u?sin?6’—p*) — Mga sin 0 
r {K+(C+Ma?)n—2Apucos@}psin@ TT 
Again substituting in the second of (7), we find 
s _2Apucos 0 —K-Cn 
ae Apsin 


Equating these two expressions for s/r and writing L for 


K+Cn—2Axp cos 6’, 

we obtain 

L(L+ Man) + A(L+ Ma?n+ Au cos 6’) u cos & 

oe +A(A+ Ma?) v?sin?6’— MAga sin O 
ae A(A+ Ma?) 

Here 6’ < 37, and therefore, even if there be no flywheel, p? is positive if 
the rotation n be sufficiently rapid. The flywheel adds to the value of M 
and A, but nevertheless, if K be sufficiently great, controls the stability of 
the arrangement. 


Ses) 


6. Coin spinning on a table. As one example let n=0 and @=$7, so 
that the body turns in azimuth with its axis horizontal, as a coin spins with 
its plane vertical on a table. We have 

o_ K’+A(A+Ma’)w-AMga (1) 

p= AA FMa E E E E 
which is evidently positive whatever u may be if K be sufficiently great. 
If there be no flywheel K=0, and we have p? positive only if u be 
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sufficiently great. If the disk or coin be spinning very rapidly p*=,”, so 
that the period of an oscillation about the vertical position is approximately 
the period of the azimuthal rotation. 
As another example take »=0 and K=0. Then for any value of 6’ we 
have by (6), 5, Av?sin 6’ = Mga, and (18), 5, becomes, with A = Mk?, 
‘ 3k? cos? + a’sin? 6’ , 
BO, aa tte cen rec cen sccecosrenccs 1 
P =94 72+ a) sin 0’ : oY 
and the time of a small oscillation about the steady motion is 27/p. The 
reader may establish this result directly. 
For a hoop, equation (13), 5, for p? reduces to 


pn NO =e Ls ee 
and this, if n=0 and 6’=4}7, that is if the hoop is spinning about the 
vertical, is 


2 
PIRE PAEA RE 


In the steady motion of a hoop the radius of the circle in which the cen- 
troid moves is na/u, which agrees with (7), 1, since here z is zero. The 
point of contact with the horizontal plane therefore moves in a circle of 


radius na n+ u ceos 0 (4) 


— +acos0=4 
a3 
This also holds for a circular disk in motion in the same way. The result 
here obtained agrees with that of (7), 1, given for O in Fig. 96. 
We can now find the condition that a disk or hoop may roll Te ina 
straight line. It is only necessary to put in (13), 5, w=0, #=ł4r. We 
obtain for the case in which the disk carries a coaxial flywheel 


_(K+C0n)(K+Cn+Ma’n)- AMga 


ACA + Ma?) aa see) 
The condition is therefore the inequality 
(K+Cn)(K+ Cn + Ma?n)SAMGa, ....cccccceeveeeeeee eee (6) 
Let us take K positive, and consider the values of which satisfy the 
quadratic (K+C0n)(K+Cn+Ma2n) = AMga, 
that is C(C+ Ma?)n?+ K(2C0 + Ma?)n+ K?-—AMga=0. 0.0.0... (7) 


If AMga > K? there will be a positive value of n and a numerically 
greater negative value which both satisfy the quadratic. For the satisfac- 
tion of the inequality the value of n must either be greater than this positive 
value or less than this negative value. 

On the other hand, if K? > AMga both roots of the quadratic are nega- 
tive, and any value of n which does not lie between these roots will enable 
the disk to roll upright in a straight line. 
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If K be zero the condition becomes n?> AMga/C(C+Mea*), which for a 
hoop is n > (g/4a)?, and for a uniform disk is n > (g/3a)?. 

Thus the hoop is more stable than the disk, requiring for the same 
radius less speed of rotation in the ratio of 3? to 2, in order to remain 
upright, ` 


T. Rolling of a disk on a table: calculation from first principles. We 
may verify (5) from first principles. For a small angular deviation a from 
the vertical å and y are both small. Hence the total rate of production 
of A.M. about a tangent to the trace of the point of contact on the horizontal 
plane is approximately 

(A+ Ma?)6+ {K+(C+Ma?)n}W=Mgaa. .....ccceeeeee(1) 
Also when the disk is rolling upright we have 7=0, and when it is tilted 
over through the angle a, (C+ Ma?) is changing at rate Maa cos a, which 
may be neglected. 

We have also, from the constancy of A.M. about the vertical through the 
point of support and the fact that v is now denoted by 8, 


cee eee MEAS, See) 
or AB—(Cn+K)a=0. 
Now writing as before a =r sin (pt— f), B=scos(pt—f), we obtain 
— (A+ Ma?) p’r— {K+ (C+ Ma?) n} sp = Mgar, | rr ena te) 
—Ap’s—(K+Cn)rp=0. 
X 2 2 
Thus we get ipn (ERC RMTI a AP Ne ae (4) 


s (A+Mæ)p+Mga (K+Cn)p 


(K+Cn)(K+Cn+Ma?n) —-AMga 
A(A+ Ma?) : 


Therefore p= 
which agrees with (13), 5. 


8. Rising of a top when spinning on a rounded peg. Elementary 
discussion. We see by experiment that a top supported on a rounded peg 
rises under certain circumstances, and a prolate ellipsoid of revolution, or a 
hard-boiled egg, if spun as described above [16, I], rises from a lowest 
position of the centre of gravity and spins stably on one end, Initially the 
top is spun in some one of various ways. Generally it is thrown from the 
hand so that it alights on its peg. As a rule the speeds u, v, y are small, 
and‘ the speed n of rotation is large. The result is that the friction F” is, for 
the counter-clockwise turning indicated in Fig 98, in the direction there 
shown, and is as great as the reaction R can make it; for the point of 
contact of the solid owing to the rapid rotation slips back on the plane 
and the friction is not limited to that required for pure rolling, 

The centroid G of the top and the point of contact O in the supporting 
horizontal plane move in concentric circles which slowly change with the 
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inclination of the axis to the vertical. Figure 99 shows the latter circle and 
the projection of the former on the supporting plane. The line OG’ is the 
projection of the axis of figure on the horizontal. The spin, which is 
counter-clock wise when regarded from a point outside the top on the axis of 


Couple n 


FIG. 98. 


figure produced, gives a velocity v of slipping of the point of the top in 
contact with the plane, represented in magnitude and direction by the line 
marked v. Besides this motion of the contact point of the top due to 
slipping, there is a component of amount v’, due to precession, indicated in 
the diagram by the line marked v’. The vector v is at right angles to OG’, 
and the resultant v, of v and v’ is inclined to OG’ at an angle exceeding (for 


Fic. 100. 


the particular case dealt with in Fig. 99) a right angle. The directions v, 
and CG’ are parallel. The direction of the resultant friction F (not the F 
of 1 above), due to the action between the top and the plane, is opposed to 
this resultant, and, if transferred to G without change of direction, must 
give a force towards the centre of the circle in which G moves. This is 
only strictly true in the case of steady precessional motion. 

As G moves in a circle the axis OG moves on a hyperboloid of 
one sheet coinciding with successive rectilineal generators, and if the 
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top rises or fałls this surface varies in the manner described in 
Chapter XXI. 

The couple Fl sin ¢, where ¢ is the inclination of the whole friction F to 
OG, and / is the distance OG, has its axis perpendicular to the plane of OG 
and F, and [Fig. 99], when n is great enough, acts so as (in the usual phrase) 
to hurry the precession, and the axis of A.M. moving towards it raises the 
axis of the top towards the vertical. The top rises and the points O, C, G 
approximate more and more to coincidence until when the top reaches the 
upright position (which it will do if the spin is fast enough) it turns only 
about the axis of figure and “sleeps.” 

The couple F’a, specified in 1, is part of this couple, and tends to slow down 
the rotation of the top, and this action is aided, and generally exceeded, by 
the couple due to air fri¢tion. The rotation diminishes, hence the upright 


v Oo Zi 


Fie. 101. Fic. 102, 


position becomes unstable and is deviated from. The speed v of slipping 
is now so small that Fig. 99 has changed to Fig. 100. The couple which 
formerly hurried precession now delays it, and when the axis of figure 
becomes more inclined to the vertical, the top falls. 

If the speed of rotation is not great enough the axis will not rise to the 
vertical. The diagram will be intermediate between the rising diagram of 
Fig. 99 and the falling diagram of Fig. 100, that shown in plan and 
elevation by Figs. 101, 102, in which the centroid G is above the centre of 
the circles, and the top rolls round on a small circle of points of contact 
symmetrical about the axis of figure. 

The theory of the rising of a top, as caused by slipping of the rapidly 
rotating peg on a rough supporting plane, seems to be due to Archibald 
Smith (Camb. Math. Journ., I, 1847). The following mathematical theory is 
in the main that given by Jellett in his Theory of Friction. Jellett assumed 
that the top rotated so rapidly that the force of friction might be taken as 
perpendicular to the vertical plane determined by the centroid and the 
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point of support. The result given in (3) below, however, does not involve 
this condition, a fact pointed out by Routh [Adv. Rigid Dyn., 5th edition, 
p. 167]. 


9. Centre of gravity of a top raised by friction. If we suppose the 
rounded end of the axis, the “peg,” to be spherical and of small radius p, 
with centre O’ on the axis, we can trace the process of rising of the axis. 
From (2) and (3), 1, we have 

ay 


ic a eK IB. ind Ae (1) 


which is an exact equation. Denoting O'G by h, we have z=h+ pcos 0, 
and so the equation just written becomes 


Ay sin?@+2Av- sin 0 cos 8.6—Cn sin 0.6+Cn cos 0 = -àt HoN (2) 
Thus we obtain by integration 
Aypsin®8-+Cn (cos 047) =N, E 


where N is a constant. This equation is also exact. It can be obtained 
directly by observing that the time-rate of increase of the A.M. about the 
vertical through G (that is of the quantity Av-sin?6+Cn cos 0) is F’h sin 0, 
and then substituting —Cn/x, or —Cn/p sin 0, for F’. 

If, initially, n = n, and v-=0, (3) becomes 


Av sin?0 +C (n cos 0 —7,Cos 0,) = -7 Om E hee 
But if yy be small we get approximately 


C(n cos 0 — 1, cos 05) = 7 C (n=) Rn Er |) 


The quantity on the right is positive since n<n,. Thus cos @> cos 0, 
and @<@,. The axis has therefore risen through the angle 0,— 0. 
If z/p=20, 0,=60°, which are possible numbers, since we may have 
2=2'5 and p=, in inches, we have, very nearly, 
2608 O = Lice dO (it) tsk. A andes meen oe ae (5) 


Thus @ will be zero when (n —n)/n, is 1/40, that is when 3, of the original 
spin has been destroyed. 

The percentage loss of angular speed of spin required to bring the axis of the 
top to the vertical is p(1—cos 0,)/100(p +4), and is thus proportional directly 
to the radius of the peg and inversely to the distance of G from the point. 

On the supposition of negligible yy the time-rate of variation of @ can also 
be found approximately. From (2) we have, writing « for h/p, 


nsin 0 
or, since n= — F’p sin 6/C, 
Ga ee O PANE een ee neem (7) 
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Thus for a given value of F the rate of diminution of @ is for any given 
value of the angle proportional to p. Hence the sharper the peg the slower 
is the rise, and if the peg be very sharp indeed the top will not rise at all. 
Also for various applications it is important to notice that if Cn be great the 
rate of rising is correspondingly slow. A fast spinning top, brought to the 
vertical by friction alone, is thus a slowly acting contrivance. 


10. Condition of minimum kinetic energy. Equation (3), 9, means that 
the A.M. about the line OG remains constant as the top moves. For we can 
write the equation in the form 
p sin 0 

7 SN fp ceeeessss eee reesseeeed(L) 
where / represents the distance OG. The components of a.M. about the 
axes GC and GE (Fig. 96) are Cn and Ayrsin 0, and psin 6/1, (h+ p cos 0)/l 
are the cosines of the angles GON, NGO. 

Our object is to find the condition that the kinetic energy may be a 
minimum. One condition obviously is that G should be at rest, and that 
6=0. For the former the kinematic condition is 
np sin 0=} sin O(h + p cos 6), 

n _vwsin 0 
h+pcos@ psin@’ 


Avr sin 0 +Cn 


h+ pcos 0 
l 


or 


Paty 


That this gives minimum kinetic energy subject to constancy of N may 
be proved as follows We have the expressions for the kinetic energy and N, 
Devt (Onit Ayant), em a b ar ae 
pN =A pý sin20+Cn(h+ pcos 0). f ; 
These, with the condition 6=0, give for T a minimum, and N a constant, 
Cndn+ A} sin Od(sin @)=0, C(h+pcos 0)dn+Apsin 0 dh} sin 6) =0, 
and therefore the relation (2), which, it will be noticed, is the condition 
for pure rolling about OG. When (2) is satisfied the points on OG are 
instantaneously at rest. 
Equation (2) can be written ; 
Cn(h+pcos@) __ Ay sin?ð 
C(h+pcos0)? — pA sin?’ 
which gives for each ratio in (2) the value 
Cn(h+pcos@)+pAyrsin?@ Nop P (4) 
Cie a rer rene et 
where I is the moment of inertia of the top about OG. Thus by (1), the 
common value of the ratio in (2) is the product of the ratio of the A.M. 
about OG to the moment of inertia about that line by the multiplier 1/1. 
Now consider the energy of the top. Equation (2) gives by (4) 
nè o Cn? + AY? sin? 0 INY 
n(h+pcos) pisin?ð Cn(h+pcos0)+Apyrsin?6 IP’ 
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If T be the part of the kinetic energy due to the rotation about GE and the 
spin about the axis of figure, we have by (1) 

2 TEN Cn?+Av?sin26 

PN Cn(h+p cos 6) + Apysin?6 
Combining this with (5) we get 


(SE nhc ae 


so that T varies inversely as Il. 

Initially T= 3Cn,2, for y=0 at the beginning of the motion. Then also 
if cos 0) =2), we get by (3) 

PINS CIMA peg) e a e iene 

The potential energy may be taken as Mgh(z—z,) where z=cos 0, and so 
the least energy, Em say, which the top can have for any value of 0, is given 
(with this value of N) by 

peN? 


En=Mgh(2-2) +} T: E E E S) 


The kinetic energy here taken account of is the whole kinetic energy with 
the exception of 4Aĝ?, that due to the rate of change of 6. 

When the axis of the top has become vertical the minimum energy for 
that position is the whole energy. We have then z=1, and I =C (p +h}. 


Thus (8) becomes (ht p%)? 
E=Mgh(1—z,) +4Cn, eae Tap uated sasisier eaS One 


This value of E must be less than the initial value $Cn,?, and thus we 
have the inequality 


h 2 
40n? > Mgh(1—z,) +4Cn,2 ee N Ra (10) 
If h/p=k we can write this inequality in the form 
2 
piers na VEN chy K OA (11) 


C 2k+1+z% 
When p is small compared with h, as it usually is, k is great, and so n? 
fulfils the inequality through the preponderance of (k+1)? over 2k+1+2). 
If p be extremely small the initial spin n, is very great, and tends to infinity 
as p is diminished towards zero. Thus we have another proof that a sharp- 
pointed top will not rise. 


11. Minimum kinetic energy is necessary but is not sufficient for 
the erection of a top. We have thus obtained an inferior limit for nè, 
when the top is started with its axis at inclination cos-!z, to the vertical. 
Satisfaction of this inequality is necessary, but is not sufficient to ensure 
that the top will rise to the vertical. 

This question has been discussed in a very interesting manner by Mr. E. G. 
Gallop [Camb. Phil. Trans., XIX, 1904], from the point of view of the 
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variation of energy which takes place as the top erects itself. As we have 

seen [(8), 10], the minimum value of E for inclination @=cos~!z is given by 
the equation Met pN? 

= = a eee sod 

i Em=Mgh(z at Ohta lA) (1) 


Suppose a curve drawn with values of z as abscissae and the corresponding 
values of Em, the minimum energy, as ordinates. The energy of the top, 
while the axis is rising, will be greater than E [(9), 10], for, in order that a 
couple “hurrying” the precession may exist, it is necessary that the top 
should have an angular speed, as explained in 8, over and above the angular 
speed required for pure rolling about OG. Also the value of the energy 
will continually diminish, for, since there is dissipation of energy, the gain 


Fic, 103. 


of potential energy must be less than the loss of kinetic. The curve of 
variation of the real energy must start from some point above the curve of 
minimum energy, and only meet the latter curve at the upright position as 
shown in Fig. 103. For, if the curves met earlier, there would be cessation 
of loss of energy at the point of meeting, as the rolling would have become 
pure, and the top could not erect itself. 

For consider the energy E for any point on the line QR in the diagram. 
The inclination of the axis to the vertical may have any value between that 
for the point Q and zero, and the top will oscillate so that the succession of 
values of cos~!z is given by the abscissae of points in QR. As the process 
goes on more and more energy will be dissipated, and the point P will take 
position in the line Q’R’. Finally the point will have reached B, and the 
top will be at constant inclination @=0. 

Thus the top cannot reach the vertical unless the energy E—E, is dissi- 
pated, where E, is the minimum energy for 0=0, and it is clear that as 
energy is being continually dissipated, owing to the fact that pure rolling 
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has not supervened, the erect position must ultimately be reached with 
reduction of the energy precisely to E4. 

The energy curve must be above the curve of minimum energy as shown 
in the diagram. To ensure that this can always happen the minimum energy 
must also continually diminish as z increases. Now from (1) we have 


dE I (2) ; 
—— = Mgh — 4 N? E E E E 
dz. Mg —tp (f(z PE ( ) 
where F(A=C (A+ pz)? + Ap( 1-27). emeses S) 
Hence we are to have oN FEL > Mgh, Bs eee fee E a S) 
and the conditions will be fulfilled if, when z=1, j 
one J) Ss Mgh; ose ae 
tp (A0) TDP? g (5) 
ad f(z) 
and also EF Ve) <0. esen taceess henner tna 
Hence we are to have 
FOR- > 0. Dictate iets oe ae 
But F(z) =(C—A) p22? + Ch? + Ap? Ais fo save 
Jf (2)=2(C—A)p?z+2Cpoh, f(z) =2(C—A)p? 


and we find easily 
FOP- O 

=3 (C — A }ø#z+6C(C—A)hz+0(3C+A)hk?—A(Ç— A). ...(9) 
On the right the coefficient of 2? is positive. The whole expression will 
therefore be positive if the roots of the quadratic, obtained by equating the 
expression to zero, are imaginary. The condition for this is easily found 
after a little reduction to be 

Cp%h?—(C— A) p* > 0, 


or with k?=h?/p?, CA yg, Wan JEST AN eer 
If C < A this inequality is fulfilled, if C > A it is fulfilled if 
k? > 1— A/C. 


For an ordinary top k? > 1, so that the inequality is always fulfilled. 


12. Summary of conditions for the rise of a top. Summing up we have 
the condition (10), 11, and also 


Moheda Nen A ac a r 


To 
for which it is necessary that f'(1)œ> 0, that is, by (8), 11, 
C(k+1)>A,.. TON Tie 2) 
and also, since f'(1)=2{C(k+1)—A}, f(1)= C (pth) =Cp? (+h), 
C(k+1)4 


2 ass a 
Ne > Mgh gp TVA: uenee (3) 
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If, initially, the motion consists of a spin n, about the axis of figure, we 
have : N=Cn,(k+z,), 


and the last condition becomes 
(k+1) Mgh 
(K+1)—A}(k+z,) O E A einioe weisieie(@ 


The conditions (10), 11, and (2) refer to the construction of the top, con- 
dition (3) must be fulfilled by the motion. When all are fulfilled the top 
can and will reach the vertical, provided the energy has been reduced by 
sliding friction from the initial value to the absolute minimum E,. The 
conditions are all fulfilled by a hard-boiled egg, or by a nearly egg-shaped 
ellipsoid of revolution, as in the experiment described in 16, I, above. 
Without a sufficient amount of sliding the top will not rise. This explains 
the failure, which the reader may verify, of an egg-shaped solid, made with 
a very rough surface, to rise when spun. 

The limiting value of n, given by (4) is greater than that given by 
(11), 10. For the ratio of the former to the latter is 

C(2k+1+%) 
(O(k+1)—A}(k-+2,)" 
Now, by (2), C(k+1)—A is positive, and the ratio is diminished by substi- 
tuting C(k+1). Also it is diminished by substitating z) for 1 in the 
numerator of the fraction. These changes make the ratio (k+1)/(k+2), 
which is greater than 1. Thus the ratio though diminished is still greater 
than 1. Hence (4) covers also the condition (11), 10. 
It is interesting to compare (4) with 


Cn? > 4AMoh, 
the condition found in 17, II, above, as that of stability of a top in the 
upright position. The inequality (4) is equivalent to 


(+1)? _ 
C(k+1)—-A’ 


Ne > 1G veeee(4) 


4 (b-+1)? 


Cn? > Mgh 


The limit here indicated is greater than the former. For, neglecting the 
common factor Mgh, we have 
C2(k+1)P Sine tet) 2A? 
) C(k+1)—A ~ O(k+1)—-A ’ 
which is positive since C(k+1)—A is positive. Thus (4) covers the 
previously found condition. 


13. Numerical examples. Mr. Gallop (loc. cit.) takes as a numerical example a 
top for which A=C=3M, h=4, 2 =0°866, and p=0'2 in cms. Thus s=20. Hence the 
limiting value of ,? is 214 x 981 x 4/60 x 20°8662, or m)=171, in radians, very nearly. The 
condition (11), 10, gives x)= 166, in radians. 
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If we take the initial value of n as 200 the initial energy, when the potential energy is 
reckoned from the starting position, is 60000M, on the supposition of zero precessional 
motion at starting. At the vertical the rotational energy is, by (9) of 10, 


o (+ p3)” 
2O% (p +h)? 

Thus the rotational angular speed has been reduced from 200 to 200 x 4'1732/4'2, that is 
to 198°7, or about 0°65 p.c. 

The initial energy 60000M has been diminished to 

M (981 x 4x ‘134 +.60000 ee, 

that is to 59763M. The diminution is thus rather less than 0°4 p.c. of the original energy. 
When this small amount of energy has been dissipated the axis has become vertical. 

Mr. Gallop gives a table by which the values of 6 on the limiting curve of minimum 
energy can be traced for increasing amounts of energy dissipated. Of this we give an 
abridgment for the sake of one or two points of interest. 


Loss of Energy. Value of z. Value of 0. 
0 08444 32° 23’ [Initial value 30°] 
35 (Ey - E;) 0:8593 30° 46’ 
2(E, 28), 0'8743 29° 2’ 
U(E E) 09048 25°12 
"(E E) 09359 20° 38’ 
8;(E)—E;) 0:9676 14° 37’ 
RSE, 1:000 0° 0’ 


It will be seen from the table that at starting the top first falls a little. This must 
happen, since, if there is no azimuthal motion at the starting, the large couple applied to 
the top by gravity comes into play, and it is only after the top has fallen a little that it has 
a precessional motion, compensating the production of a.m. about the vertical which 
arises in consequence of the alteration of direction of the axis of spin. Also the frictional 
couple comes into play and helps to check the fall. 

Thus if the top rise very slowly, with near approach to pure rolling, it will follow the 
curve of minimum energy very closely ; but the curve of variation of energy will begin 
with a horizontal part, in which z diminishes without perceptible loss of energy, until the 
curve of diminishing energy is nearly reached. 

Finally it is to be noticed that, though it is true that the axis will have reached the 
vertical when the energy has been reduced from the initial value Eù to the absolute 
minimum, it does not follow that this energy E,— Ea witl be dissipated and the top rise. 
For if the plane be very rough the top may be brought to a state of pure rolling, or 
nearly so, very quickly, and the axis will then move in a cone round the vertical. 

In all that has been stated above, no account has been taken of the action of the air on 
the top. This may reduce the spin below the necessary limit before the friction couple 
acting at the peg has brought the top to the vertical. 


14. A top in form of a sphere loaded symmetrically about a diameter. 
As a particular case let the top be a sphere loaded symmetrically about a diameter ; and 
let it be placed with the line of symmetry horizontal, and spun counter-clockwise with 
speed n about the upward vertical diameter. The a.m. is Ang, and, if 4 be the distance 
of the centroid from the centre, the linear speed of the centroid is nf, and the initial 


energy Ey is given by Bybee ee JU eae 
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The final energy, by (9), 10, is, since the erection causes no change of a.m. about the vertical, 


A’ n? 
RÀ LEANA 
PEM itori EAE O UOGOIQIOH OI IOODS (2) 
The condition E, > E, leads to 
2 
$ fa + h?- Giri yap No” = Mgh. esesesseseocoosseosessoosoososooe (3) 


It is to be remembered that in this case % is not very great. The coefficient of nọ is 
positive if the condition, (2), 12, C(%+1)>A is fulfilled, and we see that the top must be 
started so that 

2Mgh 


ne > FE) cittessessetseneeeseensenesseeeeeeneens (4) 
TEN EL 
A+h C(e+1p 
The condition that dE/dz should be negative gives [(3), 12] 
2 4 
Pe SA ac en Be (5) 


A? C(k+1)- A’ 
and this includes condition (4). The condition (10), 11 must also be fulfilled. 

We conclude that the method just discussed is applicable to this outwardly spherical 
top, if C(4+1)—A and Ck?—(C—A) are both positive and n satisfies (5). By Fig. 103 it 
is clear that if the energy is reduced from E, to E, where E is such that the equation 

An? 
(1=2)+O(e+ 29 
has a root ¢ between —1 and +1, the inclination of the axis to the vertical is less than 
cosmig, 


E=Mghz+3— 


15. Uniform sphere loaded by an additional spherical distribution. 
In an example, also given by Mr. Gallop, a uniform sphere, radius R and mass M, is 
loaded by replacing a spherical portion with denser material giving an additional mass m. 
The distance between the centres of the spherical surfaces is c. It is found that 
Ck? —(C—A)>0 is satisfied at once, and C(4+1)—A >0 if c/R > 2(1+mr?/MR?). 

With R=10, r=2, c=2, density of load 21 times that of the sphere, and initial angular 
speed 7) >19714 (radians per second), permanent rotation with axis vertical is attained 
with 1°3 per cent. loss of spin. For proper slope of the guiding curve m > 24'8 is required. 
With n)=30, the initial energy is 15865M, and the final 15471M, in c.e.s. units. 

Also it is found that according as the initial spin, 30, is about the vertical through the 
centre of the spherical surface, or about the vertical through G, the maximum value of 
6=cos~'z is given by 

0°82 4 — 51°38 22+131:7 z+ 10:26=0, 
or 0°82 2—51:27 24+131°3 z+2°641=0. 


Roots, relevant to the problem, are 
— 0°0756=cos 94° 20’, — 0:02 =cos 91° 9’. 


The reader may verify these results. 


16, Example 1. Heterogeneous sphere with centre of mass at the 
centre of figure. The principal moments of inertia at G are A, B, C, and the angular 
speeds about the principal axes @,,:,@3;. Show that the a.m. about the vertical is 

(—Aw,cos$+Bo,sin $) sin 9+Cw,cos 0=N, 
a constant, where @ is the inclination of the C axis to the vertical, and ¢ the inclination 
of the plane through the A and C axes to the vertical plane containing the C axis. 
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Show also that the minimum value of the energy E is 
N2 
tx cos? + B sin?) sin?6 + C cos? @’ 
corresponding to a motion of pure rotation about the axis of figure, and that when ¢ is 
allowed to vary N2 
Eer cos? 

Writing x for cos?@ and denoting the quantity on the right of this equation for E 
by y, $N27{A+(C—A)x} by F(x), show that the curve y=F (v) is a hyperbola, and, if 
C>A, slopes towards the axis of v, like the limiting curve in Fig. 103. 

Hence show that the C axis will be brought into the vertical when the energy is 
reduced to N2/2C, so that sliding friction causes the axis of greatest moment to approach 
the vertical. 

When the energy in the motion considered in the preceding examples has a given 
value E, show that 


2_ $ 
Recon N a) ‘ 


2K(C—A) 
and verify the conclusion in the last example. 


17. Further examples. (1) Writing £=h+pcos 6,n=psin 6, o,=sin 6, show 
that the equation of energy is, if there is no slipping, 
(A +M +n) P+ Ao? + Cr?+M Eo, +72)*=2(Ey~ V), 
where E is the initial energy. 
(2) Also using the equation of a.m. 
—Anw,+Cén=pN, 
show that if v be the resultant speed of G, 
24 An? AINE A(C-A a 
a r es E a T cis 
Show that if 6=0 and z=cos 0 
p= PiC(k+2P+ A(1—2); 
AC+ pi{C(k+27)+ A(1—2*)} 
N? 
*0)+2 OFFA A 
(3) Also show that if (4), 12, is fulfilled Eọ— F(s) increases as the top rises. Prove 
also that, if C(k+1)—-A>0,C(&4+z)?+ A(1—2z) increases as w increases. Finally show 


that therefore v? is greater when G is in the highest position than when it is in the 
lowest. 

(4) Deduce conclusions as to the possibility of the top’s attaining a state of steady 
motion with the axis vertical. 


[See Gallop, loc. cit. supra, from whose paper the results stated in the preceding 
examples are taken. | 


v 


{Eo — F(2)}, 


where F(2)=Mgh(z 


18. Energy relations for a top spinning about a fixed point, and 
taking up steady motion. As we have seen, a top spinning rapidly about a fixed 
point will, if left to itself with its axis of figure at rest inclined at some angle @ to the 
vertical, fall away from the vertical, acquiring at the same time azimuthal speed y. This 
azimuthal turning grows up to a maximum and the speed 6 diminishes to zero, and the 
axis then begins to return to its former value, which it reaches only to begin the same 
variation of motion again at, of course, a new azimuth. We may consider here the 
energy relations involved. 
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If Cn is great this falling away is small, the maximum azimuthal speed is twice the 
average speed with which the axis turns round the vertical [see 1, VI, above]. This 
oscillatory motion will be damped out by the resistance of the air, and the top will settle 
down to an approximately steady motion about the vertical. We shall suppose that the 
average motion about the vertical is not changed (which amounts fo supposing that 
the a.m. of spin remains constant) but that the oscillation is damped out. Let 286 be the 
maximum angle of dip of the axis from the initial inclination 6). By this sinking of the 
axis potential energy 2Mgh sin 6,80 is lost. If 2% be the azimuthal angular speed taken, 
the kinetic energy gained is 2Ay*sin?@. The energy of spin is not altered, and so we have 


2A ysin? 6, =2Mgh sin 6). 80 
or Ay?sin? 6) =Mgh sin 6). 86. 
After the oscillation has been damped out and the average azimuthal speed ý has been 
taken up the energy E of the top will be given by 


E=E,+3Aysin? 6— Mghsin 6). 86, 
where E, is the initial energy. By the preceding result we get 
E=E,—3Mghsin 6. 80. 


Thus energy equal to half the work done by gravity in the change 66 of inclination, that 
is equal to the kinetic energy added in the azimuthal motion, has been dissipated. 

This recalls a theorem in electrodynamics. Let, for example, two mutually influencing 
circuits on which are impressed electromotive forces, say those due to batteries in the 
circuits, be left to themselves. They will be relatively displaced by their mutual action, 
and the currents in the circuits will in general be changed. The electrokinetic energy 
will be increased by an amount of dT, and work dW will be done in overcoming the 
ordinary inertia of the circuits, and therefore in producing molar kinetic energy, or in 
otherwise doing external work, or in both ways. The batteries thus are called upon to 
supply energy dT+dW, in addition to that consumed in heat in the circuits during the 
displacement. 

If the circuits move from rest to rest again, so that the changes in the currents are zero, 
and the molar kinetic energy is zero, and if the change in configuration of the system be 
one which excludes change of form of the individual circuits, the whole energy furnished 
by the batteries is 2y; yd M, where yı, yz denote the currents in the circuits, and dM the 
change in their mutual inductance. But the change dT in the electrokinetic energy is 


now 724M, so that dT=dW =, 720M. 


The energy furnished by the batteries is thus equally divided between the increment of 
electrokinetic energy and the external work done in the displacement. 

If the work dW is done against external frictional forces the equivalent energy 
¥172¢M will be expended in producing heat, while an equal amount goes to augment the 
electrokinetic energy, and we shall have an exact analogue of the gyrostatic example 
discussed above. The circuits pass from a configuration in which a certain coordinate, 
x say, has a value x to another in which it has a value zı, and initially and finally is 
zero. In the gyrostatic example @ is initially and finally zero. 

The descent of this top through falling off of spin is discussed in Chapter XIV. 


CHAPTER XIX 


GENERAL DYNAMICS OF GYROSTATIC AND CYCLIC SYSTEMS 


1. General equations of dynamics. Holonomous and not holonomous 
systems. If we suppose the equations of motion for each of a system of 
particles to be written down, we easily obtain, by combining them, the 
so-called variational equation, which forms the foundation of Lagrange’s 
treatment of the dynamics of a connected system of particles. Three 
typical equations of motion are 


MEER a MAY =N NEAL, areae sos calves dete con aD 


where X, Y, Z are the total forces from all causes acting in the three 
coordinate directions on the representative particle. Multiplying the first 
of these by ôx, the second by dy, the third by dz, and treating similarly the 
triad of equations for each of the other particles of the system, we get 
L{m(é æ+ dy +2 6z)} =E(X OKA V SY AL SZ). nesese.. (2) 

This is the variational equation. One or two remarks regarding it may be 
made. 

(1) Only active or working forces appear in the equation, The X, Y, Z 
on the right are not the total forces acting on the particles. Groups of forces 
which do no work on the whole have disappeared. 

(2) The system is in general subject to kinematical conditions or 
“constraints,” and cx, dy, 6z are typical of displacements which are possible 
without violation of these conditions, as they exist at the instant ¢ considered. 
These conditions are expressed, we shall suppose, by m equations connecting 
the coordinates, and it is clear that m < 3n, otherwise there would be no 
freedom of motion for the system. 

The kinematic equations enable the coordinates to be determined in terms 
of the 3n—m others, so that there are 3n —m independent coordinates. 

(3) The kinematic equations may or may not involve the time ¢ explicitly, 
that is they may be either relations between explicit functions of the 
coordinates alone, or of the coordinates and t. Thus in the general case 
they are of the form 


TF hes Uys Sis Cay Yay Ses aos An ea Gan) = Oren E (2’) 
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and give the integrable differential relations 


(Lont S by + Loe) + Tamo. ar heen 543) 

If ¢ thus appears the kinematical condition is said to be variable: if the 
coordinates alone appear, so that Of/ot = 0, the condition is said to be invariable. 

Such a system of equations of condition, with or without the explicit 
appearance of ¢, is characteristic of what is called a holonomous system. If 
the conditions are, however, in whole or in part non-integrable relations 
of the coordinates, the system is not holonomous. As we shall see the 
Lagrangian equations of motion do not hold without modification for a 
system which is not holonomous. 


2. Generalised coordinates. We shall now suppose that the 3n —m (= k) 
independent coordinates have been chosen by means of the equations of 
condition. Let these coordinates, or k distinct functions of them, be taken 
to express the motion of the system. We denote them by qi, qs, ..., Qr- 
Now let the variations ôx, dy, 6z, at time t, of the Cartesian coordinates of a 
specimen particle be Bes by the equations 


oh s op 
bn SP 49,4 É bq, 4-4 Sb gn 
on qı 3q; ôq an qr 


ôy = sXin+5% Pipro + 5X 6g, e NEATE Stent) 


-2 oy ay 
ôz = qı ôq, + 3q ôq + pata ôr» 


where ¢, x, Y are three functions of q1, q2, ---, Qr, by which x, y, z are given 
for the representative particle. We write these equations more concisely in 
the form ôx = ty 0G, H4202 + --- +, 69; 
by = bi ôqı + b,6q.+...+ iaa 
62 = €, 09, + C209 +... + Ode: 
There are n, such triads of functions, and 3n such equations for the expres- 
sion of all the coordinates of the system. If 6a, dy, dz, ... are all zero, the 
quantities 69, dq», ..., 6g, must all be zero, for if it were otherwise the 
functional determinant of any k of the equations would be zero. 
We now denote actual displacements of the system in the element of time 
dt by da, dy, dz, so that we have 


da =a,dq,+a,dq.t+...+0,dq,+ adt, 
dy = b,dq,+ Nice ttn} (5) 
dz = ¢,dq, + ,dqot...+ edgy + ydt, 
or, as we may also write the equations, 
B= A Afat -+ 4rd + a, ; 
ý= bijet bajat + hac e e a eet. (5°) 


B= cigit CoGy +... + Cri + Yy- 
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If a, B, y are zero for each triad of equations, the actual displacement is one consistent 
with the conditions fulfilled by the system at time ¢. If however a, 8, y be not zero, then, 
if we suppose òv, dy, 5z, ... in (4’) to coincide in value with dz, dy, dz, ..., we get 

a(dqı — 691) + a2(dg2— ôq) +- +ar(dqr— 89%) + adt=0, 

bi(dqı— 891) + b2(dq2 — 8q2) + +++ + ba(dqr— ôq) + B azo} 

(dgqi — êq) + c(dq2— ôq2)+ +++ + cr(dgr— ôqr)+ y dt=0. 
These equations cannot be satisfied by dg,=68g,, dy2=dq, ..., unless either dt=0, or the 
functional determinant, formed from any k variables vanishes. 


Whether or not the kinematical conditions are invariable, we have 
X{m(sé x+ ij dy +ë 6z)} =E(X dat+ Y dy+Z dz) =6q,2(a,X+b,Y +62) 
+È (AX +Y +¢,Z)+... + 69,2 (aX +b, Y +¢,Z) = 2(Q 6q),...(7) 
which for an actual motion becomes 
L{m(éet+ iy +2)} =z (Xe+Yy+Zz) 
=G,>(4,X+b,Y +¢,Z)+G@.2(a.X+b,Y +e) 
+... +G,2(a,X +6, Y +6,Z) = 2(Qq). «.....-..(8) 


3. Lagrange’s equations of motion. We can now prove Lagrange’s 

equations. We have for any parameter q 
X(a,X+0,Y +¢,Z)=2{m(aeéi+), j+e2)}= A eeepc erent) 
We have as many equations of this form as there are parameters q. 

It will be observed that, since any Q is the coefficient of dq in the 
expression for the work done in a possible arbitrary variation of the 
parameter g, Q does not include any of the forces such as those due to guidés 
and constraints which are invariable. We have now to consider the equation 


LTA + OY TOF) } SQ ccnp curs E a heel) 
Here it is to be understood for the present that a, b, c are the partial 


differential coefficients dx/dq, dy /9q, 0z/0q, that is, we suppose that the system 
is holonomous. We can prove that 


wt 8 = 5 E ..(8) 
For we have te -4 (3 z t = 
and by (5’), 2 Sin be 
which gives the first part of (3). Again we have 
ii ee aan ath ee, = 
=e its ater hee ae is +) a ae (4) 


which proves the second part of fs a in (3). Similar results 
can be obtained for bi, cz. 
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Considering now the kinetic energy equation, 
T=32{m(P+y°+2)}, 
we see that if the values of #, y, 2 be inserted from (5’), 1, we get 


TALU or 
dt dq oq =, ea R EO) 


which is a typical Lagrangian equation of motion. 


There is nothing in the proof here given affected by the presence or absence of ¢ as a 
variable in the kinematical equations. The equations therefore hold in either case. 
When the time does not appear explicitly in the equations of constraint, the kinetic energy 
is a homogeneous quadratic function of the velocities ĝi, gz, ..., gx; With coefficients which 
are functions of the coordinates. In the other case the kinetic energy expression consists 
of three parts, T,+T,+T), a homogeneous quadratic function of the velocities, a linear 
function, and a function of the coordinates alone. The reader may write down these three 
parts at once from the values of @, ¥, 2. 

The distinction between the two cases may be made to vanish formally by regarding ¢ 
as a coordinate like g,, qo, ..., and taking a new independent variable, y say. If a new 


variable is thus introduced there is of course a corresponding momentum component 
OT/0x. [See 6, below.] 


4. Condition to be fulfilled by generalised coordinates. It is generally 
stated that the coordinates chosen must be such as to define the configuration 
of the body or system with respect to some fixed axes of reference. This is 
true but not quite in the sense in which the statement is usually understood. 
It is enough to assume a set of axes, the geometrical relations of which to 
the axes which have been adopted can be expressed. If this condition is 
fulfilled, any system of axes will serve, even a system which coincides at the 
instant considered with: moving axes, say the principal axes in the case of a 
rigid body, to which the motion is referred. What must be done is to correct 
the result of specialising the axes, by which some coordinates are rendered 
zero and others appear as constants in quantities, which, in consequence of 
the motion of the axes of reference with respect to coincident fixed axes, are 
subject to differentiation. 


An example will make this clear. A rigid body turns, with centroid O fixed, about its 
principal axes O(A, B, C) with the angular speeds p, g, 7. The axes of reference are the 
principal axes, which move the body, and there is nothing to fix the position of the body 
in space at any instant. If A, B, C be the principal moments of inertia, the kinetic energy 


is given by Pech (Agee Bats OIF an tail e aa aa (1) 


The application of the Lagrangian rule for the formation of the equations of motion, 
without precautions to take account of the motion of the axes, would give the erroneous 


equations RR MN GN os E (2) 


where L, M, N are the apnlied couples. 

Consider now a second system of axes O(D, E, C), of which the first two are in the plane 
of OA and OB, with OA between OD and OE, and OD on the side of OA remote 
from OB as shown in Fig. 104, while OC coincides with the third principal axis. 
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Let ,, o be the angular speeds about OD and OE; the angular speed about OC is r in 
both systems. If 6=LEOB we have 


P=, cosP+o,sind, q= -— osin pH OzCOS P. rsscececsssecceceneeeee (3) 
Also if we regard OD and OE as fixed, for the moment, we see that the rate at which OB 
is increasing its angular distance from OE is r, and so obtain the equation r=¢. 
The kinetic energy is now given by putting (1) in the 
Z2 form 


EN T=4{A(w,cos $+ osin p)? i 
+ B(—o,sin P+,cos $)?+ CP}. .....000 (1’) 


Hence we obtain 


oT oT 
. ag oP a$ (A= BYP. ieee i eera (4) 


Thus since =r, the equation of motion for the axis 
OC is given by the Lagrangian process as 
A Cr—(A— B) pg = Leeren eassa (5) 
and by symmetry we have similar equations for the 
axes OA and OB. 

It is now easy to correct the procedure which led to the erroneous equations of motion 
(2). The axes O(A, B, ©) coincide with the fixed axes O(D, E, C) at the instant. . The 
former axes are in motion and the coincidence does not continue: OB separates from OE 
at rate r=ġ. Consider 


Fic. 104. 


Salb(Art+ Bad} = Ap s+ Bp PE heat (6) 


The ordinary process assumes that there is no variation of 4Ap?+4Bq? with variation of ¢, 
since ¢ does not appear explicitly. The correct view is that ¢ is only apparently absent, 
owing to its having been given the special value 0. The values of Op/0d, Og/0¢ are not 
zero. We have in fact p= w,cosP+msind= pcoos0+qsin0, (7) 
q= — sin d+w,cos p= —psinO+qeos0, J UTOTT TTY 


© d 
Thus SpA IOs O=G 5px ~P80= —P, E E AERA (8) 
and therefore = =x (AUB) e a A a a a o ates (9) 


5. Proof of Eulers equations by vectors. In matters of this sort vector 
considerations conduce to clearness of conception, and the method of 
forming equations of motion, so often employed in this work, is really only 
a simple process of applying vector ideas to give at once the ordinary scalar 
equations. But it may be desirable to give here a brief vector treatment of 


the points just discussed. 
If i,j, k be unit vectors along the axes OA, OB, OC the resultant angular 


momentum, considered as a vector H, is given by 

B= Api+- Bj Crk pareri ds: Si. quis a(l) 
Since the axes are principal axes and move with the teas A=B=C=0, 
and we have 


. : : ; di dj dk 
H=Api+Béi+Crk+ Ap G+ Bq Git Cre. E EE en) 


But i, j, k being unit vectors do not vary in length as they are changed in 
direction. The direction of di/dt is perpendicular to i, and obviously its 
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scalar components in the directions of j and k are r and —q. Similarly we 
obtain components for dj/dt, dk/dt, Thus we have 

or e dj À dki i 

g7- ka p= BP ir, di 734 <A Disease raison vsevvence aca) 


and therefore (1) becomes 
H=i{Ap—(B—C)qr}+i{Bg—(C—A)rp}+k{Cr—(A—B)pq}._ ...(4) 
Thus, since H=iL+jM+KN, 
the resultant couple, we get 
Ap—(B-—C)qr=L, Bg—-(C—A)rp=M, Cr—(A—B)pq=N. ...(5) 

The vector method thus accepts the components of A.M. as they are given 
without any explicit appearance of ¢, and by taking account of the motion 
of the axes virtually takes account of the variation of the angular momenta 
with ¢. 

An example of the necessity for introducing additional terms to take 
account of the motion of the axes in forming the equations of motion is 
found in the discussion of the motion of a solid ghrough a liquid, when 
referred to axes moving with the body. If w, v, w be the components of 
linear velocity of the solid, p, q, r its angular speeds about the axes, and 
A, B, C, P, Q, R constants, the kinetic energy, under certain conditions as to 
symmetry, is of the form }(Aw?+ Bv? + Cw? + Pp? + Qq?+ Rr’)+ K, where K 
depends on the circulation, if any, through the solid. The equations are 
formed by Lagrange’s method with suitable connections [see XIII]. 


6. Generalised momenta. Hamilton's dynamical equations. Canonical 
equations. The equations of the type 
give linear equations by which 4,, q,,... can be calculated in terms of 
Pı» Po +-», Which are called the generalised components of momentum. ‘The 
values of ¢,, q,---, thus obtained, can be substituted in the expression for 
T, which then becomes a quadratic function of the momenta. The equations 
of motion become transformed into what are known as the Hamiltonian 
equations of motion, given originally by Sir William Rowan Hamilton. 

Consider the function K defined by the equation 


Be ps ar ey e A T a lee (2) 


where T is supposed to be expressed in terms of the gs. When T, or K, is 
expressed in terms of the momenta we shall indicate the fact by the suffix m 
asin Tm or Km. It will be observed that X(pq) is not 2T, unless T is a 
homogeneous quadratic function of the qs. 
A 

Op? eq’ 


We find first 
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where the notation Km indicates that, both in (pġ) and in T, the gs have 
been replaced by functions of the ps and qs. We get at once 


a 41 EA- 


a a ae REN 
ox. Og Obs (Ol 03\ enh 
OK Coes le 3t)= 3q 


The results in (3) are of great importance. We get from the second of 
(3), by substitution in the typical Lagrangian equation (5), 3, the form 
dp Kn 


AED er Ee os ete 
and from the first of (8) the companion equation 
oK 
ap E erienia sts sagivaen de abt handy annie sawn ieee (5) 


If we suppose that Q is derivable from a potential V, a function of the qs, 
so that —0V/dq=Q, and write H for Km+ V, we obtain the equations 


a Oe gee Oh. Oe G) 


and a similar pair of equations holds for each coordinate g. These are 
the so-called canonical equations of dynamics. They were given by 
Hamilton for the case of H=T+V, and are the fundamental differential 
equations of motion in modern physical astronomy. 
We may notice further that, if H be an explicit function of t, we have 
dH oH. \w H H 
= =F {)+2(550)+ Ga ETE es (7) 
by (6). Thus H is constant if ¢ does not appear in it explicitly. 
But since H=K +V, and K=2X(pq)—T, (7) may be written 
dH oR ov OL. ov 
i Bag tap ae Sy de SE" Jeane non to ara NS) 
Thus, if H is not an explicit function of t, it is a constant, h say, that is 
h= K+V, or there is conservation of K+V (=T+ V) inthe system. This is 
also the case if oT ƏV 


Now, if the time appears explicitly in the kinematical relations of the 
system, T is no longer a homogeneous quadratic function of the gs, but 
consists of the sum of such a function T,, a linear function T, of the gs, and 
a function T, of the coordinates, and, it may be, of t, that is we have 


Ke WE al Die id Nd bd rn Ay) 
Hence, when K+ V=h, we have 
T,—T, +V =h, 


es T-TE oe Nice atts a eee 
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If ¢ does not appear in the kinematical equations the a, 8, y of (5), 2, are 
zero, and T, and T, disappear from (11). The system is then conservative. 

It follows from (10) that we may, in forming the Lagrangian equations 
of motion, regard the homogeneous quadratic function T, as the kinetic 
energy, and V—T, as the potential energy. There will be conservation of 
K+V if (9) is fulfilled, and conservation of energy if T] and T, are zero. 

When Q is in whole or in part derivable from a function V, we may write L for T— V, 
and put (5), 3, in the form dob Poles 

di 3g ~ 307 (EN TEM es a ioc te, (12) 

where Q is the part of Q, if any, not derivable from V. L is called the kinetic potential. 


T. Systems which are not holonomous. If the system is not holo- 
nomous,* a, b, c are not partial differential coefficients of finite functions, 
which express x, y, z for each particle in terms of q,, q2, ---, qy. The process 
of derivation just used for Lagrangian equations is no longer applicable and 
another must be sought. In the discussion of this question we shall no 
longer refer to the Cartesian equations of motion, though we shall suppose 
that as a rule the kinetic and potential energies have been expressed, in 
some primary system of reference, in terms of coordinates and velocities, 
from which it has been necessary to transform to the generalised coordinates 
and the corresponding velocities. 

Let the kinetic energy be primarily expressed by the time-rates of change 
ù, Ù, W,... of quantities u, v, w,..., which fulfil the equations 

OU = A, 0G, + A09 + .-. FOF; + 6,08, + edsa +... + e,08;, 

dv = b,6q, + basqa +- -. + B69; + f8 + fz08: + poo (1) 
For a rigid body ù, v,... may be taken as the product of the square roots 
MÈ, Nė, ... of inertia coefficients M, N,... by velocity components of the 
centroid, or the products of angular velocities of the body about given axes 
by the square roots of the proper inertia coefficients for this case; and so 
for other systems. Thus, i T be the kinetic energy, we shall have 


=} (WP HH...) aaa e ae 2) 
We thus simplify the ee by avoiding the introduction of mass 
coefficients, which are easily supplied for any illustrative example. 

The parameters are divided in (1) into two sets, the qs and the ss, for a 
purpose which will appear later in connection with ignoration of coordinates. 
By (1) ib = Oy, + ada +... + Gg + C8, + Code + -- £28, 

v= biji t dogo... FO G+ fisit faset -Hfi | [ 


wey 


PREN 


* The following discussion of the dynamics of systems which are not holonomous and of 
the general dynamics of gyrostatic systems is taken in the main from a paper by the author 
in Proc. R.S.B., 1909. 
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if we suppose, as we do for the present, that ¢ does not appear in the 
kinematical equations. We suppose these values of ù, ù,... substituted 
in (2). 
Also by the signification of ù, v,... we have primary equations of 
motion, which may be written 
Oak era aaa N I cette ted dor AS acl!) 
and therefore obtain a series of equations of the form 


qütb v+... =U +b V+... =Q 
nith. =a TERV. = Qo} eere (5) 
where Q,, Q,,... are generalised “forces” according to the meanings of 
ù, Ù... There are 7+j such equations, since there are now supposed to 
be 1+) independent parameters gj, Qos.» 5 81) 8g) + - 
By (2), (3), and (5) we obtain at once 
d or 
dt 4, 
Ia as See Sethe a 
dt TES aE )=Qs, 


— (dù +b 0+ - )=Q,, 
...(6) 


These equations are applicable to all cases, whether the system is 
holonomous or not. When the system is not holonomous the terms in 
brackets on the left cannot be replaced by OT/dq,, OT/aq,,..., for the 
coefficients a, b, c are not partial differential coefficients, as they are in 
holonomous systems. 


It is to be noticed with reference to (2) that different modes of breaking up the kinetic 
energy into a sum of squares are not always equivalent, but may involve different sets of 
forces. For example, the expression $A (6?+sin26. į?) which occurs in the expression for 
the kinetic energy of a symmetrical top, and which is already a sum of two squares, may 
also be written in the form }A(6cos$+ysin Osin f)2+$A(—Osin ġ+ ý sin 8 cos p)? 
The former is the kinetic energy of the top (apart from kinetic energy of rotation) when 
the axis of figure is inclined to the vertical at the angle 9, and the axes chosen are axes 
OD and OE as shown in Fig. 104, while the latter is the same kinetic energy when the 
axes chosen are OA and OB. The couples are different in the two cases, as may be seen 
by supposing that the a.m. about the axes of figure is Cn, and writing down the equa- 
tions. But we have here two perfectly reconcilable solutions of the same problem, which 
was to be expected since the system is holonomous. 

It is otherwise for systems which are not holonomous. It is possible in fact to specify 
two distinct cases of motion, which have exactly the same expressions for the kinetic and 
potential energies, but which have entirely unreconcilable equations of motion. A disk 
or hoop which is symmetrical about an axis perpendicular to its plane, rolls, without 
sliding, on a horizontal plane, on an edge (radius a) which is the terminating circle of the 
plane drawn through the centroid perpendicular to the axis. In the other case, the disk 
or hoop rests with the edge on a horizontal plane without friction, while its centroid is 
constrained to move along a fixed vertical circle of radius a and centre in the horizontal 
plane. By supposing the mass of the same in amount in the two cases, but differently 
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distributed, the moments of inertia in the second case can be made such that the potential 
and kinetic energies in the two cases are identical. In their ordinary form Lagrange’s 
equations are applicable to the second case ; they are not applicable to the former case. 

In general Lagrange’s method is useless for finding certain of the equations of a rolling 
disk or hoop. It may however be applied to find the 6-equation, where 6 is the inclination 
of the axis of figure of the hoop or disk to the vertical. 

Correct results may always be obtained if the equations of motion are found by first 
principles. Lagrange’s equations do not “fail” any more than Taylor’s theorem does ; 
they are inapplicable in cases which are excluded by the conditions involved, tacitly 
or explicitly, in the proof of the equations. 


8. Conditions necessary for usual form of Lagrange’s equations. 
It is not difficult to show * that if the conditions 
Oa, _ Ody Oa, _ Oa; ) 
Oga Og,’ 09s 2 | PRE ARIES StS en: (1) 


Ob; _ Ob, Ob, _ Obs 
Og Og’ Og, Og)” 


are fulfilled. Lagrange’s equations are of the usual form typified by 


Equations (1) form one set of the conditions which make equations (3), 7, the derivatives 
of a set of finite equations ; and if all these conditions are fulfilled, every equation of 
motion takes the usual form (2). The fulfilment of each set involves the validity of a 
corresponding equation of motion in the usual form. 

If one set, say (1), of these conditions holds, we can write (using our present notation) 


6u=SEF + aydqot azg +... 
ZO 


where ôF, ôG, are perfect differentials and ôq, does not appear. 

If, then, we notice when the fundamental equations are written down that the terms 
corresponding to any coordinate are expressed in a form corresponding to that shown here 
for qı, we know that the equation of motion corresponding to that coordinate can be 
found by the ordinary Lagrangian process. 


9. Equations of motion for systems which are not holonomous. In 
what follows we shall, for brevity, adopt the notation 
xT =ayit+bo+... | 
bE = igiri tns f PTAA T E T AA (1) 
If the form of T be modified in any way, for example by the substitution of the values of 
ŝi» ,... in terms of the momenta OT/0s,, OT/Os,,..., and the other velocities ĝi, g,..., 
then if T’ be the modified form of T, ¢,T’, ¢,T’,... will be understood to denote the 
operations indicated in (1), but performed with the new values which are then given to 
the coefficients of ĝi, Jo, +--+ 5 Vx: 
It follows from what has been stated that, as has already been pointed out in 8, the opera- 
tions indicated in (1) cannot be performed without reference to the fundamental equations 


*See the paper cited in 8 above. 
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from which that expression has been derived. For example, two terms in T might be 
3A6?+4BY% These might be derived either from 7=A26, i=B2y, or from 


u= Aisin 8. 6+B2cos 6. y, j=A*cos 6. 6-Bisin 0. y. 


The former mode of derivation would satisfy the conditions of integrability so far as 
these terms are concerned, the second would not. ‘It is possible, in fact, to specify two 
distinct cases of motion which have precisely the same expressions for the kinetic and 
potential energies, but which have not the same equations of motion. An example is 
given towards the end of 7 above. 


10. Lgnoration of coordinates. Let now the form of T be modified by the 
substitutions indicated above. Our object is to inquire what modification is required in 
the process of “ignoration of coordinates” by the non-integrability of the relations 
between the generalised coordinates and the functions of these coordinates and thelr 
velocities from which the kinetic energy is derived. We shall suppose therefore that the 
coordinates s,, s,,..., are absent from the kinetic energy, and from the function V of the 
coordinates from which the forces are derived, if that function exists. Writing them for 
a moment 7,;=0T/08,, 7,=OT/Os,..., we see that if the fundamental relations were 
integrable 7,, 7), ..., would be constants, since then we should have 


a oe owe 


Os, =0, S s ? 
on the supposition that besides OV/Cs,, OV/Os, ..., which are all zero, no generalised 
forces corresponding to s,, s),..., exist. The equations of motion are now however 
d OT 
dt d xT=0] 
P rd a E A A TA A (1) 
> oth XT =0, 
dt Osz 
E teases , 
where Kil =e ae Cee 4 (2) 
EENET i 
so that X1, Xg,.-., are the operators for the s coordinates that ¢,, $9,..., are for the g 
coordinates. 
The conditions for constancy of the momenta OT/0s,, OT/Os,, ..., are therefore now 
N= E Ned E E (2’) 


These conditions are fulfilled by (2) when é, /,,..., are zero, which is the case in 
various problems of the motions of tops and gyrostats, where none of the coefficients 


eis Jis +++) €2) Jos +++, contains the time or any of the coordinates g1, q2,..... We shall not 
assume, unless it is so stated, that e,, f,,.--, 2, fo,..., are absolute constants. 

We shall assume however that O CALFIN eE E N EA Taa (3) 

O Osz 

where ¢;, ¢:,..., are constants. These conditions are fulfilled in a large number of problems 
regarding rotating flywheels in which the coordinates q1, g2,..., determining the positions 
of the axes of rotation have no influence on the momenta OT/0s,,...._. When the system 
is holonomous the constancy of these momenta is secured by the fact that the differential 
equations (2’) become OT/0s,=0,.... Equations (3) extended are 


(ear + fobi t...) + (Cotte + fabat...) +... + (Cea th fot e) + (C2 +f2H+...)S+...=C2, 
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The coefficients of ĝi, ge, ..., S1, %,..., are those of the products 4,5), Qasi «+5 Si5ty S180) «++» 
in the first line, and of 9,8), Go82, «-- 5 $152) S252; «--, in the second, and so on. Denoting these 
coefficients as in the scheme in 

(q, s1), (dzs $2), D (G sı), (si, S2), a.. 

(qi, S2), (Ya, s2); wany (sı, S2), (s2; S2), ESED 
we can write equations (4) as follows : 


(81, $1) 5, + (S2; S1)S2 +... = C1 — (Qi, 81) G1 — Gos 81) Ga - >| 
(81, $2); +(S5 89)Sg +... = 03 — (G15 S0)91 — (Gay 82)Ga— ++ Jj A o (5) 
From these s,, s,..., can be determined in terms of ¢,, ¢,..., and ĝi, G,---. These 
values then substituted in the expression for T convert it into a function T’ of 9, ga, .--, 
Cis C,..., SO that all trace of the variables s,, s,,..., is now removed. We have to inquire 
what form the equations of motion take when this substitution is made, or, as it is usually 
put, when the coordinates si, s:,..., are ignored. First we form expressions for $, ),..-. 
Let (c1, ¢,), (ĉi, ¢), ..., denote the ratios of the consecutive first minors of the determinant 
of equations (5) to that determinant, and put 


R= (Cg) Crack 2 (Gps) CeCacinn ee page sacenecs os seem ce teseceens (6) 
WOK A 
Then =, —(g,A, + 92B, +...), 
1 
| E E EO (7) 
82 (HA2 +ġB2+...), 


where 
A1=(c1, Cr)(M15 81) + (Cry €2)(91, S2)+---, Az=(c2, (G15 $1) + (Cos C2) (Gry S2) +--+, 
Bi=(¢15 €1)(Gos 81) + (C1, C2)(Go2s 82) +.. B2=(cz, C1)(92 $1) + (C25 C2) (Gay 82) +. 5 tS) 
11. Ignoration of coordinates. Formation of equations of motion. 
In the paper referred to in 7 it is shown that if T’ be defined as above, 
d OT’ dAN d Cl. ¢ Ol. a) = d oT 
dt talea EEA dt Ogs A db Ou,” 
and that T =¢ġT- 2 A Se 


It follows therefore that when the coordinates s,, s,,..., are ignored in the case of a 
system which is not holonomous the equations of motion have the form 
d oT 


Hence we have the very simple rule: modify the expression for T by substituting for 
their values from (7), 11, and then proceed as if no velocities of coordinates 
$15 8, --., had ever entered into the expression for the kinetic energy. The equations of 
motion obtained are of course applicable also to holonomous systems. 
To verify the results obtained, we write the first of (1) in the form 
Gh Git’ Caw: AOL 
5, OF, By, (AT -5,.)=%, SE MNES on ROE (2) 


and consider what it becomes when the system is made holonomous. We have 


> dA EREK UE dA 
TS - fT +3(c A) -tbo ) +(e) SOE A (3) 


$15 S23 +++ 
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and since we have also now 
ù={q -È (eA)} G+ {a -5 Nae e3 


` 0={b, — Z(JA)}G, +{b2- E(B) Got 
we obtain Sail {Seay Ben at (Sto spn 3] 
aaa ataa = = SB} da+... | 
Meat silence velco O tes ceeeteseasnareerecadece iaedueve leant A sen 4 
If now Boy, Sete ... Obp/Og, = 0b, /Oge, ... , (4) becomes “ 
Siih i+.. -i iaa E E n 
-i {th oe PUNH ZUB) +.. 
TI A E e A E EEN (5) 
TT {e(ge- Se) }+- nie (Oye Rare ee (6) 


and similarly for the other equations. The termsin ĝi, g,... are called gyrostatic terms. 
The coefficient of ġ, in the first equation, of ĝ; in the second, and so on, is zero. 
Equation (6) is thus of the form 

a= Ol, On" 

FOr age ee Jududosbaddboubocdaadonbinnoncseésnonns (7) 
and we have as many such equations as there are coordinates g,, q2, ..... If we multiply 
the first equation by ġı, the second by qo, ..., and add, we get as the sum of the quantities 
on the right Oaa Oho 

All the terms L,, Ls, ..., the gyrostatic terms, have disappeared. These terms disclose 
themselves by certain dynamical phenomena, due to motions and connections, which an 
ordinary inspection of the body and even some dynamical experiments may fail to 
detect. 


12. Routh’s rule for ignoration of coordinates in a holonomous 
system. Gyrostatic terms. This simple modification of the expression for the 
kinetic energy by which the equations of motion are obtained when certain coordinates 
are ignored, may be compared with the modification given by Routh for the case of holo- 
nomous systems (Stability of Motion, p. 60). If T and T’ have the meanings assigned 


above, we have now ` OL PROT ( ca 
an Oqy N Ogu)’ 
and obtain dor or ee wt _ a) ool Oe 
Wi OGs a dt 0g, 0g,/) dt Og, Og, | OOO E (1) 


But, by the result stated at the beginning of 11, 
d Os sh A ( a : ( A) ( oe) 
Sco le Bo lee cae ste ee 
ses xe) 2 ORE o] ~ ° Oa, qı n God ° Oa, A ee eee (2) 


so that (1) becomes 


aa Ba, He (SB) tHE Se a HaT} 0 


eee ee eee eee ee eee eee ee eee ee Cee ee eee eee eee eee eee eer eee Tray 
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Equations (1) show that if we modify the expression T to T’ by substituting in it the 
values of s}, s,,... given by (7), 11, and then write 
HEA CS Osea Banitiss E saute se EE EEA (4) 


we can use T” to obtain the equations of motion for the coordinates q, go,.--) Qe for a 
holonomous system by the ordinary process. Equations (3) show that the so-called 
gyrostatic terms flow from the added expression —c¢,§,—¢)s,—...._ In equations (1), 11, 
these added terms are dispensed with, and the equations are applicable to all kinds of 
systems. 

Now in (4) regard T’ for a moment as still a function of ĝi, g2,..., Qi, 51, S2)-.-, $j, that 
is in fact T, while T” on the left represents the right-hand side of (4) as modified by the 
substitution specified. We get by direct differentiation, 

ATERAT a RCS : 
Be, = ie ae: s(os*) SSS Ae Lee eR: (5) 
Moreover T’, as modified, and T” involve g,, gy,... in the same way. Therefore 
AUO Ty 
ae h SO eee (6) 

The modified T” consists of three groups of terns, (1) a homogeneous quadratic function 
of ĝi, Ya, -.., which we shall denote by T, (2) a function bilinear in g,, Go, ..-, C15 Cos +++) 
and (3) a homogeneous quadratic function, K, of ¢,, ¢,,.... But from (4) we get 

T=T’-<, = =o a RE ren Pe (7) 
On the right the bilinear terms appear twice over, once in T” with one sign, and again in 
the products ¢ 0T”/Oc, with the opposite sign. Thus the kinetic energy T” is the sum of the 
two homogeneous quadratic functions T and K. 


13. Cyclic systems. Kinetic potential. Gyrostatic terms are charac- 
teristic of what have been called cyclic systems. These have the peculiarity 
that certain coordinates, of the type s, do not appear in the expression of the 
kinetic energy, which depends only on quantities of the type q, the q, and 
the ¢. Hence coordinates of the type s are sometimes referred to as “speed 
coordinates.” Also, as stated in 10, no forces of the type S exist. Thus the 
equations of motion for the s coordinates are of the type d(0T/0s)/dt =0, that 


is we have de, i (1) 


The g-equations of motion are at once obtained from Routh’s modified 
value, T”, of the kinetic energy given by 
De Vi Sp Cho Bll cist sliakoles i ea e (2) 
in which, on the right, $, s,,... are supposed to have been replaced by their 
values in terms of quantities of the type q, g,andc. These equations contain 
gyrostatic terms. When the Qs are derivable, in whole or in part, from a 
potential V we may include these forces in the forms on the left of the equa- 
tions by using, instead of T’ and T”, T’—V and T”—V, or as they are 
usually symbolised, L’ and L”, the so-called kinetic potentials [see 6 above]. 
Then the complete equations are of the form 
d OL” OL” 
dé a mrp Ny oe 


AB) 
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where Q, is the part of Q, if any, not derivable from a potential function. 
Here also, of course, the terms derived from the chain of products 
—C,8,—¢,8,— ... are gyrostatic. 

In the equations of motion thus obtained no ¢ (and of course no s) 
appears. Thus, by the process of modifying the kinetic energy adopted, it 
is possible, in the case of holonomous systems, to “ignore” the s coordinates 
and their velocities. But this “ignoration of coordinates;’ as it is called, is 
only possible when, as explained, arrangements are made to enable the s 
motions to have their proper influence on the system. 

It ought to be mentioned that M. Appell has invented a dynamical method 
in generalised coordinates which is applicable to all systems whether holono- 
mous or not, He constructs a function S, which has been called the “kinetic 
energy of the accelerations,” since it is obtained from the expression 


2{m(# +4 +2}, 


by substituting for #,, ə, ..., their values from the equations [see (5^, 2} 
of the form LAG F dt es 

The partial derivatives of S, 0S/og,, oS/q,, ..., equated to the values of the 
generalised forces Q,, Qs, ..., then give the equations of motion (see Appell, 
Mécanique Rationelle, t. 2, p. 374). 


14. Reversibility of the motion of a system. The motions of systems 
which are not gyrostatic are in a certain sense reversible. If we suppose 
that, starting from a certain instant, the time element is reversed, no change 
takes place in the equations of motion. For there are no linear terms in 
the kinetic energy, and so no term in an equation of motion is altered in 
value. If then the forces for each configuration be the same as before, 
we may suppose time to flow on, and the velocities to be reversed at the 
instant in question. The system wili pass through the configurations of 
the direct motions in the reverse order, and where there was positive 
acceleration for any coordinate there will now be retardation for the back- 
ward passage, and vice versa. 

If there be gyrostatic terms, this total reversal will not be possible for 
reversal of the gs only; the ss must all be reversed as well. Reversal as 
regards the q-motions is however possible. The motion of a top is a good 
example. The axis moves between two limiting inclinations 6 to the vertical. 
As the top moves from the smaller limiting value of 0 to the larger, it passes 
through a succession of values of 0, and the backward passage is, in a 
sense, an image of the forward passage, in which the values of 0 are assumed 
in the reverse order, and the s are the same for the same 6s but reversed. 
The azimuthal motions however are not reversed; the axis swings round 
in the same direction in rising as in falling. For the same forces the 
azimuthal motion cannot be reversed except by reversal of the spin. 
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The kinetic energy of the cyclic motions, which are left when every ġ is 
made zero, may be expressed either as a homogeneous quadratic function T’ of 
the velocities typified by s, or as a homogeneous quadratic function K of 
the cs. As we have seen, we have for any q-coordinate 

eS 

oq = Og 
As before, we have relative equilibrium of the system when for variation of 
each coordinate q, V—T’ or V+K is stationary, that is all the partial 


differential coefficients 39 ; d 
TI oF OEE) 
are Zero. 


15. Stability of the motion of a cyclic system. In the second case K is 
equivalent to an addition to the potential energy V. It can be proved, just 
as it is proved that static equilibrium is stable when V has a minimum 
value, that the relative equilibrium—the state of motion for which the gs 
are all zero—is stable when V — T’, or V+K, has a minimum value, that is 
the variation 6(V+K) caused by any small disturbance from steady motion 
must be positive. 


The best example is that of a top spinning with its axis inclined at an angle @ to the 
upward vertical, and supported at a point on the axis. The kinetic energy is 


T=3A@+$A sin? 9. Y2+4CN%, e E (1) 
where n= 4+) cos 0, the constant angular speed of the spin. The potential energy is 
Mghcos 6. Here Cn, the a.m. about the spin-axis, has a constant value c, and the 4.m., G, 
about the vertical through the point of support, given by 


Ce Or AA BINT er R a (2) 

is also constant. Thus we have 
x (G—ccos 0} |e 3 
V+K=Mghcos 0+4 ERA tie e E AT (3) 


Now for relative equilibrium with 0 constant the expression on the right must be a 
minimum. Differentiating with respect to 0, and equating the derivative to zero, we get 


Ai cos OS On WS Mah EO Bove. ctvtvesstaverted (4) 
the condition for steady motion when @ is not zero. 
Differentiating again, we find for the condition that V+K should be a minimum, the 
inequality c(c— G cos 0)+G(G — c cos 6) 
A sin?0 
If we suppose the top upright, so that 0=0, we must take c=G, since we have then 
each of these quantities equal to Cn. Supposing then 0 very small, we have for the 
inequality, very approximately, 
20? 


EAMG COS Ormetcsstaaseses EEA ENIES (5) 


1—cos@ 
sin? 6 


AAMO PIGOS Omega aara AA EAn aaea (6) 


or in the limit when @ is evanescent 
O AAMA vorrcesscocsrscccersrosverrscarccovesecese (7) 


a result obtained otherwise in 12, V, above. 
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16. Visible and concealed coordinates. Nature of potential energy. 
The association of K with V in the criterion for the stability of the steady 
motion of a cyclic system, and its treatment as equivalent to so much 
potential energy, suggest that all energy may be kinetic, that in fact energy 
of configuration, or potential energy, of ordinary bodies, is kinetic energy of 
motions of the system depending on coordinates which are concealed from 
us, and which we cannot control. In the dynamics of the motion of solids 
through a fluid the configuration of the solids is specified by the q-coordinates, 
and by means of these and their velocities the energy of the system is 
expressed, and the equations of motion of the solids obtained by the 
Lagrangian method. In this process the coordinates, infinite in number, 
which determine the positions of the particles of the fluid, are ignored, 
and the corresponding components of momentum are taken as zero, 
except in the case of circulation in cyclic regions, such as channels formed 
by perforations in the solids, when momenta must be introduced which 
are exactly analogous to those of the flywheels of a gyrostatic system 
(see 14, XIII). 

Thus the total energy of a ASAE ial system is capable of expression 
by the visible coordinates and velocities of molar matter, but the potential 
energy is no doubt really the kinetic energy of unseen and individually 
uncontrollable particles, among which the bodies observed move just as solids 
move in a fluid. 


17. Case of a group of constant velocities. If, instead of the momenta 
of the s-coordinates, the velocities of that group are constrained to remain 
constant, the dualism of such systems, as illustrated by the Lagrangian 
and Hamiltonian equations of motion, shows that there arise here again 
terms of gyrostatic form. Let us suppose that the kinetic energy is of 
the form 


TaT PER Ee O POEA +) Pe ee (1) 


where T and T’ are homogeneous quadratic functions of the gs and the gs 
respectively. Also let the kinetic energy be independent of the s coordi- 
nates; then the coefficients, a,,, Qos ++- , yy, +++Qog» ++,» are functions of the 
qs only. The ordinary Lagrangian equations are of the form 


dort or a 
dt dq, Og; dgy 


d d Od ae a 
+(2q4=4 sda. or it (Ftd Ee det it o 


292 Fe 


OG. Ody, , s Dan A Clary), ; =v 
ree A oa qy ht) (Sat BP det...) Qn soosee (2) 
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We can write this as 


qool, ol. ef, 


STUNT RE sate RECLINE k 
+{(& Seite Sat tt qı 


f Oa, Dda s Oa py Oda R ki 
T Lanna fz 


The reader will see that if, for example, we put first f=1, then f=2, the 
coefficients of g, in the first case and of g, in the second have the same 
numerical value but are opposite in sign. 

An equation of motion can be written down for each coordinate. These 
equations contain no terms in §,, 3,,..., and OT’/ds,, OT’/ds,,... are all zero. 
oo Utah a at 

dt 09, fia 


aq, E ( ) 


Hence, if we multiply the first q-equation of motion by ¢,, the second by 4), 
and so on, and add the products, we get 
ad(T—T’ ; 
Oe = Quin + Quint we $QiGi- Beet ars tata tee CO 
If the forces are derivable from a potential V we get 
d(T—T’+V) _ 
dt 7 


If for any configuration all the gs are zero T is zero, and we have from 
the equations of motion, the conditions, 7 in number, 


iin PORNO tere, voy (5) 


oT’ 
sg Ni Silonite 5 Melb tas amend steed (6) 
or in the case when Q,=0V/6q,, that is for a conservative system, 
a(V -T^ , 
Ba, (69) 


that is V—T” does not vary with any coordinates, or in other words V —'T’ 
is stationary. 

We might express the kinetic energy of the s motions as a homogeneous 
quadratic function K of the s momenta. We have then oT’/oq,= —0K/0q,, 
and (6’) becomes o(V +K) A 

ogy 


18. Relative potential energy. Stability of relative equilibriwm. The 
expression V — T’ may be interpreted as relative potential energy. A simple example is 
that of a conical pendulum, inclined at an angle @ to the vertical, and in steady motion. 
The velocity 6 is zero, but the azimuthal angular speed ¢ is not. The coordinate does 
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not appear in the expression for T’, which is 4m?sin?@. ¢?, where / is the length of the 
supporting thread. The potential energy is — mgl cos 0, so that we have 
V-T’=-—ml(gcos 0+4lsin?ð . 2). 
This is to be stationary, and so we must have 


Ê (V -T)=msin O(g- loos 0. ¢2)=0 


Thus the azimuthal angular speed is given by 


the well-known condition for steady motion. 

It will be seen that we have obtained the condition of relative equilibrium, that is for 
steady motion, by treating V—T’ as potential energy. Here T’ is the kinetic energy 
corresponding to the so-called centrifugal force. 

It is not difficult to show that this relative equilibrium is stable, and it will be found 
by a second differentiation, that for the steady motion with angular speed (g/l cos oÈ, the 
value of V — T” is a minimum. 

But now consider the a.m. c of the bob. It is mlsin?0.ġ. Then in terms of c the 
kinetic energy, which we have denoted by T’, has the value }c?/ml?sin?6. We now 
denote this by K, and find the result of considering V+K as stationary. Differentiat- 
ing, and equating to zero, we obtain exactly the same result as before, that is ¢?=g/l cos 6. 

When we differentiate again with respect to 0 we find that V +K is a minimum. 


19. Illustrations of the general equations of motion. (1) Asa first and very 
simple example, we take the motion of a particle of mass m in a plane curve. If at time ¢ 
the radius-vector drawn from a fixed point be of length r, and make an angle 0 with an 
axis of x drawn from the same origin, the coordinates of the particle are 

z=reos 0, y=rsin 6. 
Hence for the kinetic energy T we have 
2T=m{(7 cos 9—rG sin 6)? + (*sin 6+7 cos ORs SR Ree. E TOD 
or ID m GEAN a e e a O RA (2) 
In applying (6), 8, to the problem of finding the 7, 0, equations of motion of the particle, 
we have to take the first expression for the kinetic energy. We obtain 
dor 
dt or 
By (6), 8, we have to subtract from this 


=m}. 


m(Żcosĝ-—rĝsin 0) Ž (cos 6)+m(*sin 0+r cos 6) Sein 0); 
that is mr. The same result would, of course, be obtained by calculating OT/or. 
Hence the r-equation of motion is m(#—162)=R, ve..ccsecccesssccsssccecececsnsceesesssecaes (3) 
where R is the applied force in the outward direction along 7. 
aor 
dt 06 


For the -equation we have = m/(r6+ 2776). 


We have to subtract from this 
—m(* cos 9—rOsin aor sin 6)+m(*sin 6+76 cos oi (r cos 0) 
or zero. Thus the 6-equation of motion is 


m(129 + 2798) =O, ...crcsnunscvsnoeasordecseenuesonetsoans (4) 
where O is the applied force perpendicular to the radius-vector. 
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This method, if it had been applied to the value of T in (2), would have failed. T is 
here a sum of squares referred to a set of axes so specialised that in the formation of T 
the quantities cos 6, sin 0 have taken the special values 1 and 0; and unless we go back 
to the fundamental expressions, for the velocities along the unspecialised axes Ow, Oy, it 
is not apparent how the process is to be carried out. 

It will be observed that in (1) we have 


(cos 0)= - Le sin 0), A (sin 0) =2 (r cos 0), 


so that the integrability conditions are fulfilled. Thus it is possible to proceed in the 
ordinary way by calculating OT/Or and subtracting it from m7. The function of r 
involved in (1) and (2) is the same, and so in the Jatter case the ordinary process 
remains applicable, though then, apparently, the integrability conditions seem unfulfilled. 
This explains why in many cases, e.g. in the next example, when specialised axes are 
taken, the ordinary method is applicable, while the other, set forth in § 9 above, is not. 
The latter can only be applied when the values of ù, ù, ... are perfectly general. 


20. Illustrations of the general equations of motion. (2) Gyrostatic 
pendulum. As a second example we take the gyrostatic pendulum problem already 
discussed above [21, VII]. The pendulum as ordinarily made is a rigid body symmetrical 
about a longitudinal axis, and containing a fly-wheel with its axis of rotation along the 
axis of symmetry. The suspension is by a Hooke’s joint, or by 
means of a piece of steel wire so short that it may be taken as 
untwistable, while yielding equally freely to bending forces in 
all vertical planes containing the wire (see Fig. 105). 

Suppose the axis of the flywheel to contain O, and denote this 
axis by OC. Let 6 be the inclination of OC to the vertical, y the 
angle which the vertical plane through OC makes with a fixed 
plane through the vertical containing the point of support, p the 
angle which a plane containing OC, and fixed in the wheel, makes 
with a vertical plane also containing OC. We shall not suppose 
in the first instance that the pendulum, apart from the fly wheel, is 
symmetrical, but take C as its moment of inertia about the axis of 
the wheel, which we shall suppose to be a principal axis of moment 
of inertia, and A and B as the other two principal axes for the 
point of support. We shall also denote the moment of inertia of 
the flywheel about its axis by C’, and its moment of inertia about 
any axis at right angles to this through the point of support by 
A’* It is easy to show from Fig. 105 that the angular velocity of the pendulum (apart 
from the flywheel) about the axis of symmetry is —¥(1—cos6). That of the flywheel 
about the same axis is $6+ycos 0. We refer in what follows to Fig. 106, below. 

We suppose now that the principal axis about which the moment of inertia is B is 
inclined at the instant under consideration at the angle ¢ to the vertical plane containing 
the axis of the flywheel,- so that, if without other change of position of that plane the 
axis of rotation of the wheel were brought to the vertical, this principal axis would lie 


Fic. 105. 


* There is here a deviation from the notation of 20, VII above ; but it can hardly be avoided 
unless the case containing the gyrostat is symmetrical. When there is symmetry the deviation 
consists simply in the interchange of C and C’. In comparing the solution here given in 20, 21 
with that of 21, VII, the reader will also observe that the w of the latter is the angular speed 
of an axial plane of the flywheel relative to an axial plane fixed in the turning case, so that 
g=w-y. For the turning case, or body, o=- yp. 
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in the plane from which y is measured. The pendulum is turning with angular velocity 
0 about OD, taken perpendicular to the vertical plane through the axis of the flywheel, 
and with angular velocity sin 0 about an axis in that plane and at right angles to the 
flywheel axis. The angular velocities about the axes of A and B (taken as related to the 
third axis as the usual axes Ox, Oy are to Oz) are therefore Ocosp+ysin Osind and 
—6sind+ Ysin 6 cos $ respectively. 
The equation for the kinetic energy can now be written down, and is 
T=4{A(d cos $+ $sin Osin $)?+B(— sin p+ Ysin 6 cos p)? + C(1 — cos 6)*f?} 
+4[A' (P+ yp sin? 0) +O {h+Y cos O}2]. ccccccccceeeeeeees (1) 
From this, by the ordinary process, since the coordinates of any particle of the body are 
connected with the angles here specified by finite relations, we can obtain the equations 
of motion ; and this, of course, is the simplest mode of proceeding. All the data for 
forming the equations in this manner will be found worked out in Thomson and Tait, 
§ 330. The following is another discussion of the problem. 


21. Discussion of gyrostatic pendulum. We refer the motion of any particle 
of mass m in the body to fixed axes coinciding for the instant under consideration 
with the principal axes A, B, C, and denote the angular velocities about these axes by 
p,q, r. The corresponding angular velocities for the flywheel are p, q, 7”. If x, y, 2 be the 
coordinates with reference to these axes of a particle of mass m in the pendulum apart 
from the flywheel, and 2’, 7’, 7, those of a particle of mass m’ in the flywheel, we have 

L=Qe-rTy, Yy=re-pe %=py— qe, 
t= „ý rY, y =rx — pi, ¢=py E qu’. 
Hence 2T =È[m{(qz -ry +(re-— pz)? +(py —gz)?}] 
+Efmil -ry +x — pd P+ (py! — Gi’ Fy eeeseseceeserssseses (1) 
where the second line refers to the flywheel and the first to the rest of the pendulum. 
From this we obtain 
oT D g S . > gi Peet, NGS U l 
A T SAN OLGA UR E T 
Calculating the total time-rate of variation of this, and taking account of the fact that the 
axes of reference coincide with the principal axes of the body, we get 
d OT : : AOR $ 
di Ce OTA —pzt+ré —pz)}] 
+2 [my (py —gx)+y (by +pý-94)] 
+similar expressions for the flywheel. ..............0005 (2) 
From this we are to subtract, according to (6), 7, above, 
D[m{ —2(re — pz) +9 (py — ga)i]+ 2 [mt — 2(9'x' — pe) + "(py — 92')}); 
which vanish identically, and we have 2{m(éz+x2)}=(A—C)q, 2{m(éy+2y)}=(B-A)r. 
With these identities, and the substitutions y=ra— pz, z=py —q2, Y =r% — pz, 7 =py' — 9x’, 
Bg => (m(az—2x)}, A’g=Zi{m' (az —#x)}, (2) becomes, with equation to the moment of 
external forces round the axis of A, 


(A+A’)p —(B-C)gr—(A’—CO')q7’ =L. .......... EE A AE (3) 
Similarly we obtain another equation 
(B+ A’)g—(C— A)rp—(C -A)r PHM. ssssssesreresiresssssese (3’) 


These are really Euler’s equations of motion for the pendulum, and might of course 
have been written down at once. We may now pass to the special axes O(D, E, C), 
which have been so often used above, and which with O(A, B, C), and the vertical OZ, 


xix DYNAMICS OF GYROSTATIC AND CYCLIC SYSTEMS 425 


are indicated in Fig. 106: The axis OE moves with the plane ZOC, and we may take 
EOB as the angle through which the body in its turning about OC has outstripped the 
plane ZOC. Denoting this angle by ¢, we have ¢ for the angular speed relative to this 
plane. From the diagram we have the following values 
of p, q (which have already been given in 20), 

p=Ocosp+ysin Osing, g=—Osind+ysin bcos ¢, 
and we have seen above that 

r=—y(1-cos6), r=ġ+Ņġ cos 6. 

Substituting in (3) and (3’), multiplying the first trans- 
formed equation by cos¢, and the second by sing, and 
subtracting the second product from the first, we get the 
equation of motion, relative to the axis OD. Multiplying 
the first transformed equation by sin ¢ the second by cos 4, 
and subtracting the second product from the first, we get 
the equation of motion for OE. 

The reader may work all this out and compare with 
the results of the Lagrangian process. He may then pass 
at once to the case of symmetry about an axis coincident 
with that of the flywheel. We may however pass to the 
case of symmetry by supposing the angle ¢ of Fig. 105 equal to zero, and inserting * 
6+v¢?sin 6 for p, Ysin@ for g, —Y¥(1—cos6) for r, 6+y¥cos@ for 7’, we get the 
6-equation of motion. Similarly the other equations can be obtained. 

If the pendulum be symmetrical about the axis of the flywheel, (3) becomes, with the 
substitutions specified above, 


AO—{C(1—cos 6) sin 0+ Asin 6 cos RY2+C' sin 0. ný =L, ...cccccseeeees (4) 
where n denotes the speed, 6+y cos 6, of the flywheel about its axis, and A is put for 
A+A. 

The other equations of motion will be found to be 
{A sin20— C(1 —cos 6) cos 0} +2{(A — C) cos 0+ C} sin 6. st C’nsin 6. 6=0, 7 


d (+ peoos MNO E 


In the first of the last-written equations, account of the second has been taken, in putting 
n for ¢+y cos 6, and treating n as a constant. When the difference of notation, referred 
to in the footnote on p. 423, is taken account of, it will be found that the equations of 
motion here found agree with those obtained from first principles in 21, VII, above. 

The angular speed of the flywheel is simply that, $+% cos 0, of a top or gyrostat, about 
the axis of figure. The expression w—(1—cos 0) has the same meaning, but involves 
explicitly the turning of the body of the pendulum due to the mode of suspension. 
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* Referring to Fig. 105, we may introduce the Eulerian angles by supposing axes drawn 
from the point of suspension O, as there indicated. These axes O(D, E, C) are to be taken 
as coincident with the axes O(A, B, C) of the text. If 6 be the inclination of OC to the down- 
ward vertical, the angular speeds about the axes are, for the body, 6, ý sin 9, - (1 -cos 0), 
and for the axes themselves 6, Ysin 8, ycos@. The rate of growth of angular speed about OD, 
regarded for the moment as a fixed axis, is what we have denoted by ù, and this is made 
up of 6 due to acceleration, together with, by our rule, the two parts —ysin 0. ¥cos 8, 
- (1 — cos 6)ysin@, due to the turning of OE about OC, and the turning of OC about OE 
respectively. Thus, or by differentiating the value of p given in 20, and remembering that, in 
the rotation of the pendulum body (but not in that of the flywheel), $= -ġ, we have 


p=6- sin 0 cos 0 - ¥2(1 -cos 6 sin 6) =6 — ysin 0. 
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Putting now OT/d¢ or C'(¢+y cos 0)=x, we have 
b=q- 00s 0. ý, SORE eR het PRE PE a. (6) 


and therefore, since ¢ is the velocity for the ignored coordinate ¢, we have from (8), 10, 
B=cos 0—1, A=0, where B and A are the functions from which the gyrostatic terms are 
derived. 

Now we can write 


IT = E +95 One 


op 
ea +Cy¥(1 — cos 6+ O’ny cos 0+ 4x 
=A È+ Aysin? 6+ CY(1 — cos 0} + S =T, RE Jotea (7) 


where K=3x?/C’. 
Thus the kinetic energy is reduced to the sum of two quadratic functions, one, T}, of 
the velocities $, 6, the other, K, of the momentum x corresponding to ¢. 
The equations of motion are reduced to two, which have the form 
—{C(1—cos 6) sin 6+ A sin 6 cos 6} ¥?+ xy sin 6+mgh sin 0=0, 
{A sin? @—C(1—cos 6) cos O} +24(A —C) cos 6+ C} sin 0 . 6b — KO sin 0 =0. 
The terms «ọsin 0, —«Osin 0 are the gyrostatic terms. One is —yx0(cos 0)/00, the 
other is 6k0(cos 6)/06. 


22. Gyrostatic pendulum vibrating through small range. These equa- 
tions can be reduced, when @ is small throughout the motion, to x, y coordinates, and 
take then a symmetrical form which exhibits better the gyrostatic terms. They are best 
obtained by transforming the kinetic energy to the new coordinates x, y, taken in a 
horizontal plane through the centre of inertia of the pendulum, with the projection of O 
upon this plane as origin. 

We have, approximately, 1—cos 6=7?/2h?, where {= (a2 +y} is the distance of the 
centre of inertia from the new origin, 6=(xé+yy)/hr, ¥=(ay —yé)/r*, so that, neglecting 
terms of higher order than 7?/h?, we get 


aT =7 (i+ PST, +K. a dk a A (1) 


For the calculation of the gyrostatic terms we have 
es Kee i k xy—ye 72 
$ C’ Hea oag ye @ ot) 


A+ At+ Boiss tek ena e chicas mare nes (2) 


76 


ibe al iag) 
where A =y} a2) aR = o( 5 = sa eS ais somes ase tas SoU (3) 
Since OT,/Oz, OT,/Oy, OK /Or, OK/Oy are all zero, the equations of motion are 


@ OT)” es 2A) OTAR 
di ot “Vos y) Or”? (4) 
aot, (eae lane Te eo ee 
dt oy “Nos Gy)" y 
PORTE NS PRS tee en ov d ON OB aed 
or, since e AM E AUN aa IR ree p y On? 
Aap tmate=0} BMW Mee ae hI kaw hy (5) 
Ajj+Kéi+imghy=0. 


The analogy of these equations to those for the simplest vibrations of an electron in a 
magnetic field has already been pointed out (see 9, IX, also 6, XX, below). 
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23. Motion of a hoop or disk treated by modified Lagrangian equations. 
We now sketch as a final example the modified Lagrangian solution of the problem of a 
hoop or disk, which is interesting as a case in which the conditions of integrability (1), 8 
are in part fulfilled. The reader may compare the solution here given with that obtained 
by first principles in 7, XVIII. 

We refer the motion of the centroid to rectangular axes Oz, Oy, Oz in and perpendicular 
to the plane in which the hoop rolls, with origin O at the point of contact, and denote the 
coordinates of the centroid by 2, y, 2. Let y be the angle which the vertical plane through 
the axis of the hoop makes with the fixed vertical plane containing Ox, and ¢ be the 
angular velocity of the hoop relatively to the former plane. The angular velocity of the 
hoop about its axis of figure is thus $¢+y cos 6. 

A consideration of the geometry of the problem shows that the following equations 
hold: (1) If the inclination, 0 say, of the axis of the hoop to the vertical remain 
unaltered, and the hoop roll through an angle ôy, 

62,=—-y dx, Sy,=ycoty. dy. 
(2) Due to the alteration of 0 we have 
ôx = —asin Ocos¥.86, dy,=—asinOsiny.d0, d&=acos 666. 
Combining these, we get 
i= -a(ġ+ ý cos 6) sin Y- asin 6 cosy. 6, 
y= a(p+ycos 6) cosy —asin Osin Y. 6, | 
z=acos 6.6, 
which are the kinematical conditions. 
The kinetic energy of the motion of the centroid is 
T= 3m +4? +2?) 
=}ma?[(sin 6 cos. 6+cos Osin yy. $ +sin Y. $)? 
+(—sin sin y. Ö+cos 6 cosy. ý+ cos y . $)?+cos?0 . 62). ...(2) 
This reduces to T.=}4ma? (62+ cos? 0 . 2 +.4?+2.cos 0. hy), cccccccccececceeeeeeesene (2’) 


but for our present purpose it is necessary to leave it in the expanded form. 
Along with this we have the kinetic energy of rotation 


T,=4{A (62+ Wsin?6)+C(b+yY cos OY}, .ccccccccesecnseenseseseees (3) 
where C is the moment of inertia of the body about its axis of symmetry, and A that 
about any other axis at right angles to the axis of symmetry and passing through the 
centroid. Then Poe OEM ieee Miter seen TE (4) 


It will be seen from an examination of the expression for T above that the integrability 
conditions are fulfilled as between 0 and ¢, and 0 and y. As regards T, the relative 
coordinates are integral functions of 0, p, Y, and the ordinary methods apply. Hence 
the 6-equation for the hoop or disk can be found in the ordinary way by the equation 

aol oF oV 


L a E AE A Ee ET EESE EE AEO 5 
dto 06 06’ 9 
where V(=mgasin 0) is the potential energy. 
The y and ¢ equations are however 
< t S +mais AG Osin Y) — i Z(cos Bcos\v)} =0. | a 
Lor ; bee A Say. ae a ee 
sagt i$ (ein) +95 (cosy) | =0, | 


since OT,/O¢d=0. The last two equations may be written out in full by the reader. The 


-equation reduces to d or Vian oT o. 
dt op 
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The 6-equation (5) worked out has the form 
(A +ma?)9+(C+ma?— A)ysin 6 cos 0+(C+ma?) dy sin 0= -mga cos b. n.o... (7) 


This equation agrees with that obtained by an appeal to first principles in 6, XVIII, 
above. 


24. Hamilton's principal function. Integration of the canonical equa- 
tions. We now give a short account of the general method in dynamics 
invented by Sir William Rowan Hamilton and completed by Jacobi, and 
apply the method to the discussion of the motion of a top. The reader 
must refer back to the canonical equations proved in 6. The solution of 
these equations was reduced by Hamilton to the integration of a certain 
partial differential equation, (7) below, or of a conjugate differential 
equation. The method here given of deriving the differential equations 
is taken from a paper by the author in Proc. R.S.E., Feb. 19, 1912. 

Hamilton and Jacobi reduced the solution of dynamical problems to the 
determination of a function (Hamilton’s “ Principal Function”) S of the qs, 
t, and k constants a, do, ..., ap, which depend on the initial configuration 
or motion of the system. When this function is known, the finite equations 
of motion are, as we shall prove, the partial derivatives of S with respect 
to these constants, each equated to another constant, that is 


iota neste fy pre oe a 
Ja r T g eeey Dar he. sesoseeeensoseseee 
Any problem is solved when the qs for time ¢ are found in terms of ¢, the 
initial coordinates, and the initial speeds, or a set of 2k distinct constants by 
which the initial configuration and motion can be expressed. 


The solution consists therefore in a set of k equations of the form 


qi= fi (a, A, ese s Ay, b,, Oz, ... 3 bi th E E E C A) 
which we shall write in the abbreviated form 
ES ON E E E a ee (3) 


From (2) or (8) we obtain ¢,=0f,/ot, so that the speeds can also be 
expressed in terms of (a, b, t) Now from (2) we can find the values of 
the bs in terms of the qs, the as, and t. These substituted in (8) give 
equations of the form ¢,=¢,(q, a, t) These values of the speeds, used in 
(1) of 6, give k equations of the form p,=F,(q, a, t) By differentiation 
of this, and use of the canonical equations, we get for any p, 


oH ƏH op , ƏH op oH op op 


—+— iar PoE CSO Oe Le 4 
Og pı 0G, Pz dQ Opi, dqr dt (4) 
where H is a function of the qs, the ps, and t, as explained in 6. But 
differentiation of H as thus expressed gives 
0H , 0H ep, , dH dp, dH op, /oH 
— ee Aa ed nd ee 5 
oq p, og Top, dq $ top, dq (a7) ©) 
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where (0H/dq) on the right is the partial derivative of H, when H is made 
a function of (q, a, t) by substitution from (4) in the value of K as given in 
(2), 6. Hence (4) and (5) give k equations of the form 


ae er ape era oat or ke en) 


The left-hand side of (6) suggests that each p may be the partial derivative 
OS/oq of a function S of the gs and t, so that all the terms on the left 
vanish identically. 

If, moreover, the value of S cause the right-hand side of (6) to vanish, 
we have, since p= 0S/dq, 0(0S/at+ H)/aqg=0. Hence, if we insert 0S/dq for 
the corresponding p in H expressed in terms of the qs, the ps, and t, and 
use the abridged notation, we get 


for the determination of the ae S, which, with p=0S/0q, as suggested 
above, will fulfil all the conditions involved in the equations of motion. 
This is Hamilton’s partial differential equation. 
We have dS/dt = 0S/et + X(g 0S/0q), so that by (7), 
aCe VR HEDGE, T T 
If the right-hand side of this be denoted by L, it will, when T+V=h, 
coincide with L as defined in 3. ‘Thus to a constant we have 


S= fta, S AN, EEN T T 


which may be used for the calculation of S. 
Equation (8) gives to an additive constant 


S =2(pq)— | {(9) +H} d= 3(p9)-8% E mele (10) 


which defines a second function S’. We have dS’/dt==(pq)+H, and if we 
suppose S’ to be a function of the ps and t, we get 


dS'/dt = 0S’/ot + X(p o8’/op). 
Further, if we put oS’/ot= H, and g=0S’/dp, we shall have 


StH 5, z, E EE a1) 


which is Hamilton’s second differential equation. If, instead of the 
equations p;=F,(q, a, t), we obtain, as we may, equations of the form 
qı=0,(p a, t) and proceed [as we did for p and (0H/0q)] to express 
ġ and (0H/dq), on the supposition now that H is a function of (p, a, t), we 
are led to (11), so that S’ is a function of the ps and t, by whieh S may be 
replaced. 
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It may be proved that oS/da= —0S’/da, except when a is the value of a 
constant p, taken as one of the constants in S. Obviously oS/ot= —0S’/ot. 

The second partial differential equation (11) may be obtained by a process 
in which the ps and qs play a part precisely similar to that played by the 
gs and ps in the process by which the first, (7), was arrived at. This fact 
illustrates the reciprocity of the two equations, which corresponds to the 
duality of the canonical equations. It will be seen that (7) or (11) is the 
proper partial differential equation according as H is expressed as a function 
of the qs and ¢, or as a function of the ps and t. 


25. Jacobi's theorem. Jacobi showed that if a complete integral of (7) 
is known, that is an integral which contains k constants, dy, dg, ..., A, 
besides the additive constant, the integrals of the canonical equations are 
(1) of 24, with the k equations 


os 
0g; e 
This can be proved directly by showing that d(0S/da)/dt is constant, so 
that (1), 24, are consistent with the equations of motion. We have 


£8218 s(a S) a(S 2-5-2 ( A), AELA 


But L=2X(pq)—H, and therefore 
ƏL Op . 0g ƏH Og 
5a = 2 (gna a ok Sp 2) = z( a 
This, since 0S/dq =p, makes the expression on the right of (2) zero, and the 
theorem is proved. 

The k equations (1) of 24 enable the coordinates (the gs) to be found 
in terms of ¢ and the 2k arbitrary constants, which express the initial 
configuration and motion; and these equations [(2) above] are therefore the 
complete solution of the dynamical problem proposed. 


Diz 


26. Case in which H does not contain t. If the function does not 
depend on ¢ as an explicit variable, (7) of 25 becomes 
LS aha her NORE RS 50 
where A is put for the constant value which, as we have seen, H now 
possesses. Integrating from t,(=0) to t, we obtain 
S=-At+W(q, q2, cee > Oks Mis As, sae Aki» h). ETETEEEEEETEET (2) 
The function W is the value of Hamilton’s Characteristic Function 
S+Ht— Hit, 
when H does not contain ¢t. It is a complete integral of (1) for each value 
of h; that is, it is possible to choose the constants ay, ... , @,_; SO as to give 
for any chosen value of h arbitrary values of 0W/2q,, ..., 0OW/0q,-1; and, 
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conversely, if these constants can be so assigned, W is a complete integral 
of (1). For if we desire that OW/dq,, ..., OW/q,-1 shall have certain 
arbitrary values (P) tes (Pe)os ee’ (Pr): for to, CAT CAT e’ CAN we put 
h=h,, the corresponding value of h, and then the value of 0W/dq, is that 
given by the value h, of H. 
a AEs ha adage 
Cha he ge Oh 
give the “path” by the first k—1, and the time of passage is given by 
the last. 

The reader may prove that, if coordinates q,, qa, ..., g; do not appear in H, 

S=CQrtCogot -.. HOG: tH UE, Gist o> Ms 


where ¢;, C2, ... , ¢; are the (constant) corporat: of momentum correspond- 
ing to the abai coordinates. 


The equations e area A E) 


27. A top on a horizontal plane without friction. Jacobi's solution by 
the Hamilton-Jacobi method. As an example we take the motion of a top on 
a horizontal plane without friction. We take v, y as the horizontal coordinates of the 
centroid, C and A as the moments of inertia about the axis of figure and about an axis 
transverse to the axis of figure and through the centroid, respectively, and the rest of the 
notation as usual. The horizontal components of velocity are ż, y, and the vertical velocity 
(downwards, since 0 is taken with reference to the upward vertical) is Asin 0. 6. The 
kinetic and potential energies are 

T=3{(M(+9?2+A2sin? 6. @)+AG+A sin? 6. ¥2+C(d+ycos 6), V=Mghcos 0, ...(1) 
where of course / is not the energy constant, but the distance of the point of support 
from the centroid. 

The coordinates are thus 


RSE E OOS ES OPEN es A non r (2) 
The last two and the first two do not appear in Tor V. The momenta corresponding to 
these are 


pı=Mi, p,=My, p,=(MA?+A)sin?d. 6, Pr=O(b+y cos 0), 
p;=4A sin? . $ +C cos 0(6+y cos 0). ...(3) 
Solving these last ip tes for the velocities, a substituting in the value of T+V 


Ada (ps -pacos 6)? } 
H=? +P ER ne AKS w Ksin®d +Mog/h cos 0. sea... (4) 


We can now form the canonical equations 


syle OH dish sie e ORLY cee H a Oleg aite: OE 
Pi Dp’ P2 a’ P3 dz’ Ps O94’ Ps 095 
With these of course are the companion equations 


LOE | @sl 
ne TH oe 
The first two and the last two of the canonical equations are 
ieo pr On ee oO a (5) 
since G1) 2, l4, qs do not appear in H. 
Thus we have Di=C1y P= PPg=Cyy Pg= Cp sererrerersereeerereereeereeee (6) 
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where ¢, C2, C4, ¢; are constants. These are first integrals, and they state results we are 
already familiar with, namely 
Mé=c,, My=c, O(d+yYcos@)=c, Asin?O~+CncosO=C5. seeren (7) 
The last two state the constancy of angular speed 6+ Ņ cos =n, and of angular momentum 
Cn, about the axis of figure, and the constancy of a.m. about the vertical through the 
centroid, while the first two assert that the centroid moves with uniform velocity. 
The Hamiltonian differential equation in the present case is 


where in H has been substituted for p,, P2, P3, Pa, Ps their values as partial differential 
coefficients OS/Ox, OS/Ooy, ... of the “principal function” S. Thus, by (4), 


H=3{ (3) +(e) tarma (So) taamal agt) +055) J 


EMGh.cos'G:, auns e eee (9) 
We notice in the first place that T+ V=A/’, a constant, and that @ is the only coordinate 
which appears in (9). Hence, by 26, we assume 
S= -Ltt+qategy+eyht owt F(O)= —Vtt+ W, ceecee (10) 
where F is a function of 0 to be found. [Here and in what follows h’ is put for the 
energy constant, to prevent confusion.] Now we have 0S/0d=F'(@), and so get, by (9), 


ron a (S) =2h' —2Mgh cos 6 — c? — c3? -5e — aal% — c, cos 6)”. ...(11) 
ATEOS F(6)= T WER T O E E ee (12) 

where f(0) is given by (11). Hence p,=0S/00= F'(0), and 
pa (AEM n OY/(O)R A, a a tive vapddvebes (12’) 


Thus finally we obtain 
S= -Kt+oz+oyt apte | (A+Msin?0) /(6)) 2d, ACS coc (13) 


which containing, as it does, five distinct constants, is the complete integral of (8). 
By (3), 26, the integral equations corresponding to the canonical equations are 


OS OW OS OW os Ow 
Santis =b,, R ay ap ER pT o ereenn (14) 
where b4, bg, b4, bs, to are all constants. 
If now we write R={(A + MA?sin? OONA we get, from (14) and (11), 
s-a |Rd0=b,, ; y~e[Rd6=by i-[Rd0=4, 
ang (15) 


cos 0 — c, cos 0 
P- [RG erg eacos Of dO=b, V- [RELATE d= 


The first two and the last two of these equations, (15), give the “path” of the top, the 
remaining equation, the third, the time of passage from an initial to a final configuration. 
From the third equation we get Jr d6=t-%,, 
so that the first two become 

REP OR UREN WaT (==) 9 8 obuogatiandn socio nr bccHeab er (16) 
which again shows thet the centroid moves along a straight line with uniform speed. 


CHAPTER XX 
THEORY OF GYROSTATIC DOMINATION 


1. Cycloidal Motion. An important feature of the second edition 
of Thomson and Tait’s Natural Philosophy, published in 1879, is the 
discussion there given of what the authors called cycloidal systems, which 
in their most general form contain rotating flywheels. The simplest 
example of cycloidal motion (apart from the motion of a particle under 
gravity in a cycloidal path) is that of a particle hung by a vertical spiral 
spring of negligible mass. The equation of motion is 


nI E 
#+772 0, 


where / is the distance through which the spring is drawn out when the 
particle hangs in statical equilibrium. In this case the displacement z 
from the equilibrium position is a simple harmonic function of the time, 
which is also the law fulfilled by the bob of a eycloidal pendulum as 
regards the displacement of the bob along the cycloidal path from the 
lowest position. For if s be that displacement the differential equation for 
motion along the arc, situated with the vertex as the lowest point, is 


7 
£ s=0, 
where a is the radius of the generating circle of the cycloid. 

Here the solution of the differential equation is given by the roots of 
the quadratic e4 gine, 

Aero. 

which are pure imaginaries, so that the motion is simple harmonic in the 
real period 2a(4a/g)?, that is the period is that of a simple pendulum of 
length equal to the length of the cycloid from the middle point to either 
cusp. 

On the other hand, if a particle were constrained to move under gravity 
in a cycloid with its cusps turned downward, the equation of motion 
would be hy 


s+ 
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for the force per unit mass along the path, which is numerically gs/+a in 

both cases, is, contrary to the former case, now directed away from the 

middle point. The roots of the quadratic are real, and the finite equation is 
s=Cet%+C'e-%, 

where a=(g/4a)?*. This might perhaps be regarded as simple harmonic 

motion in an imaginary period Q7i(4a/g)?. : 

Both these examples are typical of what Thomson and Tait called 
cycloidal motion. In such motion each component of displacement is in 
the general case of the form 

Ae+ Be*Xt+ ..., 
where À, X’,... are real or complex quantities. With real values of the 
coefficients of the equation of motion the complex roots occur in pairs 
(a+ i, a— i), and every such pair furnishes a term of the form 
Ce*cos(6t—/), 


where C and f are constants of integration. 


2. Cycloidal systems containing flywheels. We can only give a very 
short discussion of cycloidal systems which contain gyrostatic flywheels. 
A general cycloidal system is one acted on by forces of two kinds, 
“positional forces ” which are proportional to displacements, and “ motional 
forces” which are proportional to velocities, and is such that its kinetic 
energy, T, is a homogeneous quadratic function of the velocities with 
constant coefficients. Thus if q,, q2, ...-, qx be the coordinates defining the 
configuration of such a system, the equations of motion of the system are 


d oT 
dé 04, Ae tagi + age + «+ +449, + a9 +... =0, 
dot exit ee 
at Hee ae tbid +g. +... +8191 + Bode +... =0, 
If d,=B,, da= o o the Neate tt forces are said to be conservative; if 
a= —b,, d= —¢,,... we have gyrostatic terms, which also involve no dissi- 


pation of energy. Non-gyrostatic motional forces are not here considered. 
If a particular solution of the equations of motion be 
O Oo) AY OR gs Ota 
then, if T, be the same quadratic function of h,, hg, ..., that T is of 9,, g>, 
we obtain by substitution in the differential equations 


oT 
Na TAa + ghia + 2) + a,h,+ agha +... =0, 
1 


... > 


oT 
APSL HA Ch, + Dahig + ---) + Bh, + Bahia +.--=0, ee eh Sa (2) 
2 
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If now 2T = Oy Gy? + agih t -H Aoda + aodai + +++, 
- these equations become 


(AA HAA +H Oy )hy HAHAA ao)ho t... =0, 


(y,A2 + BA + Eha + (apr? + bA + Bahat -e 50, N cre eeeeeeeeeeee(B) 
with dys = dy), 43 = As, Gg = Ago, ... , SO that we get the determinantal equation 
AAHUA aA, AA HAAF ay, ... 


APUNTE CNE FON FO OS Aa (4) 


which is of degree 2k in A, and has 2k roots on which the possible 
particular solutions depend. If we use any one of the roots in (3) we 
shall obtain the ratios of the values of h,, hg, ... to h, (or of any k—lof 
the hs to the remaining A), that is we obtain a solution with one arbitrary 
constant h. Each root thus gives a particular solution with one arbitrary 
constant, and the general solution is the sum of these particular solutions. 
By proper choice of the arbitrary constants, the general solution may be 
made to satisfy any given initial conditions. 


3. Effect of repeated roots of the determinantal equation on stability. 
But these conditions presuppose that the roots A are all different. The 
determinantal equation may however have multiple roots, and in either or 
both of two ways: (1) For a particular value of A not only the determinant 
D of (4) may vanish, but all the minor determinants, up to and including 
those obtained by striking out m—1 rows and m—1 columns from the 
main determinant, may vanish. If this is the case, the determinantal 
equation has m identical roots; but no terms containing powers of t appear 
in the solution. The only effect of the root of multiplicity m is that m of 
the coefficients h,, h,,... are left undetermined. These may be chosen 
arbitrarily, and the necessary m independent particular solutions obtained, 
(2) It is possible for the determinantal equation to have a multiple root 
without evanescence of the minor determinants in the manner specified. 
The necessary particular solutions can then only be obtained by supposing 
that h,, ha, hz, ... are not constants, but rational integral functions of the 
time. 

To prove shortly these statements, we go back to (1), 2, and regarding 
as d/dt, to which for the solution assumed it is equivalent, we write 
(3) as 

(yA? HAA + 44) G1 + (MAHAA O9) Go +... = 0, 
(aA? + BA + B1)q1 + (ag? + BoA + Bo) Go+--+ = | 
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These equations may be solved by assuming one of the qs to be known by 
its coefficient h, then by omitting one of the equations, k—1 equations 
are made available to give the remaining k—1 qs in terms of the assumed 
value. In this way, if M,, M,, ... be first minors of the determinant D, 
being of course functions of à, and V be the function defined in (3) below, 


we get y= Voa =M: Va ge =M Viae ea (2) 
and it is clear that DVi=0) 


It is of no consequence what set of first minors is chosen. 

V is a function of t, and is called by Routh [Adv. Rigid Dynamics, 
Ch. VI] the type of the solution. It is that function which operated on by 
the functions M,, M,, ... yields the values of the coordinates. If the roots 
of the equation D=0 be 2’, A”, ..., each of the expressions e~t, e't, ..., satisfies 
the equation, and so the general form of V is given by 


V aE TOAN EE see Rn A eee 

where L’, L”, ... are the arbitrary constants. Should however m roots, À, 
be equal, we shall have, by the usual theory of equality of roots, for V the 
equation A (Lg A A A lO A Cb Gay, sino sce com E E 
: d Oe z 
that is V={ Lutua t+ nala) leitete. esaonta Seles e aea 


Thus, by (2), we have 
m-1 ` 
qi= fum, FEMS +.. .+LmM, a latete, 


p= LM, HUMA HHn M(E) otete, | 
where the etc. denotes terms depending on other roots. 


Now we know that if M be a rational integral function of the operator 
d/dt (=X) and n be any integer, 


ce fo) n % 
Mam =(5) (me: 


and so obtain 


From this it follows that the necessary and sufficient condition that there 
shall be no terms involving powers of ¢ in the solution, is that all the 
minors of D up to and including the (m—1)th should vanish. For the 
investigation shows that the root A of multiplicity m must, if such 
terms are to be excluded, be repeated m—1 times in every first minor of D. 
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But if the root is thus repeated it is repeated also m—2 times in every 
second minor, m—3 times in every third minor, and so on. These minors 
appear in consequence of the differentiations in (7) and all vanish in con- 
sequence of the repetition of the root. 

The general rule as to the stability of a moving system is that the real 
roots, and the real parts of the complex roots, should be either all negative 
or all zero. These are the general necessary and sufficient conditions, 
subject to the following reservations as to equal roots, which we give 
substantially as stated by Routh (loc. cit.) As a rule there are, in the 
case of equality of roots, terms containing powers of ¢ as factors. If A 
be positive a term Lte renders the system unstable. If A be negative 
the highest possible numerical value of this term is |L(s/eA)*|, and, if A 
be small, an initial disturbance may be such as to make the oscillatory 
disturbance of the qs a serious departure from the stable state. But if the 
initial disturbance does not have this effect, the term ultimately disappears 
and the motion is stable. 

Of course if À is a pure imaginary, ni, the term is of the form t sin nt 
and the motion is unstable. 

If there are more than k equal roots, there will be powers of t in the 
solutions as factors. 


4. Motional forces. Dissipation function. With regard to motional 
forces it may be noted that (1), 2, give (with oV/dq,, oV/dq,, ... for the 
positional forces, supposing these conservative) by multiplication of the first 
by g,, of the second by q,,... and addition, 


ad(T+V ; We J 3 
“= — {19,2 + (A, +O) 199+ (Ag+ Cy) det --- bad +...}. eA) 


The quadratic function of the velocities shown in brackets on the right 
of (1) is essentially positive for all natural motional forces, and is the | 
rate of diminution of the energy of the system. It has been called by 
Lord Rayleigh the “dissipation function” and by Thomson and Tait the 
“dissipativity.” Denoting the dissipation function by F, we get by (1) 


T+V=E,—[ Fat, AETERNA 


where E, is the total energy when t=0. When the system is at rest in an 
equilibrium position T and F are zero, otherwise they are both positive. 
Hence, as time advances, while the system moves, the time integral of F 
must continually increase towards infinity unless the system comes asym- 
totically to rest, or V diminishes towards —œ. If V is positive the system 
will come more and more nearly to rest in the configuration for V =0, and 
unless V is positive in the zero configuration, the equilibrium is unstable 
[see Thomson and Tait, § 345" et seg.]. 
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It is to be observed that gyrostatic motional forces contribute nothing 
to dissipation, and do not appear in the dissipation function, though they 
have a very real existence in the equations of motion. If for example 
MG, 6,g, are wholly gyrostatic, a,+6,=0, and the term (a,+0,) 4% 
disappears from the dissipation function on the right of (1). 


5. Motional forces zero. Gyrostatic systems. The algebraic conditions 
are simplified if the motional forces are zero, for then the determinant 
has k roots, each a value of AX The 2k values of A may be denoted by 
+)’, +X”, ..., and the complete solution of the equations of motion is 


qi= INA pB eNe wale ap Ble=* pes} 
qo — P(A} Bex HERCA" B'e) A EET E aks (1) 
1 1 


But now equations (3), 2, become 
(yA? + a )hi t (aA? aa) hat... = 0,) ; 
(aa A+ By) Ry + (aA? + By) hot .0 = of ar a T T AA (2) 


To see the effect of equality of roots let A? =A”?, and assume that the 
first minors of D vanish. Then twice over in (2) we can take an arbitrary 
value of h,/h,, and in terms of this obtain the other ratios. If these values 
of the ratios h,/h, be denoted by 7’, r” we have for the arbitrary constants 

A+A”, B'HB”, r8 +r A”, °B’+r"B", A”, B”,..., AM, B®, 
in all 2k. We have therefore the general solution. In a similar way a 
triple root, a quadruple root, etc., may be shown to leave the number of 
particular solutions unaltered. 

For the discussion of gyrostatic systems it is desirable to suppose the 
kinetic energy reduced to a sum of squares of velocities with positive 
coefficients each equal to unity [as in (2), 7, XIX], and V to a sum of 
squares of coordinates with positive or negative coefficients as the case may 
be.* This amounts to supposing that the coordinates are those which 
would be “normal coordinates” if there were no motional forces. It will 
conduce to clearness also to adopt Thomson and Tait’s notation of 12 for a,, 


13 for as, ..., 21 for b, 23 for b, .... As we shall suppose (unless it is 

otherwise stated) that no motional forces appear that are not gyrostatic, 

we have a,=0, b,=0, ¢,=0, ..... Hence, since the motional forces are 
gyrostatic, we have 

12= 21/192 81) Meme sos Wile aiase Ae) 

Ted ged ey VSS Big Sagar se) sence te seen) 


* For the general theory of vibrations about equilibrium, and the conditions of transformation, 
see Whittaker, Analytical Dynamics, Chapter VII. See also Routh, Advanced Rigid Dynamics, 
Chapter VII. 
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and the equations of motion become 


ğı +120, +13ġ; +... +091 =0, 


Got 21g, H239 i T] EON aa (5) 
G3 +319, +324 +... +0593 =0, 
The determinantal equation now becomes 
Aton 12), 13), 
21), A+, 23A, 
SO eee 0) 


IA AaS om NT E 


Since 12= — 21, 13 = — 31, ... , this is a skew determinant. 
It will be of use in examples of gyrostatic systems to have the expanded 
determinantal equation for two, three, and four equations of motion. These 


BFC N (o Fo: FINFO S0 eee pet Se IC) 
A+ (o, +0, +0; + 12?+ 237+ 31?)rAt + eas FG) 
+00 +122) +0,(w, + 23%)} N40 0,0,= 0. 021-8) 


N+ (wo, +5_+03+5,+ 12? + 23?+ 342+ 13243424 412)r8 
+ {00 +00; +00, + 0,01 +O,0,+ (0, +0,)34? 
+(0,+0,) 147+ (o,+30,)12?+(a,+ 0,)23?+ (0, + o3)42? 
+(@,+0,)18?+12.34413.42+14. 23}r4 
+ (10,03 + 0:0:0, + 00,01 +0100, +0034” 
+ B,041? + 0,042? + 010,23? + 00,13? + 3,312)? 
SE Pap Onl S Sse e ence et Wess AE (9) 


6. Example: Gyrostatic pendulum, two freedoms.’ We take as an example 
the equations of the gyrostatic pendulum (5), 22, XIX, above: These, as already stated, 
are precisely similar to the equations for the simplest case of motion of an eléctrified 
particle, an electron, in a plane at right angles to the lines of force of a magnetic field. 
The equations may be written 


LYE OG=On Yrkt CY =O, asensepesenacecesseseceneseteces (1) 
where k=k/A, D=mgh/A. 
Here 12=k, and @=mgh/A, and the determinantal equation is 
(24+0)?+122A2=0 
If the given equations had been of the more general form, 
A#—kKy+Ex=0, By+Ki+Fy=0, 
we could, by writing =% (AŻ, n=Y (BÉ, have transformed them to 
é- kù +0 =0, 7+h+0.n=0, 
where k=k(AB)}?, 0, =E/A, D,=F/B. 
We shall consider this case a little in detail. The determinantal equation is 
(A2+@))(A?2+ D2) + PA2=0 
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This equation involves only even powers of A, and so the roots will occur in pairs 
+(u4+7v). For stability it is necessary that every p should be zero, otherwise terms 
ertsia yt would appear in the solutions. 

There are two possibilities of stability, ©, and W, may be both positive or both 
negative. If they are both positive we see at once that both roots of the quadratic 
A2, NX? are negative, so that all four roots +X’, +X’ are pure imaginaries, and the 
solution is oscillatory and stable in the usual sense. 

If however @, and O, are both negative, another condition must be fulfilled. The 
product of the roots, 2X”, is positive, and so they have the same sign. Their sum will 
be negative, and they will be real if 

> -(01+0:)+2 (Gor), 
or as we may write it, taking k positive, 
k>(-,)'+(-o,)3. 

These are the conditions of stability. Now the rotational coefficient is in gyrostatic 
systems usually very large. Taking it so, we see that the sum of the roots is numerically 
very large in comparison with their product, so that one root must be large and the 


other small numerically. The approximate numerical value of the greater of the two 
roots is thus 4’, and that of the smaller is therefore ©,@,/k”._ More exactly the roots are 


TT 
BP” 


NiE -@4+5,4+5,(1 y 


Ti 
pea 

If no rotational terms existed, and @,, W, were positive, the system would have two 
fundamental periods of oscillation, of periods Qn /,2, r0, having 2r |(05) as their 
geometric mean. It will be seen that the geometric mean of the periods when rotation 
exists is the same as that for zero rotation. 

When yj, O are negative the irrotational motions are not oscillatory, and there is 
instability in both freedoms. Sufticiently rapid rotation converts these two instabilities 
into stability. But if without rotation the motion according to one freedom is stable, and 
that according to the other is unstable, that is if ©, and ©, have opposite signs, the 
establishment of rotation still leaves one freedom stable, the other unstable. It is clear 
that the general theory shows that only an even number of instabilities can be stabilised 
by rotation. 

The different mountings of a gyrostat shown in Figs. 46, 47, above illustrate the different 
ways in which the freedoms are arranged. These are described with sufficient fulness in 
3, 4, 5, VIII. 


N2= -~(2 45,4) 


7. Gyrostatic system with three freedoms. Electric and magnetic 
analogue. The case of three freedoms differs only slightly from that just treated. The 


equations are cs A : 
l dı +kaġ — hog t+ OM =9, 


Gat kiĝ — kag, + Woq=0,; wale ne velba sacsisnc cee seleweces etoson (1) 
at hog — kia +0393 =0. l 
The similarity of these to the equations of motion of a body with respect to axes rotating 
about themselves with angular speeds —k,, —k,, —k,, as described in (2), 10, II, will 
strike the reader at once. But it is clear that the equations should have this form, for, tf 
we impose equal but opposite rotations on both axes and body, we get exactly the equa- 
tions just written as those for the now rotating body referred to fixed axes. 
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It is clear from the remark just made that the turning would be about an axis the 
direction cosines of which are proportional to k1, k2, kg. This suggests changing to this 
line through the origin as one coordinate, say that of z, and two other axes, of v and y, at 
right angles to themselves and to this direction. Multiplying then the first equation by 
kı, the second by ky, and the third by kz, and adding, we get 

hy Gy + hoot kss t hy D1qQy + kyWogo +k0393=0, 
or, if we suppose the left-hand side divided by (hy? + hy? + bee)? (=2w0), 2+Z=0. 

Now let ¿, m, n be the direction cosines of the axis of v ; those of the axis of y are then 
(kym — kon, kyn—kgl, kal —kym)/2o, Multiplying the first equation by Z, the second by m, 
and the third by n, and adding, we get #-2wy+X=0. 

Similarly, multiplying the equations respectively by the cosines of the axis of y, and 
noting that 7?+m?+n?=1, kl+kn+kn=0, we find 7+2wé+ Y=0. 

Thus the equations of motion are 

#—Qoy +X =O, E S a a =O, ZELHO. T E (2) 

These may be regarded as the equations of motion of a particle attached by massless 
springs to a body revolving uniformly about the axis of z This is Thomson and Tait’s 
interpretation of the case, but other interpretations are possible. For example, they are 
exactly the equations of motion of an electron in a combined electric and magnetic field 
in which the magnetic force acts along the axis of z. The first two equations give the 
effect of the magnetic field on the electron in its motion in the electric field, the final 
terms in all three equations take account of the forces acting against the inertia of the 
electron, and of the electric forces in the three component directions. 

The Zeeman effect in its most elementary form is due to the action of a magnetic field 
in changing the period of vibrational motion of an electron in a plane (the plane of x, y) 
at right angles to the magnetic field intensity. If there were no magnetic field the 
equations of motion would be, we shall suppose, 


H+Or=0, Yt+Dy=0, 24+ 0z2=0, seese ESAn (3) 
where @ is positive. The imposition of the magnetic field in the z-direction gives the 
equations #—Q2oyt+Or=0, G+Qor+ Dy=0, Z4+DZ=O. eaer: (4) 
Thus we have 12=2w, 23=31=0, and the determinantal equation is, by (4), 

AS + (3D + 4w?) A+ (BW? + 402D)AZ4+ THO. esenee. (5) 
The first two equations of (4) are quite independent of the third, and so we have from 
them AFIT FAJNA FO =O. Lease snc EA N (6) 


Multiplying the last result by ©, and subtracting the product from (5), we obtain 
Vo + (20 + 40*) 4+ WA? =0. 
Thisgives A2=0, and ASET +402) AFO =O eiere nisser da (7) 


In this case of three freedoms the motion at right angles to the axis of z, taken by itself, 
is stable whether W be negative or positive, provided the condition stated in 6 is fulfilled. 
If © be positive, the whole motion is stable ; if Ø is negative, the z motion is not stable. 


8. Gyrostatic domination. Large and small roots of the determinantal 
equation. When the gyrostatic terms are due to very rapidly rotating 
flywheels they “dominate” the motion ; for example, in (6) the term 4w? is 
very great. Hence there is a large root of (7) and a small one. Approxi- 
mately these are given respectively by 


#4 T DE 
N ee (1 $ a) Re hw 
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The large root is practically independent of the applied forces which enter 
through w; the small root depends very directly on these forces, but is 
rendered small by the gyrostatic coefficient. Thus we have an example of 
what has been called “ gyrostatic domination.” 

To a first approximation the large root is — 4m’, and to this approximation 
does not depend on the applied forces at all. Hence Thomson and Tait have 
called the motion corresponding to this root “adynamic.” We shall not use 
this term: one motion is as dynamical as the other, and it may be preferable 
to refer to one as the rapid motion and to the other as the slow motion. In 
ordinary applications 2/iX is the period of precession. When A is the large 
root the precession is fast, when A is the small root the precession is slow. 

When however œ? must be taken as small in comparison with g, as for 
the electron in the magnetic field, the determinantal equations give again 
(6); but we have now approximately 


Ma —o(1+2 Sah 
=i 


The period of “ precession,” being 27r/2A, is in this case Qn/(o? +o). 

If, for example, the electron goes round in a circle, it does so in one or 
other of these two periods, according to the direction of motion. 

We have thus treated again, with rather more detail, the problem of the 
gyrostatic pendulum when restricted to motion of small amplitude. Up to 
a certain point the analogy between this pendulum and the electron moving 
in an electric and magnetic field is complete. 


9. System with four freedoms. The reader can now write down at once 
the equations for a system of four freedoms with six gyrostatic links con- 
necting each freedom with the three others. Such a system is fully discussed 
in Thomson and Tait’s Natural Philosophy, §§ 345™"... 345", and we shall 
here only state the main results, leaving the verification, which is not 
difficult, to the reader. 

(1) If no forces act, that is if o,=0,=0,;=0,=0, the determinantal 
equation (8), 5, has two zero roots, and, ko as a special case, two others 
(values of — à?) which are real and positive. The modes of motion corre- 
sponding to the zero roots are neutral as regards stability, the other two 
modes are stable. 

(2) If the forces be not zero but very small, the determinantal equation 
has the two roots just referred to, and two other roots, which replace the 
zero roots of the case of no forces. These are given (nearly) by the quadratic 
equation obtained by leaving out from (9), 5, powers of à greater than the 
fourth, and retaining only the terms foes the six gyrostatic coefficients 
12; 13, ..., 34, in the coefficients of A4 and A”. 

(3) All four modes of motion are stable, but for this it is not necessary 
that ©, Dy, Uz, V, should be all of one sign. The product must be positive, 
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so that two must be negative, two positive. If ©, ©, be positive, Ds, Oe 
negative, the following two inequalities are the necessary and sufficient 
conditions of stability, 


2 34 )2 13 42 2 14 23’ 
ee eS i el 

(©10:) (004) \(—a,05) (— 0,02) (—oyo,)" ( eae 
where the plus signs give one inequality, the minus signs the other. All 
the conditions are fulfilled when the rotation is sufficiently rapid and the 
coefficients have suitable values. 


For further particulars and for conclusions as to general ee the 
reader should consult the Natural Philosophy, $$ 345" to P 


CHAPTER XXI 
GEOMETRICAL REPRESENTATION OF THE MOTION OF A TOP 


1. Motion of a rigid body under no forces. A new mode of presenting 
the theory of the motion of a top was worked out by Darboux in his notes 
on Despeyrous’ Cours de Mécanique, on the basis of a theorem due to Jacobi 
connecting the motion with that of a body under the action of no external 
forces. We consider therefore first Poinsot’s theory of the latter motion. 

A rigid body turns about a fixed point, O, under no applied forces; its 
angular speeds are p,q, r about the principal axes O(A, B, C) drawn through 
O. The moments of inertia are of course A, B,C. First we suppose that 
the applied couples are not zero, but have values L, M, N. The equations 
of motion are three, of the form 


Ap—(B—C)qr=L, sehoedtce E ENL) 
and are applicable even if there is ERR motion ae the S 0. 
If now we multiply the first equation by p, the second by q, and the third 
by 7, and add, we obtain 
App+Bag+Cr’=Lp+Mq+Nr. 
But if T be the kinetic energy of the rotational motion this equation is 


dT. 
dt = List Ma NG) emaon ee a 


that is the time-rate of increase of this kinetic energy is the rate at which 
the couples do work. Hence, if L, M, N are zero, the value of T is constant. 
Again, multiply the equations of motion by Ap, Bq, Cr, respectively ; we 
get, if H? = A’%p?+ B? + Cr”, 
of <q (LAp+MBq+NCr). Qi a. (3) 
H is the resultant A.M., and (Ap, Bg, Cr)/H its direction cosines. Thus the 
equation states that the rate of growth of H at any instant is equal to the 
total moment of the couples about the localised vector direction of H. If 
L, M, N are all zero the resultant H remains unchanged both in magnitude 
and in direction. This direction will be indicated by OH (or by OL) in 
the diagrams which follow. 
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That OL remains thus stationary may be seen as follows. Denote the positions of the 
principal axes at the beginning and end of dt by O(A,, B,, C,) and O(Ag, Ba, C,). These 
are fixed positions, and the corresponding angular momenta are Ap, Bg, Cr and A(p+pdt), 
Big+qdt), C(r+rdt), while at the final instant of dt the angular momenta about 
O(A,, B,, C1) have become 


Ap+{Ap—(B-C)gr}dt, Bg+{Bg—(C—A)rp}dt, Cr+{Cr~(A-B)pg}de. 
But if L=M =N =0, these reduce to Ap, Bg, Cr, that is the position of OL with respect 
to O(A,, B,, ©) has not altered. 


2. Poinsot’s representation of the motion of a body under no forces. 
If OI be the instantaneous axis (1.4. for brevity) its direction cosines with 
respect to O(A, B, C) at time t are (p, q, ")/o, if w=? +q?+7". We have 
then l ; F : 
cos LOI= -p (Ap + Bq?+Cr’). 
But if T be the kinetic energy this can pe written 


w COS LOI=7-. Se Salpcncarek eae ee cera ree 8) 


The product on the left of (1) is the component of angular velocity about 
OL, which we have seen is invariable in direction if L=>M=N=0. Hence 
when this is the case the body turns with uniform angular speed about OL. 

In the general case the directions of OL and OI are both changing, and 
the body is turning about OI as instantaneous axis. Hence the component, 
H sinz LOI, of H at right angles to OI is being turned towards the position 
of the normal to the plane LOI at rate w, so that the rate of production of 
A.M. about the normal is Hw sin LOI. 

It is clear that the motion can give rise to no other rate of change of A.M. 
Now (B—C)qr, (C—A)rp, (A—B)pq are the components of rate of growth 
of A.M. due to the motion, and their resultant must be perpendicular to the 
plane HOI and be equal to Hwsin LOI. Hence 


Ho sin HOI = {(B—C)°q?r2+(C—A)?r2p?-+ (A — B} pg}. «....--(2) 


We may prove this otherwise. The cosines of OL and OI are 
(Ap, Bg, Cr)/H, (p, q, r/o. 
Hence the cosines of a normal to the plane LOI are 
{(B—C)qr, (C—A)rp, (A — B)pq}/oH sin LOI. 
Squaring these cosines and equating the sum of squares to 1, we get again (2). 


The quantity on the right of (2) has been called the centrifugal couple, 
a name which tends to obscure the true meaning of the expression. 

We now introduce the method, due to Poinsot,* of discussing the motion of 
the body by means of the corresponding motion of the momental ellipsoid 
(M.E.). The conclusions obtained when the motion is restricted to be about 
a fixed point O will be applicable in other cases, for example to the oscilla- 


* Théorie nouvelle de la rotution des corps, 1851. 
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tions and rotations with respect to the centroid, of a quoit or stick thrown 
into the air, since these motions are not affected by the action of gravity 
when the body is free in the air. 

We prove first that w varies as OP, the length of the coincident radius 
vector of the ME. If a, y, z be the coordinates of P with respect to the 
principal axes, we have 


from which we obtain at once 
Ap? + Bq’ + Cr Atp + Big? + tint wo A eet ese cce (3) 
Aa?+By?+Cz? A?x? + B’y?+ C722 OP? 
The numerator of the first fraction is 2T, the denominator by the equation 
of the M.E. [Axv?+By?+Cz?=k*, where, taking the mass of the body as 


unity, we must suppose k a length to keep the dimensions right in formulae 
which follow] is kt. Hence we have 


a constant. Thus w varies as OP. 

We have seen that wcos LOI=2T/H. Hence (4) gives 
w kt 
cos LOI= 5P: T n E A O); 


If we take the second relation in (3), 
AP Big CN 250 thu leering oth eel 
A’? + Bey? + C22? OP2 
we notice that the perpendicular from the centre O to the tangent plane, 
which touches the M.E. at the point P in which it is intersected by the 1.4., 


\ 


a 


Fic. 107. 


has cosines proportional to Aw, By, Cz, that is to Ap, Bg, Cr. The perpen- 
dicular therefore coincides with the fixed line OH. Its length © is 
k#/(A?a?+ B2y?+ C222)?, that is by (6) ktw/(H.OP), =4(2T)*/H, which is 
constant. Thus the M.E. always touches a plane perpendicular to the axis 
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of resultant A.M. at the constant distance 12(2T)*/H from the centre of the 
ellipsoid. A plane through O parallel to the plane just determined is called 
the invariable plane (1.P.) In this plane an impulsive couple, of moment 
H, would have to be laid to produce the motion from rest. The fixed line 
OL is called the invariable line (L.). [See Fig. 107, in which OH coincides 
with OL and OP is the radius vector of the momental ellipsoid which 
coincides with OL] 


3. Measurement of the time of motion. Sylvester's theorem. The M.E. 
is turning about OI, which is coincident with OP. At P the ME. touches 
a plane parallel to the I.P., and so rolls on that plane. The angular 
speed w resolves into two components, wcos HOI=2T/H about OL, and 
w sin LOI = (oH? — 4T?)?/H about OG, the intersection of the plane LOI 
with the Lp. If, then, we suppose the LP. to turn with the M.E. about OL 
with speed 2T/H, the motion of the ellipsoid relative to that plane will 
be simply one of rolling about OG with speed wsin LOI. The line OG 
describes a cone in the body, and in space it sweeps over a part of the LP. 
about O. The angle, x say, turned through by the 1p. about OH is pro- 
portional to the time ¢, in fact t= yH/2T. 

A method of determining the time by the motion of an ellipsoid, confocal 
with the M.E., and rolling on a plane parallel to the I.P. was given by 
Sylvester. Such an ellipsoid has the equation 

A B C 
A TEE R 


It touches a plane parallel to the 1.P. in a point Q of coordinates 
æ, y, 2=R{(1+hA)p, (A+hB)gq, (+hC)r}, «0. ee (2) 


where R is the common value of the ratios 


ae S203 . M2 Se LY 


Bue fh Oe AR 2 
(1+hA)p (+hB)q OFr 
Substituting for z, y, z in (1) we get 
R?{Ap?(1+hA)+ Bg?(1+hB)+Cr2(1+hC)} =k, 


; he = 
eae a eee POOH OHO HHH HEH EHH HHH HHH HHH SHE HEH HEE 
that is R = OT AEE (3) 


The perpendicular distance of this plane from O is k7(2T + H2)*/H. But 
OQ? =a? + y? +2? = R2{p(1+hA)?+...}, 


(w+ 4hT +H?) 
so that OQ oT hE? (4) 


The point Q lies in the plane IOL, if L be the point in which the invariable 
line meets the tangent plane. For the direction cosines of a normal to the 
plane IOL fulfil the two conditions Ip+mq+nr=0, lAp+mBq+nCr=0, 
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and so 1(1+hA)p+m(1 +hB)qg+n(1 +hC)r=0, or la+my+nz=0, that is 
the normal is perpendicular to the line OQ. 

Now the body turns about OI as 1.4., and the M.E and its confocals move 
with it. Hence, if v be the speed of the point Q, we have 


v=o) OO sin QOL erra De Ae 
The angular speed w’ of Q about the invariable line OL is therefore given by 
a DOSPE 

oa OO oo a a, ( 


It is easy to prove that 
OQ. cos QOI="(w?+2hT) OQ. cos QOL =F (QT + AH?) .......(1) 
w ne 


From these we find 
sin?QOI H? w(w?+ 4hT +h? H?)—(w?+ 2hT)? _ kH? 
Sin?QOL w? H2(w?-+4hT HEHA- (THAR o” 

sin QOI 
o in QOL RNS RE R IR E Eee 

Thus the point Q turns with constant angular speed hH round the I.L., 
and the time of motion from any epoch is 6/hH, where 0 is the angle 
turned through in the interval considered. 

Sylvester gave a generalisation of Poinsot’s theory, which may be stated 
as follows: Let a polhode E be given, traced on a surface S (the surface of 
an ellipsoid or any surface of the second degree), that is let the locus of 
points traced out on the surface, as it rolls on a fixed plane, be given. 
Then, if from each point on E we set off, outwards say, along the normal 
at the point, a given constant distance, the extremities of the lines so 
drawn is a polhode E, traced on a surface S, confocal with a surface 
similar and similarly situated to S. We do not enter here into the mathe- 
matical discussion, but refer to Sylvester’s original paper (Phil. Trans., 
156, 1866), or to Darboux’s Note XVII, appended to Despeyrous’ Cours de 
Mécanique. 

Following on the discussion of Poinsot’s theory just referred to, Darboux 
gives in his Note XVIII a representation of the motion of the axis of a top 
by means of a deformable hyperboloid of one sheet, of which we shall give 
an account later in this chapter. 


and therefore 


4. Polhode and herpolhode. Body-cone and space-cone. As the M.E. 
rolls on the fixed plane, the successive points of contact trace out two loci, 
one on the ellipsoid, the other on the plane. The former is called the 
polhode, the latter the herpolhode. For all points on the polhode the 
tangent planes to the ellipsoid are at a constant distance w from O, and we 
have seen above that 

o= EN. och} 
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But we have from the equation of the M.E. 
Ax?+By?+C22=k*, A? + By? + C22? = kt A 

Hence we may write 

A(2AT — H?)x?+ B(2BT — H?)y?+ C(2CT — H?)z?=0, 
or A(k4—ow*A)a?+ B(kt—a?B)y? + C(kt—o?C) 22 =0. wee (2) 
This is the equation of a cone, fixed relatively to the body, and called the 
body-cone, which contains the successive lines in the body with which the 
instantaneous axis coincides as the ellipsoid rolls. Its intersection with 
the M.E. is the polhode, 

It is clear that the body-cone rolls on a cone fixed in space the intersection 
of which with the plane of contact is the herpolhode. This is called the 
space-cone. The body-cone does not exist unless H?/2T, that is k*/o?, lies 
between the greatest and the least of A, B, C, since otherwise the sum of 
three quantities of the same sign would be zero. If C be the greatest and 
A the least moment of inertia, we have 

Ba ee) th ce ae 
2CT —H?=A(C—A)p?+B(C—B)q?,J 
so that 2AT— R? is negative and 2CT — H? positive. Hence 


H2 
O I A. 
If A=B the body has an axis of symmetry, the M.E. is of revolution, and 
the equation of the body-cone is : 
tyt a m TO A O E E E) 
The axis of z is the axis of symmetry of the body, and the polhode is a 
circle described round Oz. Euler’s equations give, since there are no forces, 
para, j= Erp, PEO A n NS) 
Thus r is constant, and pp+q¢+77=0, so that p?+q?+7", that is w, is 
constant. But wcos HOI=2T/H, and therefore HOI remains constant 
as the body moves. 

Thus the instantaneous axis OI remains at a constant inclination to the 
axis of symmetry, and OI is always inclined at the same angle, cos“ (2T/wH), 
to the invariable line. 

Where in what follows we consider only the motion of the M.E. we shall 


generally suppose that k=1, so that then o=(2T)3/H. 


5. Case of axial symmetry: M.E. is of revolution. With an axis of 
symmetry the M.E. may be oblate or prolate. In the first case C is the 
maximum, in the latter the minimum, moment of inertia. We have 

cos 1l0z=—, cos Lor= Z. 
w 
2F 
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If the M.E. is oblate Cr/Cw<Cr/H, and therefore ~IOz>zLOz. In this 
case the space-cone lies within the body-cone, and the concave surface of 
the latter rolls round the convex surface of the former. 

If the ME. is prolate Cr/Cw>Cr/H, and therefore LIOz<.LOz. The 
x body-cone is now external to the 

NI S space-cone, and the two convex sur- 
A E faces are in contact.. 
The diagram (a), (b) of Fig. 108 
shows the two cases. OA (Oz in the 
text) indicates the axis of the body- 
cone, OL that of the space-cone. 
The rolling of the ellipsoid (sup- 
(b) posed of revolution and prolate) on a 

fixed plane, parallel to the invariable 
plane through O, is illustrated in Fig. 107, which gives an idea of the 
polhode, shown on the ellipsoid, and of the herpolhode as described on 
the plane. 


(a) Frc. 108. 


6. Cone described in the body by the projection of the instantaneous 
axis on I.P. Separating polhodes. Now consider the motion of the line 
OG, joining O with the projection of P on the invariable plane. Thus GP is 
parallel to the invariable line OL, and equal in length to w, that is (2T)3/H 
(if k=1). As stated in 3 above, OG describes a cone in the body. Let G 
have coordinates £ 7, € while those of P are æ, y, z; the projections of GP 
on the axes are then €—x, »—y, ĝ—z. These are proportional to the 
direction cosines of the normal at P to the M.E., and therefore 


-£ ny- —z 
Se atts Sa, BBV cerne can eaa aee O 


But also OG is perpendicular to the invariable line, so that 


À AZE E Bynt C26 Oe a act a ues nsvaneene 
Equations (1) give 
E=(Aut la, g=(Buetl)y, C=(Cut1)z. 2.0.0... e) 
Multiplying these by Aw, By, Cz, respectively, and adding, we obtain 
Ax? + By? + Cz? + u(A2x? + Bey? + 0222) =0, wo. eee eeeeeeeeneeees (4) 
or (since now k=1) 1+y/o?=0, that is u= —o?. Thus we obtain from (3) 
SRE ede By Cg 
SiAn A apie E 
and therefore, instead of (2), 
AZ Br? Ce 2 


the equation of a cone. 


XXI THE POINSOT MOTION OF A TOP 451 


Going back now to the equation of the body-cone we see that if C be 
the greatest moment of inertia and A the least, the equation becomes 


sie EN St, Gauss. Mente) 
or A(A—C)a?+ B(B—C)y?=0, 


according as A=1/m5? or C=1/o% Each of these represents a pair of 
imaginary planes; the former pair meets in the axis of æ, the latter in the 
axis of z. 

The cone degenerates into two real planes if B=1/m%, where B is the 
intermediate moment of inertia. For then 


NOR Bye OBO 0. ete ee eT) 


These planes intersect in the axis of y and separate the polhodes, which are 
closed curves surrounding the axes of greatest and least moment of inertia, 
as shown in Fig. 109. Their intersections with the m.t. are called the 


separating polhodes. 
Cc 


Fic. 109. 


7. Herpolhodes. The herpolhode is a curve consisting of different parts, 
corresponding to successive repetitions of the polhode. From the manner 
of its description by the rolling of the M.E. it must always have its concavity 
turned towards the point L (Fig. 107), and therefore cannot have a point 
of inflexion. The distance of P from L at any instant is (OP?—o?)?; and 
it is evident from the form of the polhode, as displayed by its projections 
just indicated, that, in each fourth part of a description, OP varies between 
a maximum and a minimum value. Thus the distance (OP?—3a”)? simi- 
larly varies, and so the herpolhode is a curve lying between two circles 
which have the projection of the centre of the M.E. as their common centre, 
and touching the outer circle internally and the inner externally as shown 
in Fig. 107. The herpolhode is not however in general a closed or re-entering 
curve: unless the angle turned through by LP, from contact with one 
circle to contact with the other, be commensurable with 27, the curve will 
not be repeated. 
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When o?=1/B the polhode passes through the extremity B of the 
principal axis of intermediate moment, and is therefore one of the ellipses 
which form the separating polhodes. When the point B is in contact with 
the fixed plane LP =(OP?—3a?)? =(, and so the radius of the inner limiting 
circle is zero. 

Let the motion of the ME. begin at any point of the polhode distant 
from the extremity of the axis OB at, say, the maximum value of OP; 
then the motion consists, as we have seen in 2 and 3, of a spin about the 
invariable line at angular speed 2T/H, and a turning about the line OG 
with angular speed w sin IOL. If we suppose now the invariable plane 
to turn about OL with the M.E., the whole motion of the latter is summed 
up by saying that it is at each instant one of rolling of the ME. about OG, 
supposed to be at the same time turning, with the invariable plane, about 
the invariable line, with angular speed 2T/H, so that OG, fixed in the 
invariable plane, is at each instant in the plane LOP. 

As then the ellipsoid moves and its point of contact with the fixed plane 
approaches B, the motion becomes more and more nearly that due to the 
spin alone, and so the herpolhode consists of constantly diminishing arcs 
of a spiral closing down on a pole P. The spiral is given double by its 
geometrical definition, but only one half of it is described by the point of 
contact. 


8. Variation of the radius vector of the herpolhode with time. Denoting 
by p the distance LP, the radius vector of the herpolhode from L taken as 
origin, and putting as before x, y, z for the coordinates of P, with reference 
to the principal axes of the moving ellipsoid, we have 


e+y+e=p?+o%, Av+By?+C2=1, w?(A2x?+ By?+C%?)=1. ...(1) 
Hence, solving these equations, we get 
a2, y?, 2° = (BC(O—B)(p?—a), CA(A—C)(p?—8), 


1 


AB(B—A)(p?— y)} (ME O(n ay eee ees (2) 


_(@B-1)(o°C-1) 


where a= = BC [B= Penge Sy eae Bees teen ees (3) 


Connecting x, y, z with p, q, r we have by (4), 2 (with k=1), 
ple =4q/y =r/z=0/OP =(2T)*. 

Hence also p/4#=4/ y= /2=(2T), and we can write Euler’s equations in the 

form Aw—(2T)2(B—C)yz=0, Sine a {ciao R 

Cz—(2T)?(A—B)ay =0. 


These give x+ yý +zż= eTA DU T E pe UR, PE) 
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But since ©? is constant and 2+ y?+2?=p?+o7, the quantity on the left of 
(5) is pp. From this and the values of æ, y, z given by (2), we get 


pp=(2T)*{ —(p2—a)(p?—B)(p2—y)} 8, cesses ses ees eeseeseee(6) 
from which p? can be found in terms of t. It is to be remembered that 
here k has been taken as unity, which explains the apparent difference in 
the “dimensions” of the expressions on the two sides of (6). To restore k 
we have to multiply the right-hand side by k?. 
Now it is proved in (4), 2, that (if k=1) w?=2T.OP?, so that wo =2T pp. 
Hence (6) becomes 


oo = OTF (Ga) — BHP} a aen) 

We may write this also in the form 
wots = { — (w? — 042) (0® — cog?) (0? — 2) JE. ee eee eevee eee ereeee(8) 
For we have p?=7?—o?=o'7/2T—o’, so that the equation has the form 
stated if w= (Beta), op=E pE ceeccesecereceneeeeee(9) 


The value assigned to k does not affect (8). 


9. The differential equation of the herpothode. The differential equation 
of the herpolhode can be found in the following manner. The double rate of 
description of areas by the projection of the radius vector OP on the plane 


of yz, is, by (4), 8, NE E A een tlh 
yż—ġz=(2T}( T ye 5 2) a. act A) 


From this the other components of the double rate of description of areas 
can be at once written down by symmetry. 

The components yż— ýz, ete., give a component on any plane parallel to 
the invariable plane. Let then l, m, n be the direction cosines of the normal 
to the invariable plane at P. We have l, m, n=a(Aa, By, Cz). If ¢ be 
the vectorial angle of the herpolhode corresponding to the radius vector p, 


pPh=l(yż— ýz)+m(zi—żw)+n(eý— iy) 


-oen [aor AGP Sots) sr tge) 


+02(25 e- 23n) AEA 


But 
/A-B. C—A Aa? r y A 
Aa?( G G ET 2) = BG {A (Ax? +By?+ 02?) is (A2x?+ By? C2z?)} 
te 
“a BO 
and corresponding values hold for the other terms on the right of (2), and 
so (2) becomes 


$ gee 2R _ 20 
oga E (A tB AEE NE SE AN (3) 


A-1); 
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By the values of æ?, y?, 2? in (2), 8, this reduces to 


BpSaITy Ge PEA. 
2 DAN a1 5 
where E= (A — 1) (vB - 1) (a C-1)-AB07 —(—aßy) oenen (5) 
by (3), 8. 
By the value of pp, given in (6), 8, 


$_I$__ @ (p? +E) [Sled G ATAO 
6 de p{ —(p?—a) (p?— 8) (p?—y)}?* 


10. Radius of curvature of the herpolhode. From (4), 9, we might calculate 
the radius of curvature of the herpolhode for any point, and verify that it can nowhere 
be infinite, so that the curve cannot have a point of inflexion. The result which is, as 
suggested above, almost obvious, may also be established by a process due to M. de 
Saint Germain (Comptes rendus, 100, 1885), which is less laborious than a direct calculation 
of curvature. At a given instant two generators of the space and body cones are in 
contact. Along these, from the common vertex of the cones, take a length OP=o, and 
through P draw a plane cutting both cones at right angles to the coincident generators, 
and let R, R’ be the radii of curvature of the body-cone and the space-cone, respectively, 
in this normal plane of section. If the distance travelled in dt by P, taken as fixed on 
the body-cone, be ds, we have 


1 1 
eor LREN a ext 3.49 OON S 1 
odi=ds( k+) a) 
Tf R’ be infinite at P we have waa, Or Wap. inns ae eae (2) 


This relation is impossible. To prove this statement take an adjacent generator OQ, 
so that PQ=ds. Then the area of the triangle OPQ is ġo% ds, if OP represents w. But the 
same area may be expressed in terms of the coordinates 

0, 0,9, Pos Yor os Pot pat, qotġ dt, ro+idt 
: T APADO + 272 
of O, P, Q, and the equation wr Pe eter err Man Sree O TEE (3) 
where a, b, c=A(2AT-— H?), ...,..., is obtained. 

Changing the origin to P, and taking two other points, M, N, on the normal section, 

through P, of the body-cone, and distant ds and ds+d?s from P, we find the distance 


of the point N from the tangent plane to the cone at P, and hence that the angle between 
the tangent to the section at M, and the tangent at N is 


i 2 (apy ep + bgog + cridi) 55 

where N =(a?p? + b%9q,2+2n2)2. 

But from the fact that PM is perpendicular at once to OP and to the normal to the 
surface at P, so that the relations 

podpt+qdg+rdlr=0, apydp+bqdgt+erdr=0 
hold, and by the equation of the body-cone, which is now 
ap? + bg? + cr*=0, 

it can be shown that the value of the angle just found can also be written ds. abew?/N3, 
But the angle is also ds/R, and so we have 
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But if R’ were infinite we should have by this result s=N3/wabc, and by (3) also 
§=N/wABC. 

Pek abe 

Thus the necessary condition is N?= ABC: 

The equation of the surface and the values of 2T and H? give three equations which 
enable N? to be expressed in terms of p? or in terms of 7°. It will then be seen that N? 
cannot have the value here stated, and a point of inflexion on the herpolhode is 
impossible. [This is necessarily true only for the ordinary herpolhode here considered. ] 

It is impossible also that R can-be zero: this follows from the equations for 2T and H2. 
A point of sudden change of direction on the herpolhode would be characterised by R’ =0, 
and this would involve also R=0. 


11. A special case of the herpolhode. In the case referred to above, in which 
@*=1/B, the differential equation (6), 9, reduces to 


5 eee SES 
de pB(B—p%)? . 
Substituting p=1/y, we get 
dp _ 1 d? 
SE and —+4=B 
dy ~ B aE (By?—1)8 an dg? By; 
1_ BOO 4e- (Bag 
P 22 
As sc is supposed to start from an apse of the curve, aes dd/dp=o, and there 
p= B, both terms on the right have the same coefficient 1 /2,82. 


which gives 


12. Stability of the motion of a symmetrical body under no forces. A 
result of interest in gyrostatics can now be deduced from Euler’s equations 
of motion for a rigid body turning about a fixed point under the action of no 
forces. The motion is, in a certain sense, stable when the axis of greatest 
or least moment of inertia is the instantaneous axis. This is of importance 
in the case of a body thrown into the air, such as a quoit or an elongated 
projectile, and left to move under the action of gravity. If gravity alone 
acts there is no couple on the body, and the translatiqnal motion and accele- 
ration may be ignored. 

We suppose then that the body is symmetrical about an axis of figure, 
and that the moment of inertia about that axis is either greater or less than 
the moment of inertia about any other axis through the centroid. A quoit 
is an example of the former case, a rifle bullet or a spear spinning about its 
longitudinal axis is an example of the latter. Spears do not seem to be so 
thrown, but a juggler, when he throws knives from hand to hand, some- 
times at least, spins them in this way. 

If the axis of rotation coincide with OC, so that p=q=0, the equations 
of motion are 

mae Ong =O.) Chie). r a oa aAA) 
If however the axis of resultant angular velocity deviate slightly from 
OC, so that the angular speeds are p, q, 7, +7’ where p, q, 7 are small, we 
can prove that under certain circumstances p,q can never become large. 
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If products of small quantities be neglected, the equations of motion are now 
Ap—(B—C)qr,=0, Bg—-(C—A)ryp=0, Ci’ =0. nanne (2) 
Differentiating the second equation, and eliminating p between the result 
and the first equation, we obtain 
,(C=A)(C-B), 
AB f,7=0,. Peano usniies Cougs aetna 


Now (C—A)(C—B) is positive if C is either the greatest or the least of 
the three principal moments of inertia. If this condition is fulfilled we have 


8g 22 E E E E E, 
P n? [=(C—A)(C—B)r,?/AB] is real and sates For initial values 
qo and 4, of q and ġ we get the solution 


d= COS nt+% sin nt. 


But initially g=(C—A) p,7r,/B, so that 


C—A ‘ 
q= q cos nt+ Bn Pe RUB d so nce aesiaties -necsearan dae 


Hence, if P), qo be small initially, q cannot acquire more than the small 
value given by (5), and a similar result can be obtained for p. The instan- 
taneous axis thus remains in the vicinity of OC. 

By substituting for ¢ from (5) in the equation Bg—(C—A)r,p=0, we 
obtain 


Bu F 
p=p,cosnt+ 7— Gp sin nt ar A et att tee 
Now we have 
2 92)? 2p 2\h 
ja OOT See ea tendo TP ted iain Aan a 
To Cry 


In the case we have been considering these tangents are both small. 
According as C is the greatest or the least moment of inertia, the fixed cone 
lies within or without the moving cone. 


13. Space-cone and body-cone according as C is the greatest or the least 
moment of inertia. If C be the greatest or the least moment, and A=B, 
the instantaneous axis describes in the body a right cone round OC, the 
axis of figure, and this cone rolls on a right cone fixed in space. Here 


neo Aye or n=—F*n, E ee Mba ee aes hee 
and we have 
p=p,cosnt—q,sinnt, g=q,cosnt+p,sin nt. ...............(2) 
These may be written 
p=Keos(nite), J= Rsm (Nite), esenee aneen) 


if R=(pè +42? andtane=q,/p). The resultant of p and q is therefore an 
angular speed about an axis OD, which lies in the plane of the axes OA, 
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OB, and makes an angle nt+e with OA. That angle increases at rate n, 
and OD moves round from OA in the direction of rotation about OC if 
C > A, and in the contrary direction if C< A. 

It is clear from the Poinsot representation of the motion that as the M.E. 
(now of revolution) moves, the instantaneous axis is always inclined at the 
same angle to the invariable line OH. For, as we have seen in (1), 2, 


2T 
cos IOL= p. 
and Euler’s equations give 
rae a do? 
pp+qit+ri=4—-=0, E Wi acca tes a aha) 
so that w is constant. 
Equation (7), 12, now becomes 
FEET PR a COL e AR aae ee A O) 
Ti Cras 


The angle COL is greater or less than COI according as C<A or C>A. 
In the former case the cones are external to one another, and roll with their 
convex surfaces in contact, in the latter the fixed cone lies within the moving 
cone, and the concave surface of the latter rolls on the convex surface of 
the former. See Fig. 108 above. 


14. Illustrations of the stability of a body under no forces. As stated 
above, we have a good illustration in a well thrown quoit. A moderate 
rotation about the axis of figure is given, that rotation remains unchanged 
during the flight, except for the effect of air resistance, and the direction 
of the axis changes comparatively slowly, if at all. The action of the air 
is rendered perfectly regular, and the mark aimed at is more certainly 
reached. The cones have been already illustrated in Fig. 108. In the 
present case, if R have any sensible small value, the angles COI and COL 
are both small, but the latter is smaller than the former. 

For a quoit C is not very different from 2A, and so n is approximately 
equal to r, Thus the axis of figure OC (OA in Fig. 108) turns round the 
invariable line with nearly the angular speed r, The angle COL is small 
and approximately 4R/r, The larger this angle is the more the quoit 
has of the usual regular wobbling motion, which is simply the precession 
of the axis of figure about the invariable line. 

With the foregoing case we contrast that in which C is the small moment 
of inertia, e.g. in the case of the knife thrown by the juggler. Here again 
there is stability for rapid rotation about the axis of figure. But when the 
body is long and slender (A—C)/A is nearly equal to unity, so that again n 
is nearly equal to r), but has the opposite sign. Now tan COI=R/r, and 
tan COL=AR/Cr,, of which the latter is much the larger, and the cones 
lie as in Fig. 108 (6). In this case the wobble due to the motion of the 
axis of figure about the invariable line is very much more marked. 
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15. Illustrations of stability of a top under no forces. Diabolo. The 
top called diabolo, which was very popular some years ago, illustrates the 
principles set forth in the preceding articles. It consists of a kind of spool, 
constructed as shown in the diagram of frustums of two equal cones, put 
together with their axes in line and turned in opposite directions. The 
surface at the junction is slightly rounded out to receive the spinning 
cord. i 

This spool is supported with its axis of figure horizontal, or nearly so, 
on a vertical loop of cord suspended from two handles held by the operator, 
also as shown in the diagram. The spin is produced by successive strokes 
each made by raising the right handle (say) 
quickly and then lowering it, but more 
slowly. A friction couple about the axis 

L of the spool is applied in the first upward 
motion. In the succeeding downward motion 
of this handle, which of course is accom- 
panied by upward motion of the left handle, 
there is little or no couple applied to the 
spool; for the motion of the spool at the 
point of contact is now in the opposite 

direction to that of the cord, and the relative 
iM motion of the spool and cord at the point 
is a maximum. 

As the diabolo is usually constructed its 
axis of figure is an axis of minimum moment 
of inertia; in other words, the momental ellipsoid is a prolate ellipsoid 
of revolution. The spool may however be made so as to have maximum 
moment of inertia about the axis of symmetry, that is, so that the 
momental ellipsoid is oblate. 

In either of these cases the rotational motion is stable, and illustrates 
therefore the conclusions of 12 and 13. The spool when spinning fast can be 
thrown into the air from the string, and preserves its axis unchanged in 
direction, so that it can easily be caught again on the string by the per- 
former. Should a component of A.M. about an axis transverse to the axis 
of symmetry exist at any instant, the action of friction will, as explained 
above, tend to bring the axis of resultant A.M. into coincidence with the 
axis of figure. 

If the spool be made so that the moment of inertia about the axis of 
figure is equal to that about any transverse axis through the centroid it 
will be found impossible to get up any spin in the ordinary way. For 
there is nothing to determine stability, and disturbing couples acting on the 
body will cause the instantaneous axis to change its position in the body 
without any tendency to approximate to the axis of A.M. 


R 


Fie. 110. 
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Two equal cones (or rather.a single right circular cone, of equal sheets) 
made of uniform sheet metal, and united at their vertices with their axes 
in line, would, if the angle of the cone were tan~ 23 give a spool the 
momental ellipsoid of which would be a sphere. This ideal construction is 
difficult; for one thing we cannot unite the two cones if their vertices are 
sharp. The required result can however be obtained by making the 
momental ellipsoid oblate, that is with an excess of the moment of inertia 
C, about the axis of figure, over that A about a transverse axis, and pro- 
viding it with a tubular hollow along this axis. A rod of wood filling this 
hollow symmetrically will leave the centroid unchanged in position, and 
will add to both the moments of inertia, but, unless it is very short, more to 
A than to C. If the rod is made of proper length the ellipsoid of inertia 
becomes a sphere. The diabolo, which could be spun without difficulty 
before, becomes incapable of stable spin after the insertion of the rod. 

The equality of the moments of inertia about the principal axes may be 
tested by hanging the diabolo by a torsion wire, and observing the period 
(1) with the axis of figure vertical, (2) with that axis horizontal. The 
periods should not differ so much as 2 per cent. 

This experiment is due to Mr. C. V. Boys [Proc. Phys. Soc., Nov. 22, 
1907]. 

If the stick is not inserted in the hollow symmetrically, the centroid will 
be shifted along the axis, and the moment of inertia about a former trans- 
verse axis will be increased by an amount ma’, where m is the mass of the 
stick and æ the distance of its centroid from that of the spool. If the 
difference is great enough there will be stable spin, together with precession 
about the vertical transverse axis, with angular speed mga/Cn. The 
vector of A.M. of the spool is to be drawn towards the operator, and turns 
of course in the precession towards the axis of the couple. 

If the operator, after spinning the balanced diabolo with his right hand, 
draws that hand towards him, a couple about a downward vertical axis is 
applied, and the end of the spool near the operator turns downward. The 
contrary turning takes place if the operator draws in his left hand. Equal 
drawing in of both hands will apply a couple about a horizontal axis 
pointing towards his left, and the spool, if it has been spun with the right 
hand, will turn in azimuth in the clock direction as seen from above, that 
is the outer end of the spool will turn towards the performer’s right. 

The reader will easily see how these results are modified if the spin is in 
the opposite direction, that is, has been produced by the left hand. 


“16. Stability when the body under no forces is unsymmetrical. 
Returning to the general case of unequal moments of inertia, with © > B> A, we consider 
the motion starting from approximate coincidence of the axis OI with OB. If the initial 
values of p, q,r be Po, Jos Tos Pos To are very small, and therefore g varies slowly. We 
have the equations Ap —(B—©)gy =O; CF —(B —B)pqy=0,, ccereccnserssceserernonsees (1) 
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since we suppose that so short an interval of time has elapsed that p and r are still small 
and qj is little different from its initial value. Eliminating p, we find 


AC ATB BZ Onn O Fecrinecaswneneceatesssase7 nren (2) 
A-B and B-C are both negative, so that we can write this equation in the form 
= EE E A O eter (3) 
where n?=(A — B)(B — C)q/AC, and is positive. Hence, if K, L are constants, 
raK FLenn athail st EE o (4) 


When ¢=0, r, =K +L, and 4 =n(K — L), so that 
= fo = _fo 
K=3(m+"), L=3(m-%), 


Thus r=tr (er +e-™) +a aS wR ie trem RAN (5) 
After a short interval of time 7, we have 
BE ESAT IET a e sls ses tiee rece aera (6) 
to the second order of small quantities. There is no oscillation of the value of 7. 
: . A-B 
Since To= Palo? 
we may, by the value of n?, write (5) in the form 
A(A-B)\3 
r=$r (e +e) +4 Eimi D5 (COM) I OIE E ES (7) 
From this, by the second of (1), we obtain 
C(B-0)}Ż 
p=tp (e+e) +4 SE Pa ad a E (8) 


Of course it is to be remembered that these integrals cannot be used except for small 
values of ¢, otherwise it will not be possible to consider g as retaining sufficiently nearly 
its initial value qo. 


17. Extension of Poinsot’s theory to the motion of a top. We now con- 
sider an extension of Poinsot’s theory to a top spinning under gravity about 
a fixed point in the line of its axis of figure OC. If, as we shall suppose, the 
angular speed n about OC be constant, and a distance OO’ be laid off on OC 
to represent n, the extremity P of the instantaneous axis lies in the plane of 
OC and the resultant of p and q. As the top moves this plane moves also, 
and a curve is described in it by P, which shows how the instantaneous axis 
moves in the body. The angular speeds about the principal axes O(A, B, C) 
are p, q, r (r =n), so that we have O'P (=p) = (+È = (@+1/2sin26)?, 

Apart from spin the kinetic energy is }A(62+¥/sin?0) =4A(p?+q?). The 
energy equation is thus 

arr 2E 2Mgh 

lank a) WL neha lead tae c 
where E is the total energy, less the constant energy of rotation. Putting 
as at 10, V, 2E/A=a and 2Mgh/A=a, 


we get + yWsin?@ = p?+q?=a—az. sant ae Acar a Tefen (2) 
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Thus we can write the energy equation in the compact form 


p=a—az or gat, STG A Ny HAAN ES) 


As we have seen (loc. cit.) the equation of A.M. about the vertical through 
O can be written vN sO DEN a a wat yee. wer kad) 
and elimination of yy between this equation and (2) leads to the equation 

22 = (a—az) (1-22) Bn) E leh o ael) 
which has already been discussed to some extent. 

Now from (3) we have ż= — 2pp/a, and from (5), 

ER le 3 

Sr Fie a R tects CA Wc (6) 

To find the vectorial angle (y, say) corresponding to p, we calculate 

tan-1(q/p). The angular speeds 6, ¥-sin 0, are those about OD, OE (Fig. 4, 
p. 48), and by (2), 2, IV 


p=0sin¢—wWsinAcos ¢, q=Ocosp+vwsin Osin ¢. 


cot ogee Le g 
0 
Hence tan y= RP ; 
me = cot ġ 


Now sin 0/6= —(1—2)/4= —(1 —2)/{ f(z)}? and y= (8—bnz)/(1 — 27), and 


therefore a X 
l tan x=tan | }r—g—tan 1B", Dea st teise ee ct ae (7) 


Thus we may write y=47—¢-—tan 


aes Ne eee Ge eae (8) 


Differentiating, remembering that 
os { f(z)}? and ġ=n—} cos 0=n—(6—bnz)z/(1—2), 
we get, after reduction, 
(a—az)x=4}(bna—af)+4n(b—2)(a—az), 
that is, since 'a — az = p?, 


=}n(b—2)p +4 (bna— ab). oserssessrerseresneeeres (9) 


18. The outer extremity of the 1.4. for the top lies on a fixed spherical 
surface. The locus of the extremity of the instantaneous axis is a sphere 
fixed in space. For, let p,, q}, 7, be the angular speeds of the top referred 
to fixed axes, of which the vertical OZ is one, and let 7, be the angular 
speed about OZ. Then we have p,’?+q,?+r/=p PE E A 


But, clearly, 7, =v sin?0+n7 cos O=B+(1—b) NZ. soseen eG) 
Eliminating z between this equation and p2 +92 +r? RNG init we obtain 
(1—b)n(p.?2+92+7,2) +a7,-—aB—-(1—b)n(atn?)=0. wcrc (2) 


But pı, qıs 7, are the coordinates of the extremity P of the instantaneous 
axis, and the equation just found shows that P describes in space a curve 


a 
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on a spherical surface the centre of which is on the vertical at a distance 
3a/(1—b)n below O. The radius of the sphere is 


} 
[+w (Phage mat |: 


If the top be “spherical” b=C/A=1, and the equation of the surface 
reduces to GEG e da tate E A E set enaea vents ane 


the equation of a plane at distance 6 above the fixed point O. 

The motion of the top is given by the rolling of a body-cone on a space- 
cone the generators of which are the lines joining O to the successive points 
of the spherical curve just defined. The curve given by the successive 
positions of P in the body is the polhode, and the successive positions of 
OP in the body make up the body-cone. This cone rolls on the space-cone 
and the polhode on the spherical curve. 


19. Reduction of the locus of the extremity of the 1.4. to a plane. 
Spherical top. If the top is “spherical” its motion is represented by a 
motion of the momental ellipsoid in which the polhode rolls on the curve in 
the plane r; =, to which the spherical curve now reduces. To find this 
curve let p,?>=p,?+q,", then, when b=1 and r,=8, 


pr=p't+n?— e. ane R een e ae Meee eee Coe (1) 
Also, from Fig. 12, p. 69, we get 
p,= —Âsin Y+ ġsin 6 cosy, ¢,=Ocosy+¢sin Osin y, r=% + ġ cos 0 (2) 
[and when the top is spherical B=7r,=¢cos 0+]. Hence 


0 
‘ t $sin 
qı__0cos Y+ ġsin 0 sin y A E EA le 
Pi Osim wt pein Geos ye y fne ot y, X- Say. 
Le tan x =tan (y+ kar — tan 1252), EENE RE S I (3) 


Now, returning to the spherical top, we have, by (1), p11 = pp, and, since 
z=(a—p")/a, f(Z)=ft(a- p? +n- B’)/a}. 


pun ges) 2 RA) 
Hence p= -tal 7(" Pith EN. ae er tas (4) 


a 
Expanding the right-hand side to the form 
f(2)=(a—az)(1—22) —(B—bnz), 
and writing a’ for a+n?—?, we get, since b=1, 
pipe =AM(p2—n2+ B2){a2— (a! — p23} aBn np t] «.....(5) 
Now let a line OL be drawn from O to represent, in magnitude and awis, 


the resultant A.M. of the top: the velocity of the point L represents the 
moment of the couple Mgh sin @ about OD. The rate of production of A.M. 
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is therefore represented by the horizontal vector OD, if taken of proper 
length. [The rate of alteration of angular velocity is given by the motion 
of the point P in the plane 7,=.] The vector representing the component 
of w at right angles to the vertical is p, and the radial and transversal 
components of the velocity of P are thus £,, 6,x’. But the rate of change 
of w, since there is no change of the angular speed about the axis of figure, 
has the value Mgh sin 6/A, or Jasin@. Thus 


oop = Fe Bie OS LL 2"). GN a (6) 

AELA 
Hence, by (4), PN E fa —2)p?—f £ o Hashes ATE A (7) 
Here z=(a’—p,”)/a, and so we get after reduction, remembering that for a 
spherical top b=1, Pex BG UB. Bp Por E loops qemadet (8) 


We shall call the curve, of which this is the polar equation, the curve s. 


20. The locus of the extremities of the 1.4. for the top is a polhode. 
Jacobi’s theorem. Comparing (5), 19, with (6), 8, we see that s is a her- 
polhode, in the plane 7, = 8, which would be described by a properly specified 
“ellipsoid” of inertia, constructed for an imaginary body turning about O 
under the action of no forces. In the present case the distance OP, taken 
along the instantaneous axis, represents w, the numerical measure of the 
resultant angular speed of the top; in the case discussed in 8 the multi- 
plier TÈ on the right-hand side of (6) is, in the notation used, w/OP. 
Hence w/OP? corresponds to the multiplier 4 in (5). Thus, reducing to 
the same scale we see that the angular speed of rolling of the imaginary 
ellipsoid is half the angular speed of the top. 

It is to be observed that what we call here an ellipsoid of inertia may 
not fulfil the conditions of ordinary ellipsoids of inertia and that, for 
completeness, it is necessary to generalise the notion of matter so far as to 
consider inertia as having either sign. 

We have now seen that the curve s is described by a body-cone C,, fixed 
in the body, rolling on a cone C, fixed in space, and that it can also be 
described by a cone C’,, fixed in the momental ellipsoid of an imaginary 
body moving about the point O under the action of no forces, and turning 
at each instant about the instantaneous axis of the top, with half the top’s 
angular speed. Now let a fourth cone ©”, roll on C, so as to trace out by 
the relative motion the polhode in the top, which lies in the plane perpen- 
dicular to the axis of figure at distance n from O. Further let the cones 
all move so that at each instant each is in contact along one generator of 
the space-cone. 

It is a theorem of Jacobi,* stated however somewhat differently and 
given by him without proof, that the cones C’, and C”, are identical. 


* Jacobi, Werke, Bd. 2, p. 480. 
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Analytical proofs of this theorem have been given by Halphen* and 
Darboux, +t but the identification can be effected in the following more 
simple way suggested by M. de Saint Germain.} 

Describe a sphere, centre O, cutting the common generator in a point P, 
and in P,, Q,, Qi Q”;, the four generators which after time dt should be in 
contact. The arcs PP,, PQ,, PQ’,, PQ”, must all have the same length ds. 
Let then R be the radius of curvature of the space-cone, R,, R R” the 
radii of curvature of the others, taken in a plane drawn through P at time t, 
at right angles to the coincident generators. We get then 


a S 
=3(—+ 1 9 Eo 1 
w P gw =6(G+Rr j} w= (E ai) ( ) 
The first two equations give =s -i ), 
so that by the last-equation, ~ Ry Rigs a aeee ae A E (2) 


Since in the kinematic equations (1) the radii of curvature are taken 
positive when they are turned in opposite directions, that is when convex 
surface rolls on convex surface, we see that the radii R’,, R”) in contact at 
their extremities are turned in the same direction and are equal. This 
holds for every element of the cones which come into contact, and so the 
cones are identical. Thus the polhode on C’,, the body-cone for the 
momental ellipsoid of the imaginary body under no forces, rolling on the 
space-cone, gives the herpolhode which is the curve s, and the rolling 
motion of the same cone, relative to C,, gives the polhode of the top’s 
motion. A horizontal plane through O is the invariable plane for the 
absolute motion, while a plane at right angles to the axis OC is the moving 
(invariable plane) for the relative motion. 


21. Case of an unspherical top. When the top is not spherical the 
motion can be reduced to that of a spherical top by choosing n’=Cn/A (=bn) 
and using n’ as the speed of rotation, when the equations 
c P become those for a spherical top. Consider, then, a solid of 
revolution which has, with respect to the top, an angular 
, speed (b—1)n, and its axis of figure always in the same 
direction as OC. To this body all the results just obtained 
apply, and to its motion that of the top exactly corresponds. 
The body-cone for this top is not the same as that of the 
actual top; for example if A>C, we have n’<n, and so if 
OP be the. line representing the real angular speed w at 
time t, OP’ will be that for the spherical top. The cone with OC’ as repre- 
senting n will roll on a corresponding space-cone [OC is not necessarily 
vertical]. 


(0) 
Fic, 111, 


* Journ. de Mathem., t. 2, 1886. + Comptes rendus, t. 100, p. 1065. 
t Résumé de la théorie du mouvement din solide autour d'un point fixe. 
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22. Passage from one Poinsot movement to another. If we write 
D=H?/2T and h=2T/H the equations of energy and a.m. become 


Ag+ Be +Cr=Dh, A%p? + Big? FORE DA haesen irin (1) 
or, if also we write Aa = Bb =Cc= D}, 


LY os Osan thee | 
opra G ST 5 aul. sean flea septa a arie one <4 (2) 
The dynamical equations are, in this notation, which is due to Darboux, 
z ge : tie. 3 Tiel p 
p-a(3-5)ar=0, g-(2-1) rp=0, #e(2-1\pq=0. e (3) 
Consider now for a moment the surface 
AA HB2- EO =O cic dir cides o a aa aaDaN (4) 


The direction cosines of the normal drawn at the point 2, y, z are 
Az, By, C: p y 7 
are E A O S 5 
ale Gb Te (5) 
where @ is the length of the perpendicular from the centre on the tangent plane at 
E, Yj, 2s 
Instead of the dynamical equations (3) we may use the equations 


pIE A Gl E E YP 97 ae EAE E saconce (6) 
which agree with (3) if 
_ale—b) _b(a-—c) c(b—a) 
t we B a o YSA o eeeeenenenne (7) 


In this case a, B, y satisfy the condition 


okb ky t OBO. iene en et eie EE s (8) 

If it is satisfied we say that equations (6) represent a Poinsot movement. [Of course a, 8 
are not to be confused in meaning with the letters a, B of 16, above.] 
From one Poinsot movement another can be derived. For writing 


p=ap, Y=Bqa "=y", 


we obtain for the new coefficients a,, B1, yı of equations (6) for the movement p’, g’, 7’, 


_(%_%) 4 g ta) bi (eee 71 
u=($-%) gh B.=(2 a) yar W=(S—5) ape eeen: (9) 


If this is also a Poinsot movement (8) must be satisfied by the values of o, Bi, Yı found 
in (9). The condition for this is found to be 


ac — b)(a'? — 1) + 6?(a—c)(B —1)+0%(b— a) (y? -1)=0. ...cee eee eeeeeees (10) 
Thus, for a change from one Poinsot movement to another, only a single relation 
requires to be satisfied by the multipliers «’, 8’, y’, so that two of these multipliers may 


be arbitrarily chosen. 

The relation (10) is obviously satisfied by a’=,’=y’'=-—1. Thus we pass from one 
Poinsot movement to another by mere reversal of p, q,r. If a’, b’, c’ be the constants 
for the new motion we have 


p g r2 a p? g TOTS 
T E lasing a18- treo ooten gent (11) 


If we multiply the first of (2) by A, the second by m, and identify the sum of the 
products with the first of (11) we get 


a Ui eh 
an b 
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Similarly, multiplying by À, m, and identifying the sum of products with the second 


of (11) we get lea DAD HN 
be H ÀE E 
ai TR p= 5 tae z ee FAE (13) 
2 
From (12) and (13) we have -atp Saza UE a vane dees EAE A AE (14) 
and similar pairs of equations hold for b, 0’ and c, ¢ 
Eliminating @ and a, we obtain for a the cubic equation 
Aya3 — (A2 = py) a? — 2QApa — pP=0. occ A E A (14’) 
An exactly similar equation holds when b, and also when c, replaces æ. Hence a, b, c are 
roots of the cubic NEON See Og Oa eee (15) 


Thus we have the five equations 

= py =Ay(at+b+c), —2ZAp=A,(ab+bet+ca), p= abe, Aht+p=h'’, Ayk+p,=1, ...(16) 
for the determination of À, m, dy, pis 2 

Solving these equations we obtain 


2 2R 4R 2_4PR 
jee? 2 | (17) 


SOR oa A Qe tte Qe ee | Mee rae 
where P=a+b+c, Q=be+ca+tab, R=abe, 0?=Q?-4R(P—h)=4p?/A,2. 
From (17) we can now find a’, b’, ¢, h’.. Adopting (since a, 8, y are again at our disposal) 


the notation R 
a= —be+cat+ab=Q-27, 


L= be-ca+ab=Q-2F, sessssessesrosssossecesossesssooo (18) 
3 y= a A 
we obtain from (12) € 
; na , , Qh-2R 

a=20, v'=39, c=50, adhe EEA ea ee (19) 


The dynamical equations for the motion fulfilling the conditions p+p’=q+q'=r+7'=0, 
are therefore 


creel all T A dk Erle Jl 
pra a qr=0, ġ—b (5-3) rp=0, ”—c¢ e z )pg=0. 2 SS (20) 
Comparing with (3), 22; we obtain the relations a(1/b—1/c)= —a'(1/b’—1/c’), etc., or 
Gl OL or oe MOS A ROO 


pty e i ae da Coch e EE ys chee eee (21) 


23. Passage back from the second movement to the first. The problem 
is thus completely solved of passing from the first of these associated movements to the 
second. If Q’, a'i, 8’), y1 be the corresponding quantities for passage back from the second 
to the first, we bave 


Ca, AVA v 1 22 Gp, SOA 
a=7 =a mae b pete BB” c ries “yy” 
so that ad = G3) = yoy F I atten E tee ecte eae aeeete (1) 


We shall show presently that Q=Q', so that 
GS OU BED AT Ye ST a ee a I ee (2) 
CR KURT Cae SORES 
We observe that by the values of P, Q, R [see (17), 22] we obtain from (18), 22, 
at+B+y=Q, aB+By+ya=4PR-—Q’, aBy=4PQR—Q3-8R?, 
a?=Q?-4R(P-a), B?=Q?-4R(P-d), y?=Q?-4R(P-c). \ 
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To prove that aa’=20'=?, we have, since —a=a(P—a)—R/a, 
aa = fae —a)— 4 (bd + ea +b’). 
But, by (19), 22, 
a' (b+c) U {e (+ 2) Lo E) on rea wate 
a\Boy/ By apy 
Inserting from (18), 22, the values of a, 8, y, in the terms in brackets on the extreme 
right of the last equation, we find that the expression becomes 
bc? — a?(b—cP={be+a(b—c){be—a(b—c)} 


-(q-78) (q-7®) - — Q? + 2Qbe+ 4Ra. 


Thus = {a(P—a)-2} (-Q+2Qb0+4Ra) L 4) 
us aa! = F C a ( 
Multiplying out and reducing, we find that this becomes, by the values of P, Q, R, 
Q? i 
ene —Q3— 8R? =: 
aa’ =(4PQR— Q?-—8R )aBy 2 


by (3). Or, the first factor on the right of (4) is a, the second By. 
Again we have, by (19), 22, 
p-a VR 2 q o(Qh— 2R) — a? 
je crt cect | ign «ita name * | an ideals 


aQ 


It will be found that this reduces to 


Thus we obtain the three relations, 
hi-ad h'-b k-e aßy 
2 2 > 2 -3 = o e ossssosoossooooosoosooesooor 
paeh Peai a Aa Q (5) 
If a, b, c are in algebraical order of magnitude it is clear by (2), 22 that A lies between 
aandc. The two quantities Q?—4R(P - a), Q?—4R(P-c), that is a’, y’, are essentially 
positive, and Q?-4R(P-a) > Q?-4R(P-h) > Q-4R(P-c). 


Thus Q?—4R(P—A), or 0, is essentially positive, and the expressions above in which Q 


0. 


appears are real. 

Again, the relations Q?=aa' =B" =yy show that a’, B’, y’ have the same signs as 
a, B, y respectively. Thus if the surface corresponding to the first motion is an ellipsoid 
of inertia, so also is the surface corresponding to the associated motion. 

The discussion of two associated movements given above is founded on the Notes of 
Darboux in Despeyrous’ Cowrs de Mécanique. A more general discussion was given by 
Darboux in the Journal de Mathématiques for 1885, but the relations found all reduce to 
those given above when the top is spherical. As all tops can be reduced to this form by 
the substitution indicated in 21, the restriction to the case of p+p’=q+q9'=r+7"=0, does 
not deprive the discussion of any needful generality. 


24. Body-cone and space-cone for associated movements. Now consider 
the two surfaces, S, S’ [(4), 22], which correspond to the two motions. We may suppose 
for the moment that the two sets of principal axes are coincident. Along the system of 
axes thus given lay off coordinates p, g, 7. This will give a point on a polhode. If the 
whole sequence of points be thus constructed for the successive positions of the surfaces 
S, S’ (which it must be remembered move in a manner depending on the body’s motion), we 
shall have a polhode, and the lines joining the fixed point O to the points of the sequence 
will give a cone C, which can be used as the moving cone for either motion. 
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In the motion of the surface S the moving cone rolls on a cone A fixed in snace, the 
base of which is a herpolhode H; in the motion of the other surface the moving cone 
rolls in the opposite direction, with the same speed at the same instant, on another space- 
cone B, the base of which is a herpolhode H”. 

Now at a given instant ¢) let a generator gm of C, considered as rolling on A, be in con- 
tact with a generator g) of that cone; at time ¢ it will be in contact with another 
generator g. If at time é) the moving cone, considered as rolling on B, have its generator 
Jm in contact with a generator g of that cone, at time ¢ it will be in contact with another 
generator g’. If now we suppose gy and g’) to be in contact at time ¢), and B to roll on 
A, with angular speed opposite to and twice as great as the angular speed of C on B, the 
generators g and g’ will be in contact at time ż. . This motion of B with respect to A is 
of importance in the discussion of Jacobi’s theorem regarding the motion of a top. 


25. The polhode as the intersection of two surfaces of the second degree. 
The following proposition is also important in this connection. The intersection of two 
surfaces of the second degree which are concentric, and have their principal axes along 
the same straight lines, can be considered, in two different ways, as a polhode. 

Let the equations of the surface be 


Axt+By?+O2=D, N'R+HBY CSD. vcccccccscecsesessseete (1) 


The proposition will be proved if it can be shown that equations (1) can be combined 
linearly so as to give, first, a resultant identical with 


g2? y? z2 


a + b + a = h, Beene eee eee e eres ene eeeeeeres see eeeseeerenes (2) 
and, second, a resultant identical with 

wpe 

a + p + 2 LAPT E E Mass | cat T E E (3) 


Take the first linear combination of equations (1). Multiply the first of (1) by À, the 
second by u, and add, and identify the coefficients of x, y?, 2? in the sum with those in 
(2). We obtain 


A+ pA -==0, AB+pB—5=0, MCaOe 2030 eae (4) 
That these equations may hold simultaneously, the condition is 
vied 
A, a, = 
Sarl 
B, B, g| 50 ereererererrrrerrrrerirererreeeees (5) 
AL 
C, C, c 
In the same way we obtain from (1) and (3) the other condition 
ho al 
A, A > ap 
rey 
B, D; %2 =0. weer ewcecccncenseeececesees Ce ecsccee. (6) 


ome Ae 
u 
Equations (5) and (6) are evidently of the form 


Ode es R A 
atgti Gat pat aTh eeererererer RAA) 
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where a, 8, y [not the same quantities as in 22] are functions of A, B, C, A’, B, Œ. If 
we write r=a/b, s=a/c, and eliminate first s then 7 between the two equations (7), we 
get the quadratics for r ands: 


B(B+y)r?+2apr+a(a+ y)=0, 


pS pH Laboqaoadsaso, O 8 
y(B+y)s?+ 2ays + a(a+ B)=0. (8) 
The roots of each of these are real if 
GEV (HATO E N E S N E (9) 
and the roots are equal if CVG r AAN O (10) 


Thus in general, if it is possible at all, it is possible in two ways for the curve of inter- 
section of a given pair of surfaces to give a polhode, that is for a given curve there are, if 
(9) is satisfied, two real Poinsot motions. These coincide in tħe limiting case in which 
the roots are equal. 

Examination shows that if (10) is satisfied the surface (2) is either a plane or a sphere, 
and the curve cannot in general be a polhode. 

If two of the quantities a, B, y have a zero sum, for example, if a+ 8=0 the surface 
(2) has the equation WAY = lea E dusehenees dees cess scansedeseaes (11) 


that is, it is a cylinder of retolution about the axis-of z In the Poinsot motion for this 
form of the. moving surface this cylinder remains in contact along a fixed plane, and the 
generator in contact revolves with constant angular speed about the perpendicular let 
fall from the fixed point to the plane. This case corresponds to r=1,s=0; but the 
other roots for the same curve are r=(B—y)/(B+y), s=28/(B+y), and there is a 
corresponding Poinsot motion. The surface (2) in this case has the equation 

2 


x? z2 
EF OT DE e a e o g a a: (12) 


It will be observed that in this case we have 


tike 8 OV OCCU — GO =O; onre dei ae (13) 


26. Relation of the curve of intersection of two surfaces to a family of 
confocal surfaces. We take next the following proposition: The curve of intersection 
of two surfaces of the second degree, which have the same lines as principal axes, is normal to 
an infinite number of confocal surfaces of the second degree forming one of the three families 
of an orthogonal system. 

To prove this we observe that if a, B, y have values which fulfil the equations (7), 25, 
and a, b, c be three new constants suitably chosen, we obtain, taking the surfaces (1) of 
22, as the given surfaces, considering a point z, y, z of the curve, and eliminating in turn 
2 and x, 


It is obviously possible to find a quantity p such that 
L=alatp), PEEBO), 2=Hy(C+P). crvccccepervesscerenesseees (1) 


The value of p will vary from point to point of the curve. We see at once that the 
surface of which the equation is 


ae yp git 
| TTT RO SF ET? a IE Eo SE AES RA A (2) 


passes through the point v, y, z of the curve of intersection of (1). 
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Differentiating with respect to an infinitesimal step along the tangent to the curve we 
get from (1) dx__adp dy Rdp dz__ydp 
ds. ads’ ds yds ds pds 
But a=w?/(a+p), ete. Hence the values of dz/ds, dy/ds, dz/ds are proportional to 
a[(a+p), y/(b+p), z/(c+p). But so are also the cosines of the normal to the surface (2) 
at the point x, y, z Hence the curve meets the surface (2) at right angles at that point, 
If a+8++y=0 the surfaces are confocal cones, and the curve lies on a sphere. If this 
relation is not fulfilled the equation (2) may be written (by making a+@+y=1) in the 
We y? 2 


form À i i 
utp! b+p PEW waa conden tee aS (4) 


Equations (1) prevent passage of any of the quantities a(a +p), B(b+p), y(e+p) through 
zero from a positive to a negative value: hence, when the signs of a, B, y are fixed, 
(4) represents only one of the three families of orthogonal surfaces, a member of each 
of which passes through z, y, z. 

It is now clear that since the curve meets every member of the family (4) at right 
angles, it must be the intersection of two other real surfaces belonging to the other two 
families of the triply orthogonal system. The curve must therefore, by Dupin’s theorem, 
be a line of curvature on each of these intersecting surfaces. We have therefore the 
theorem (according to Darboux, loc. eit., due to M. de la Gournerie) that every curve 
which lies on two concentric surfaces of the second degree, the principal axes of which 
are along the same lines, can be considered as the intersection of two real confocal surfaces 
on each of which it is a line of curvature. 

The intersecting confocal surfaces will have equations of the form 


ma y? 2 ye y? 2 
_— +: —_—_—_— = 1 = L weer eeseerooeeesone 
atp btp orp i atp b+p CFP ©) 
Now let a, 8, y be multipliers such that, for any point of the path, 
H=alatp), Y=BO+p), SHY(CHP). .cocssccccoccscsecceceoes (6) 


Substituting in (5), subtracting one equation from the other, and reducing slightly, we 
find that a, B, y must satisfy the conditions 


aa F Bb i ye 0 
(a+ pia po) (b+p)(b+p:) (C+petp) Pt ñaaa. (7) 
a B PETRE 
(atap) * OF POF) CFC) 
Obviously these will be satisfied if 
atat po) _ (b+ p1)(0+ po) _(¢+p1)(¢+ po) (8) 
(a—b)(a—c) 3 (b—a)(b—c)? Y (e—a)(e—6) * eee ccceseece 


27. Determination of the parameters of the confocal surfaces. Now 
consider the quadratic equation 
Gis fh ey 
cut beat op Ue: tities teeee Sevan) 


It is easy to verify that this is satisfied by w= p}, and by u= pz, so that p,, p, are the roots 
of the quadratic. Thus if a, B, y are known p,, pz are obtained. 

If we multiply the second of (5), 26, by a constant, and add the product to the first 
equation, we obtain the general equation of the surfaces which pass through the inter- 
section of the two surfaces represented by (5), 25, It may be written 


__(a—h)? (b—k)y? (e-k)? _ 
lathar CECT CE N T Te TEP, (2) 
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If this surface roll with successive points of the curve of intersection in contact with 
a fixed plane, the distance from the (fixed) centre to the tangent plane must be the same 


for all such points, We have then to express the condition that this distance, ©, shall 
be invariable. From (2) we get 
1 (a—k)Px? id (b—k)2y?. ia (c — k)? ...(3) 
(at pat pa? B+E (CHEF 


Substituting for x?, y?, 2 from (6), 26, we find, by (1), 26, for the condition that the term 
involving p should vanish, which, since the aggregate of terms in p* is zero by (8), 26, is the 
condition that © should be constant as the surface rolls, 


(a—k) b-k} (e-k) 


(a+ p Mat pa Nae) OFANA aeo) Fee ae ” 
This can be put in the simpler form 
(eia lont: a eiat eS ey aS (5) 


(atp) (b+ pcp) (4+ p2)(b+ pc pa)” 
which is a quadratic equation for k, of which the roots can only be real if the ratio 


(a +pı)(b +p (e+p) 

(a+ p2)(b+ ps)(o+ po) 
is positive. Thus since the surfaces to which p,, pz apply are two of the three surfaces 
of the triply orthogonal system which have xv, y, z as a common point, all the three factors 
in the numerator or denominator of this fraction must be positive and two of the other 
three negative. Thus the surfaces are an ellipsoid and a hyperboloid of two sheets. 
The surfaces normal to the curve must therefore be a family of hyperboloids of one sheet. 
The surfaces (5), 26, intersecting in the curve are imaginary unless the normal surfaces be 
such hyperboloids. 

It is interesting to observe that the two rectilineal generators of the hyperboloid of 
one sheet which passes through the point f, g, 4 in which the generators intersect, and 
is normal to the polhode curve, are normals at that point to the surfaces (2) on which 
the curve lies. For the normals to the two surfaces have the equations 


z-f_y-g_2-h 
7 = = 9 


bby (6) 
where a OAE (b—k)g e tas sy( ee ae 
“(a+ py(a+p2) BFPO “(e+ pet po) 


The ratios J, m, n are proportional to the direction cosines of the normals, and there are 
really two sets, since & has two values. 
That these normals should be generators of the hyperboloid 


ek aoe 


Gr ep ee ANA SAAS oa a A A OT (7) 
the conditions are ULT gm hn =0, 
e RR aU ah St otras ft ae (8) 
i RN nN a a a 


atp'b+ptctp 
Since f?=a(a +p), g?=B(b+p), M=y(c+p), where a, B, y have the values given in 
(8), 26, the first of (8) becomes 
a—k b-k c—k 
(a—by(a—e)* (b= a(b- eee (c—a)(e— b sossssosososossososooooos (9) 
which is identically true. 
The other condition is simply (4), the condition that © should not vary as the surface 


rolls on which the polhode is traced. 
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28. Motion of the axis of a top represented by a deformable hyperboloid. 
This theorem of the representation of the normals to the surfaces, on which the polhode 
is traced, by the pairs of generators of the members of the family of hyperboloids of one 
sheet, eich are normal to the polhode at their points of intersection with the curve, is of 
great importance for a representation of the motion of the axis of a top. But it is 
necessary for this representation that the hyperboloid should go through a continuous 
process of deformation from the extreme case in which the generators are flattened down 
in one plane, that of the focal ellipse 


to any other possible configuration which the generators can take, subject to the con- 
dition that the intersections of all pairs of generators of opposite systems remain always 
the same. This deformation cannot be carried out completely by a model made with 
rods in the ordinary way, as these must be of finite thickness, and cannot interpenetrate 
one another. 

Sir George Greenhill describes the march of this deformation in the following theorem: 
A hyperboloid of one sheet is capable of a deformation in which the rectilineal generators 
remain rectilinear generators, and the lengths of the sides of all quadrilaterals formed 
by these generators and their unvarying points of crossing remain unaltered. If the 
centre and the axes remain fixed the successive hyperboloids will be confocals, and the 
trajectory of every point will be orthogonal to the system of confocal hyperboloids. 

To prove this we note that the coordinates fi, 91, /1, J2» J2, he of the two points P}, P2 
on a generating line both fulfil the equation of the surface 

Ge 2 2 
a a T E EEEIEE EATA ATEA AAE SEE (2) 
and since they lie on a tangent plane to the surface, also the equation 


Lilo , Y2 , 2122 
eat bep ot aes babs Sandee E E S A E (3) 


Similar equations hold for the two points P’,, P’, of coordinates fi, g'is 21, Fos J'a Wo 
on a generating line of the confocal 
& n? C2 
dupes RATE EEUN er ot (4) 
If these two points correspond to the former pair of points, that is be points which have 


been carried out from their initial positions to their final positions, along trajectories 
orthogonal to the successive surfaces, we have 


fi -( atp i gı (ate i: Ei c+p * 6 
ha atp+o ’ gai b+pto > VA c+p+o ee eee ee ee ee } 


The ratios fo/f'o, 92/92, o/k’ have the same values. 
The squares of the distances P,P,, P’;P’, are 
A-F +l- +l hy, (Pa fo)? + (91-2)? + (2's — ho)”, 
and by the preceding relations we have 


PpP pop 2 Ai- 2)”, (Ay ~ he)? 
PP- PP =o hh eal +f a \. abe poe (6) 
The expression on the right is zero by equations (2) and (3). 
Hence any quadrilateral made up of the portions P,P,, P,P}, P,P,, P,P; of crossing 
generating lines of the two systems remains unaltered in the lengths of its sides as the 


deformation proceeds, and each point moves along a trajectory orthogonal to the successive 
surfaces. 
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29. Forces acting on the body carried by the body-cone. Now calling 
the body-cone B and the space-cone A, and going back to the motion of the cone B on A 
described in 24, in which the relative rotation of B on A has components 2(p, q, r), we recall 
that for the two motions, from which this total motion comes, we have the equations 


2 2 32, 2 2 2 
P+ oy an, +t ES 


RA a Xa (1) 
Se ee ti ee ee 
ery ay ane ait pa" oa 1, 


with p+p’=q+qd=r+7=0. The two motions give herpolhodes in planes, the direction 
cosines of the normals to which are respectively p/a, q/b, r/c, p'/a’, q'/b’, rje. 

We now suppose that in the motion of B relative to A, B carries with it a moving body, 
and find the forces acting on this body. We shall suppose that the momental ellipsoid 
of this body is a sphere for all axes passing through O. It has been seen that if this 
ellipsoid is not a sphere, the motion may, by a substitution, be reduced to that case. If 
A be the moment of inertia about any diameter of the sphere, the components of the a.m. 
are 2Ap, 2Aq, 2Ar. We shall suppose that the normal, the direction cosines of which 
we take as p/a’, q/b', r/c’, is the axis of the body (or rather we shall call it the axis of the 
body), and that the perpendicular, the direction cosines of which are p/a, q/b, r/c, coincides 
with the vertical drawn upward. The axis of the body (the top in. Jacobi’s theorem) and 
the vertical are thus parallel to the two generators of the hyperboloid of one sheet, which 
passes through the point of contact f, g, h of the herpolhode s [see 19]. 

The angular speed about the axis of the body is 


RE PS es -) Eo 
(Bop+829+7 27 2h, 
while the a.m. about the vertical is 
P q a E a 
A(2ep+ B24t % 2r) 2Ah-Aß. 


Clearly these quantities will be constant if there is no couple about the axis of the body, 
and no couple about the vertical. This will be the case if the body is under the action 
of gravity, and the centroid is on the azis of figure. 

If @ be the inclination of the axis of the body to the vertiçal, we have 


If the momental ellipsoid of the body is really a sphere the kinetic energy is 2A(p? + q? +77). 
If the body has been made “spherical” by substitution this will not be the kinetic 
energy even if p, q,r be the components of angular velocity given by the substitution, 
for the substitution consists in equating angular momenta. Calling the kinetic energy 
T we suppose that we can write 


where D’ and E’ are constants. ‘This will be possible if we suppose that D = — Mgl, 
where M is the mass of the body and / is the distance of the centroid from O Thus a 
body under gravity and supported at O will satisfy the conditions referred to above and 


have the energy equation 


JETS UV A ig ntiednobe O T E (4) 
E’ is the total energy. 


If the top be truly spherical, that is if the momental ellipsoid be a sphere, so that the 
kinetic energy for the angular speeds 2(p, q, r) may be written 2A(p?+q?+7*), we can 
show that the equation 

Peete — — DAPRE oneee aie nekte aeee toreo (5) 
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which is what (4) becomes in this case when we put — D'= AD, E’= AE, is a linear com- 
bination of the first two equations in (1) above, oe is of 


2 2 ye r2 
E4i+ =, eo +5 E a ee (6) 


p 
We have Z=COos E A A E A OA (6) 


and so, instead of (5), we can write 


plit )+el a (142) <3. erties. (7) 


Multiplying the first of (6) by A and the second by p, and subtracting the first product 
from the second, we obtain a linear combination of the two equations which we identify 
with (7). Thus we have 


E D - 
ee = a2 sie qe? 1} = ie Rp Le ae laya 2 +4 


With this we ate if, as above, AB be the a.m. about the vertical, and n the angular 
speed about the axis of the top, 
WSS REE e tas ose snatlecee dee A RI (9) 


{It will be observed that 2D’ ih (8) above has the meaning assigned to —aA in 17, so 
that when a is used in this sense, it is not to be confounded with a as used in (6), The 
symbol D as used in (5), (7), and (8) has the meaning $a as a is defined in 17.] 


30. Determination of the constants of the surfaces. In (19), 22, above, 
it has been shown that 


where Q=be+catab, R=abe, Q= —~{Q?-4R(P—A)}. Thus the first of (8), 29, becomes 
20a?+ D(Q-2È)=2A(%-a)Q+E9, 


and we have exactly similar equations in 6 and ¢ from the second and third. 
Hence it is clear that if we write this equation, with x instead of a, in the form 


20.23 + 20X21? + (DQ — 20AA — QE) —2DR=0, ssesccsessessresesetsso (1) 
we have a cubic equation the roots of which are a, b, c. We have therefore, first (by the 
last term), 2=D, and also N= =P, Na OPh—Q) conten Saou HDs a aA (2) 


It remains to show that the values of a, 6, c, thus determined are real, By (19), 22, 
since 2?=D?=Q?—4R(P—h), and h=$f, k= —3n, 
Qh-2R_QB-4R ` 


i= 9} 30 = Ble) | ieleisis E eleidiers tictclglvioieiere (3) 
EE wiles O 2D; DARP wa hea ee A 
Also, by (2) and (3), PB-Q=E, Q8- AN ew ane a a A ee .(5) 


From these we obtain P, Q, R as expressed in the equations 


q-2DB+2mDE ~ ne? 
~ B8-InD-2BE ’ 


_ 2D?—~nDB+ER?-2E? 
Pa aeDaspE aea ae e a oc ...(6) 
oR= D2(8?—n?) 


6? —2nD-2BE 
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These values, substituted in the cubic (1), give a, b, c in terms of the known quantities 
b, n, D, E by the process of solving that equation, which has now the form 
eet e E E E E ers (7) 


To settle the question of the reality of the roots of this cubic we notice that we have 
already obtained the result 
es (G0) (Se) (B 0 9 open pnugacuscnoconcdeonasodoocad (8) 
where a4=(2E—Cn?)/A, B=G/A, a=2Mg//A, b=C/A. But we are here dealing with a 
spherical top, so that b=1, and (8) becomes 


p_ (7B az)(1 m E ei A E S T (9) 
But we have, by (6'), 29, pn 9( Ph 4 Hy A 
where of course æ is quite different from the a in (9). Hence, by (3), 22, and the values 
of a’, b', c’ given in (19), 22, and of a, B, y given in (18) 22, we obtain 


a—b)(b- — 
Or AN X A Doan a A o ETT (10) 
From equations (6) and (6’), 29, we find 
pe_ 2ah-a-Qz @_  2æh-B-Qz r?_ Wwh-y-Mz a1) 
a 2(a—b)(a—c) b 2(b—a)(b—c)’ 2 BWe—a)(e—by “OC” 
where a, B, y have the values set forth in (18) of 22 above. Thus (8) becomes, by (10), 
$072 =( +a —2ah+ Nz)( +B- 2bh + Ne) +y —2ch+ Nz). ..0.00cereeeeee (12) 


This can be shown to reduce to (9). The three roots w, Us, Uz, say of the cubic equation 
2=0, are thus 1 
a(—at2ah, —B+2bh, —y+2ch). 


gl 
Now, identically, +a—2ah=2h?—2Ph+Q—2 Se EEES (13) 


If, to avoid confusion, we use here B in the sense assigned to £ in (6) and (8), we have, 
by (2), 2h?-2Ph+Q=43B2-E, 2(h-a)(h—b)(h—c)=}(B*-2nD —2BE), 

B? — 2nD —2BE 
i 
The other roots are given by exactly the same form of equation, with b and ¢ respectively 
substituted for a. The roots are obviously real. 

If we substitute for the variable z on the right-hand side of (12), equated to zero (so 
that a cubic equation equivalent to z=0 is obtained), the value of uw given by (14), we 
obtain a cubic in a, the three roots of which are the squares a, b, ¢ of the lengths of the 
axes of the quadric surface. 


so that we obtain Qa, = $B? — E — s+ rrrereverercnvncrecenresenens (14) 


31. Determination of the constants for the associated motion. 
Darboux remarks that the quantities a’, b’, c’, which can be expressed in 
terms of a, b, c, might have been determined directly by taking as the 
basis of the discussion the equations 

; 2 ge r 
BT an, pithat nE shy Serer (1) 
If this had been done —n would have been the value of B, and —B the 
value of n. Thus if we make the substitutions shown in the scheme 
1 A ea uA, oh sO, 
a,b,c, ~n, =B, a, b, c, 
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we shall obtain the equations determining a’, b’, c’. in terms of a, b, e. For 
example, instead of (14), 30, we should have 

në — 2BD — 2n E 
E = 
It was proved in 23 that Q is not changed by passage from a, b, c, h to 
a,b,c, kK. In fact we have 

0Q2= D?=(ab+be+ca)?—4abe(a+b+e—h) 
=(ab'+b'e'+ ca’) —4a'b'e' (a +b’ +’ —h’). 

It has already been shown that there is no difficulty in bringing under 
the scope of this discussion the general case in which the momental ellipsoid 
of the top is spherical. It has also been shown in 18 that the locus of the 
extremities of the instantaneous axis for the different positions of the top 
is a curve lying on a fixed sphere, which when the top is spherical reduces 
to a fixed horizontal plane, at distance r; = from the fixed point. 


Qu=}n?-E-— 


32 Deformation of the hyperboloid of one sheet as the top moves. 
We have now to examine the relation of the motion of the hyperboloid of 
one sheet to the motion of the top somewhat more particularly. Supposing 
a confocal surface to start from the focal ellipse, we can write its equation 
in the form ae y 2 


BENT RENT T eesti (1) 


We suppose A to be positive, so that the equation represents an eliipsoid of 
which the squares of the same axes are a?+), 8?+), À. We suppose also 
in what follows that a?> 6”. 

For a hyperboloid of two sheets, passing through the same point g, y, z, 
and confocal with the ellipsoid, we have 


g2 


g2 Ya Us 
Hgt pS bereuntrssuen 2) 


a?°+v 
Here v is negative and a > — v> 0’. 
A hyperboloid of one sheet passing through the same point 2, y, z and 
confocal with the other two surfaces is 


where u is negative and —u<<8*% Thus for the three surfaces we have 
the sequence of magnitudes 
OK a ie aa | 

Now, as we have seen in 27, the intersection of the ellipsoid and the 
hyperboloid of two sheets is a polhode for the top to which the surfaces 
correspond in the manner explained above. These surfaces remain fixed 
relatively to one another as the top moves, and we have a new position of 
the hyperboloid of one sheet for each point on the curve of intersection. 
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The equation is (3), and the range of values is from 0 to —6%. We take 
x, y, z as the extremity H of the radius vector representing the angular 
momentum. Through that point pass the two generators of the hyperboloid 
which are parallel to the vertical and to the axis of the top for its position 
at the instant. 

It is clear that A, u, v are Me roots of the cubic equation 


SSE y Beals 4 
b a? aa? +k k = Oe ea a ( ) 
for k. This fact enables us to find a, y?, 2? from (1), (2), (3) very readily. 
We write a i aj ee 5 Es (A-—k)(u—k)(v—k) (5) 
atk B+k k (a2+h)(B?+h)k E S aie 8516 “eYarsinioary: 


Multiplying by a?+k, and then putting k= —a?, we get at once a, and a 
similar procedure gives y? and 2? Thus we obtain 


AtaA\(uta ta’) yo _AtB)HtB)Y+B) a LA (6) 


wl 
: (Pepi Ui (nee ea a aa 
Adding and reducing, we obtain 
CHY HZS HHHH Hv OR, oo. te (7) 


The only quantity that varies in the passage from point to point of the line 
of intersection is u, which is therefore the only variable parameter. 


33. Summary of results. The geometrical discussion contained in 
22 ...32 may be summarised by saying that a polhode on a quadric 
surface rolling on the horizontal invariable plane through C (Fig. 112) 
traces out on that plane the herpolhode H (s of 19), while a second rolling 
quadric related to the former traces out, by means of the same polhode as 
before, the herpolhode H’ on the invariable plane drawn through C’ at right 
angles to the axis of the top, and therefore carried by the top in its motion. 

The polhode is considered first as the intersection of the surfaces 

Av? + By?+C2?=D0?, A%x?+ B2y?-+ C22? = D6, ..........06000(1) 
or, as given in (2), 22, 
2 Z m2 
P44” =h, al AN APE NEE, 
The passage from one form to the other, and the connection with the 
notation employed in the earlier part of the chapter on Poinsot motions, 
may be effected by the equalities 
ERUN EMPR) E De=2n7T,« Dé=mH, 0E eNe (3) 
where T is the kinetic energy of the motion and H the resultant A.M. about 
an axis through the fixed point. 

The length of the perpendicular from the origin on the tangent plane 
at the point x, y, z of the rolling surface is easily seen to be D&?/D = ô. 
The first equation in (1) and in (2) is the equation of the rolling surface, 
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the polhode in any of its positions is the line of intersection of (1) and (2). 
The squares of the semi-axes of the rolling quadric are 


DE,E p g)=mh(a, b, c), 
50 that DE ea) = pnb oe Gc ee 


The same polhode exists on a quadric surface coaxial with the former, 
which rolls on the invariable plane of C and gives the herpolhode 
in that plane. The two associated quadrics in this case have equations 
which may be written down by merely accenting all the letters in (1) and 
(2) except x”, y*,2?, p?,q?,r2. The relations between the two motions, and 
the equations for passage from one to the other, have been set-forth in 22. 
Again we have » 

ty, 2=m(p, 9,7), DOSE 2m D'i =m, OEN ...05 (5) 
a = a) = mh (al, Dee or De a) = ple bie Ja sate 

Through every point of the polhode there passes a hyperboloid of one 
sheet to which the polhode is perpendicular at the point, and this polhode 
is coaxial with each of the rolling quadrics. There is thus a family of one 
sheet hyperboloids the members of which are met orthogonally by the 
polhode, and from the theorem of triply orthogonal quadric surfaces there 

Tleoation meet at any point a, y, 2 of the polhode three 
surfaces, the hyperboloid of one sheet already 
referred to, an ellipsoid, and a hyperboloid of 
two sheets; these are all confocal, and to the 
latter surfaces the polhode is a line of curvature, 
while to each of the family of one sheet hyper- 
boloids, which it meets in its course for any one 
position in space, it is normal. The ellipsoid 
and two sheet hyperboloid are definite for each 
position of the rolling quadric and give the 
whole curve for that position. 


with D's?( 


34. Calculation of the motion of the axis. 
Different forms of the energy equation. Measur- 
K c ing 0 from the upward vertical drawn from O 
we have for the A.M., G say, about that vertical 
the equation : 
Plan R 
H Cn cos 0+ Avy sin?@=G, naiseen (1) 


Oe and its value, in the absence of any couple about 


the vertical OZ, remains invariable. Fig. 112 shows the position of the 
axis OC of the top and the angle it makes with the vertical OZ. The 
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length OC laid off along the vertical OZ represents the am. G, while OC’ 
along the axis of the top represents Cn. In the diagram CK represents 
(Cn— Aù cos @)sin 0, and KH represents AĤ. Thus OH represents the 
resultant A.M. 

The single couple Mghsin@ about an axis through O parallel to KH 
acts on the body, and this must measure the rate at which H is moving at 
the instant. This motion is in the direction KH. Thus CH is increasing 
in length at rate Mgh sin 0 sin KCH = Mgh sin 0. KH/CH. We have there- 
fore, since KH = AO, 


Brest Dniebaees, Oe ei O) 
or, by integration, CH? = —aA?(cos 0— E), . E E CS) 
where @=2Mgh/A, and E is a constant. [Mgl is used | for Mgh in 29. 
Similarly, 
OH Ž(OH)=MgħAðsin0, C'H 4 (C'H)=MghAdsin 6; 
and therefore 
OH? = —4aA?(cos 0—F), C’H?= —4aA?(cos0—K), ............(4) 


where F and K are constants. 

We put 2l, 27 for G/A, Cn/A respectively and Am? (=4Aa) for Mgh. 
From the relations connecting CH, OH, and C'H, we find that the constants 
E, F, K fulfil the condition 

2 wA 
E+- ES a or E+2% = F= =K 427 n ccs) 


Also we have 


_G—Cncos 6 _ es cia l-V lU (6) 
CPUE E 2A ae se 1—cos@‘1+cos0 ` 


: ; ; —Gcos 0 
Again, p=n— yp cos 6 =(1- ©) n+ ; ees sin?) 


=(g- ; a) On taa (aen rra 


PRIA ,, Vl +l y 
Ro ANETT ae 


Hence ue 
sathi- E d-w=(G-1)+ O 
Now by Fig. 112 we have 
KH? = OR?— OK? = OH?— C’K?—OC” 
= 2A2m?(F — cos 0) — (Q? — 2CnG cos 0 + C?n?)/sin? 0. 
Thus, since ¿= — sin 0. Ô and KH =A Ô, 
2 = 22m (F — 2) (1—2) —4 (L — 2U z +1) 
= 2m?(E—z)(1—2*) —4(U’ — Iz)? = 2m?(K —2)(1—2)—4(l— Vz}. ...(9) 
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Each of these is a form of the energy equation, with account taken of the 
constancy of A.M. about the upward vertical and about the axis of the top. 
We can write each equation in the form 


EEI T AE E jacana em 


P — Uz +l? V —lz\? 
where Z=(F—2)(1—2)-2° FF" _ 21-2) 2 as ) 
Be the rz ae 

=(K-2)(1—2)—2 (“="2). ...(10) 


There is no difficulty in establishing these results analytically ; the geome- 
trical investigation given here is due to Greenhill (R.G.T., p. 43 et seq.). 


35. Calculation of t in terms of z. The calculation of t in terms of z 
can, as we havè already seen, be carried out by the methods of computation 
of elliptic integrals. To recapitulate, if z,, 2, 2, be the roots, in order of 
magnitude, of the equation z=0, we have 

LZ = leaa) (Se — 2%) (2g — h e sosdegones severe sccacaQey 
and the roots are situated as in the sequence 
o> >i E A Stal. 
Each value of z concerned in the motion must lie between z, and z,. Thus 
zZ=m(2 Z)?, and so, if z=z, when ¢=0, 


z (2Z)? 
Thus the motion is periodic in the complete period 
=" = Sea RR ESS 
m Jz, (22) 
Also, since m dt = dz/ (22Z)?, he azimuthal motion is given by the equation 
-Vf Ut d 
y=] dz ' ae | a a 5 (4) 
M Ja (1—z) (22)? M Jn (1+z)(2Z) 


that is y is the sum of two elliptic integrals of the third kind, the poles of 
which are respectively the points z=1, z= — 1. 


36. Path of the extremity of the vector representing the resultant AM. 
H describes a curve in the horizontal plane through C. If p be the radius 
vector from C as origin, and w the vectorial angle, the speed of H at right 
angles to CH is pw. But since Mgh sin 0 is the rate at which H is moving 
at the instant, and Mgh=Am?, this speed is Am?sin@cosKCH. But 
cos KCH = CK/CH=(Cn—G cos @)/psin 0. Hence 


pre ZAM Cn =G coa.0) ae a 0) 
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But, by (8), 34, p?=2A?m?(E—z), and therefore by the values of J, I’, 


= E z z = E Sy z ey (2) 
- Substituting dz|/m (22)? for dt, and integrating, we obtain 
ost oe CLO ET a TT etree 2 (3) 
m Jz (E—z)(2Z)3 


for the vectorial angle turned through in time ¢ by the radius vector CH, 
in terms of lt, and an elliptic integral of the third kind, the pole of which 
is the point z =E. 

Multiplying (2) by p?=2A?m?(E—z), we get 

PUSH) = 2A (UAB). ea e e e welt (4) 

Thus the curve (p, © — lt) is a central orbit, for o?(@—/) is a constant double 
rate of description of area by the radius vector. The law of force is kp?+lp. 

From Fig. 112 we have 


KH A@ sin O 
— = = si = ri gee Neer geen NS 
ao—-w=-2KCH=tan OK tan T T 
—m(2Z)2 
that is Bid he vada NOUS a Sein Atak, let io th (5) 


2(l’—/z) 
But also 2 KCH =cos-\CK/CH) = cos~}{(2U’ — 2lz)/m {(1—2)2(E— z)}*), for, 


since 0 vanishes when cos 0=z,, we take 


Ad tE —(2Z)? 


aR CH 2 sia posene (6) 
Am{2(E—z2)} {(1—2?)2(E—2)} 
Thus writing x for KCH, we get 
Be : : -_ ; iL 
sin 6(cos x +7 sin) sin 8.0% = [252 iea a sete (7) 
In (6), 34, (3), and (5) above we have obtained the known result 
“Bah dz ran | dz =e | dz 
m Ja -AOZ M In(1+z)(2Z)? mM Jn (E—z)(2Z)? 
a 4 
=(t—sin~1 ay (G) 


(1—2*) {2(E—2)}* 

which expresses the sum of two elliptic integrals of the third kind. 
Now from (1), 35, and (10), 34, putting z= —1, z= +1, z=E in succession, 

taking account of (4), and defining 0, by writing z,=cosh 6,, we obtain 


ea = 4$(1+2,)(1+2,)(1+2,) =4 cosh? 40, cos” $0,cos?46,, 


ee .....(9) 
= = —4(1—z,)(1—2,) (1—2) = 4 sinh? 40, sin? 40, sin? $0, 
1B)? 
(AY = (B24) (B24) (2g). eisie eC10) 


GG. 2H 
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Thus by (4), 35, we obtain 


y =sinh 46, sin $0, sin $0, f - 


3 sin? 40(2Z)? 
z dz 
+cosh 40, cos 40, cos 6, | ee estes tend 
£0, 008305 008 #5 3 cos? 40(2Z)? 
But also, since =a —y, we have by (8) and (10) 
1l AE ‘dz 
=lt+— {(E—~z,) (E—z,) (E—z | —_—$—_, 
Valet (E-a E-a E-a] aa 
-z 
=sin -!—_________, e E TANE) 


To: 

The vector CH is pe”, and so the vector velocity is (ø+ipō)e*, where 
w is used for © in the exponentials. The velocity ø is the rate at which 
the vector is lengthening, pw is the rate at which the extremity H of the 
vector is moving in the plane at right angles to Oc. 

The couple has magnitude Mgh sin 0, and direction coinciding with KH. 
But the angle which KH makes with the initial direction of CK is (see 
Fig. 112) +4. Hence as a vector the couple is 


Mgh sin 0. é+ = Am? sin 0 . ve. 
Thus Am? sin 0. iet = = (pe?) = (p+ ip) e.. 


37. Hodograph for the motion of a top. The point H moves with speed 
equal to the moment of the couple, and the direction of its motion is at 
each instant that of the line KH at the instant. If lines equal to the 
successive values of Am*sin 0 are drawn from O, each parallel to the corre- 
sponding position of KH, the extremities of these lines will give a curve 
the tangent to which at each point is the direction of the change of the 
couple. The speed of a particle imagined to move along the curve, so as to 
be at each instant at the extremity of the line representing the couple at 
that instant, will represent the speed of variation of the couple. The curve 
is the hodograph of the point H. The idea of this hodograph and the 
vector specification given in 36 above are due to Greenhill [R.G.T., p. 46, and 
The Mathematical Theory of the Top, Verhandl. Intern. Math. Kongresses, 
1904. The reader is specially referred to the R.G.T. for a fuller discussion. 
He will notice that there z is given the opposite sign]. 


CHAPTER XXII 


ANALOGY BETWEEN A BENT ROD AND THE MOTION OF A TOP. 
WHIRLING OF SHAFTS, CHAINS, ETC. 


1. Flexure and torsion of a thin bar: analogy to the motion of a top. 
It was pointed out by Kirchhoff (Crelle’s Journal, 56, 1858) that an 
exact parallel exists between the motion of a top and the combined 
bending and torsion of a thin elastic bar. We suppose that the bar is 
held fast at one end, and that at the other a force and a couple, of 
determinate amount and direction, are applied. Consider a disk of the 
bar, intercepted between two near cross-sections which, in the straight 
undeformed state of the bar, were parallel. The substance of the bar 
beyond the disk on each side applies to the adjacent face of the disk a 
force and a couple. 

Now each force and associated couple can be converted into a force, 
acting at the centroid of the cross-section, and a couple about a determinate 
axis. We shall choose for each cross-section three , 
axes, one along the line of centroids of the successive 
cross-sections, the others at right angles to one 
another, and parallel to the sides of the cross-section, 
if that is rectangular. In any case, they are taken. 
so as to be the principal axes of bending moment 
for the section. As each cross-section, being only gy9 
slightly distorted, is practically a plane at right < 
angles to the line of centroids where it meets that 
line, we get thus for each section three axes at 
right angles to one another, two of which are in 
the section, and the third at right angles to it. The 
first two we call transverse axes, the third we may call the axis of the bar 
at the cross-section considered. 

The three axes are shown in Fig. 113 for the two sections which form 
the ends of the disk considered. P(A, B, C) are the axes of œ, y, z for one 
end face, P’(A’, B’, C’) are those for the other end face. The directions of 
the latter would be the same as those of the former if the turnings of the 
second set relative to the first were undone. 


es 


a 


Fig. 113. 
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2. Equations of equilibrium. In strictness the bending of the bar 
brings into existence distortions of the cross-sections, but these distortions 
are negligible if the radius of curvature of the bar is great in comparison 
with every dimension of cross-section. The same kind of result holds as 
regards the effects of torsion about the axis of the bar, provided the twist 
is very small. If the twist about the z-axis be ¢, that is, if ¢ be the angle 
turned through per unit distance along z, we shall suppose that 1/¢ is 
also great in comparison with the greatest dimension of cross-section, as 
when this is the case we may neglect any distortion of the sections from 
planarity. 

We now specify the forces and couples applied to the disk by the 
substance of the bar on the two sides as follows. Along the axes, and in 
the opposite sense to the axis in each case, act forces P, Q, R, and about 
the same lines the couples F, G, H. The system is fully indicated by the 
dotted lines and arrows. At the opposite face of the disk, along and about 
the axes P’(A’, B’, C’) act the forces and couples P+dP, Q+dQ, R+dR, 
F+dF,G+dG, H+dH. 

We now suppose that the directions of the axes P’(A’, B’, C’) may have 
been obtained from those of P(A, B, C) by small turnings €ds, nds, &ds 
about the directions PA, PB, PC, simultaneously, or by turning first through 
€ds about PA held fixed, then through y ds about PB held in its new position, 
and finally through ¢ds about PC held in the position to which it has been 
brought by the two preceding turnings. The superposition of the turnings 
leads to a result which is independent of the order of imposition if the 
displacements are small. 

We now resolve along the axes P(A, B, C) the forces which act at P’ 
along the axes P’(A’, B’, C’). P’A’ and P’B’ are now inclined to PC at the 
respective angles }7+ynds, }r—£€ds. The force P+dP along P’A’ has 
therefore a component parallel to PC of amount —(P+dP)yds, while in 
the same direction the component of Q+dQ is (Q+dQ)éds. R-+dR along 
PC’ gives in the limit simply R+dR along PC. The force account for the 
element of the bar, worked out in this way for each of the directions 
P(A, B, C), is found to give the following balances of force applied by the 
adjacent matter to the element, 


dP—Qéds+Ryds, dQ—Réds+Péds, dR—Pyds+Qéds, 
for these directions respectively. These must be reduced to zero by the 


application of the external forces X ds, Yds, Rds. Hence we have the 
equations of equilibrium, 


dP dQ dR 
ds US tRnt X=0, Fe-RE+PE+Y=0, 7 —Pyt+Qé+Z=0. ...(1) 


There are also three equations of moments which can be established in a 
similar way. The forces give moments about axes of æ and y of amounts. 
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—Qds, Pds. The equations are (if there be no couples applied to the 
element from without the system) 
a hy te Q=0, Si_He+Fe+P=0, aH Py + GE=0. (2) 

F and G are the couples of bending moment applied about the principal 
axes, and H the torsion couple. They are equivalent to a single couple 
(F24 G2)? about an axis in the plane of wy inclined at the angle tan-1(F/G) 
to the axis of æ. If no external forces or couples are applied, except at the 
terminals, X, Y, Z are zero in (1) for an internal element; equations (2) 
stand as they are. 

The element is bent through the angles éds, yds in the planes yz, xz 
respectively. Hence £, y are the curvatures of the element in these planes, 
while ¢ is the twist at the element. We may write H = C¢, where C depends 
on the material and on the extent and form of the cross-section. If the 
cross-section is circular, C is the product of the rigidity modulus n and the 
“moment of inertia of the cross-section” about the axis of the bar, that is 
if r be the distance of a ring of the cross-section from the axis, the integral 


27|r*dr for the cross-section. 


Now by the theory of elasticity we have F =A£, G= Bn, if A, B be the 
flexural rigidities about the principal axes, that is if 

A =Young’s modulus x moment of inertia of cross-section about GA, 

B= Young’s modulus x moment of inertia of cross-section about GB. 

Hence equations (2) pret 


AS (B-O)f=Q, BM -(C-Ayge=—P, OF—(A-B)fy=0. (8) 


oe are exactly Euler’s at i of the motion of a rigid body about a 
fixed point under applied couples P, Q, R, if € n, ¢ be interpreted as the 
angular velocities about principal axes through the fixed point, A, B, C as 
the moments of inertia of the body about the axes, and ds as an element of 
time. 

Thus, passing from element to element, ds, along the curve, we have an 
exact parallelism between the values of £ 7, ¢ and those of the angular 
velocities of a rigid body, for which the corresponding quantities are as 
stated, and which is started under initial conditions which correspond to 
the terminal conditions of the bar. 

We will now suppose P and Q to be zero. We have then from (3) the 
equations A224 BAP HECE, Ag?+ Br? + CEHJ”, eene (4) 
where I and J are constants. The expression on the left in the second of 
these equations is twice the potential energy of the combined bending and 
twisting per unit length, and the fact that J is a constant shows that this, 
when P and Q are zero, is the same at each cross-section. The two equations 
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in (4) correspond to the equations of angular momentum and kinetic energy 
in the case of a rigid body turning about a fixed point under no forces. 

If we do not suppose that P and Q are zero we may multiply the first of 
(3) by £ the second by y, and the third by ¢ and add the results to the 
third of (1), and aires since Q€— Pu =R, 


I RE HAL+ Br? + OC) =0, 
that is R+4(A€?+ By? + Cé’) = const., NE 
which is the analogue of the energy equation for the moving N 


3. Case of bending in one plane. It is interesting to consider various 

particular cases of this analogy. We take first the case in which the 

g bending is in one plane, that of æ, z. Then £ and ¢ are 

zero. Let UV (Fig. 114) be an element ds of the rod, and 

a force S in the plane of bending be applied at A. We 

have, by (2), 2, for the axial force R, the shearing force P, 
and the couple G, the equations 


R=Seos@, P=-Ssiné, 974+P=0. ......4(1) 


But the elastic reaction couple is -Bd@/ds=G. Thus we 
get, from the values of P and G and the third equation, 
BESS ane 0 ne ae 
as the equation of equilibrium. 
We may establish this equation from first principles. 
Clearly we have by the diagram, if UM =, 


dé a 
Fio. 114. B t Slsin O20) ei A EE) 
Hence B ZE + SLeos 6 +Ssin 0S =0. 
But dl=ds+LN =ds + MN OS ds Eronen 
ng sin 0 


Substituting we get again (2). 
At a point of inflexion on the curve of the bar d6/ds is zero; hence by (3) 


points of inflexion exist where the line of S intersects the curve, but 
nowhere else. 


Multiplying (2) by d6/ds, and integrating from an inflexion, where d6/ds=0, we get 
d0 
B =28(cos 6 — cos a)=48 (sin? 4a —sin?$6), .......seceeseeceees (4) 


where a is the value of @ at the inflexion. This equation can be integrated by means of 
elliptic functions. We write ~=s(8/B)?, so that (4) becomes 


de\2 
i =4 (sinza sin O) yeasts E EE aAA (5) 


XXII WHIRLING OF SHAFTS, CHAINS, ETC. 487 


Now, putting sin}6=sin $a sin $= k sin ¢, we get after reduction 


Ci E DA tenes eo eee N A e A (6) 


Thus for the are from 6=$7 to $=0, that is from the inflexion to the point where the 
curve is parallel to the force S, we have 


=f wee? Sah SRS 
yr (l1 -%?sin?ġ)? 
Hence also, for the range from $7 to ¢, we have 
0 $ 
uf EE TEAN Cen CUD Haniel to TASSUA Pe (7) 
yn (1—Ksin2h)? Jy (1— Asin? f)? 
that is iy eee E eee ee eee (8) 
o (1— k?sin?ġ)? 
Thus sin 40 =ksn (K +u), Wok ni (ET) a o r O N (9) 


If now we take fixed axes of v and y along and at right angles to the direction of S, we 
have, by Fig. 114, dz/ds=cos 0, dy/ds= —sin 0. Hence, integrating and reducing by the 
results just obtained, we find 


B\} B\?(é 1—2k2sin? 4 
»=(3) fore @au=() Eoo a {2E($,k)-2E-(K+1)}, 


PE - [sin fiee Of absin pap=(BY'aten(K +0) 
pr 


(10) 


4. Bending in one plane represented by pendulum motion. Consider 
then the curve between two points of inflexion, when points of inflexion exist. 
The kinetic analogue is a pendulum of length Bg/S vibrating through a 
finite arc, from rest at a position corresponding to one inflexion to rest at 
a position corresponding to the other. Of course the forces S at the two 
points of inflexion are in opposite directions. These forces alone-—that is 
without couples—keep the rod in equilibrium. If the end of the rod remote 
from A, say B in Fig. 114, is fixed, then B is a place of maximum bending, 
and corresponds to the middle of the range of the corresponding pendulum. 


Fic, 115. 


Fic, 116. Fia, 117. 


Fig. 115 shows forms which have inflexions. Fig. 116 shows a non- 
inflexional form, and Fig. 117, a form intermediate between the inflexional 
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and non-inflexional forms. The non-inflexional form corresponds to a 
revolving pendulum, the intermediate form to a pendulum which starts 
from a position infinitely near the upward vertical, and oscillates through 
a complete revolution to a point infinitely near the upward vertical on 
the other side. The infinite time required for the first finite deflection 
from the upward vertical, or the final finite angle of turning before again 
reaching it, is shown by the infinite parts of the curve as asymptotic to the 
line of force. 


The discussion of the form of the curve, whether inflexional or non-inflexional, by 
means of elliptic functions, does not differ from that given in Chap. XV above for the 
pendulum oscillating through a finite arc or making complete revolutions. A single 
open loop of the inflexional form of the rod gives the shape of an initially straight 
uniform rod, when the two ends are pulled towards one another by a cord under tension 
—a bowstring. The equation of the curve is, as we have seen in 3, 


5 t8y=0, Seieid o'sisaiareraja(a Naiete A toe uate (1) 


where 1/p=d6/ds, the curvature at the element considered, and y=/sin 6. If we put 
a? for B/S, and measure x along the bowstring, say from one end, we get from the usual 
formula for radius of curvature 


A 
ype m ESA 
a ad y 1+ ae F Avie vlainiv wnisioiwiaisje'e EERE A ES (2) 
where on the right we are to take the positive value of the square root. If p=dy/dz, the 
tion b 
equation becomes apes p dp p 
(1+p") 
and therefore p=C+2a? HE a e ooo O iodeddopconbanclcond (3) 
(+p)? 
where C is a constant. Since p=0 when y=A, say, we have C=}? — 2a?, and therefore 
2 
y? — hk+ 2a? = oe Sage La ee cacawthaeh ele ees Seb aan (4) 
(+p) 
From this we obtain es EB etd Ric Aek E conte (5) 
P dY Aad — (42 h? +202) 
a he 2 
and therefore s= eae ey satis Reece S L O S (6) 
{4at — (¥2— h? + 202) 


The determination of the length of the curve from one inflexion to the next corresponds 
to the determination of the period of oscillation of the finite pendulum. Now 


2 
ds=dy( 1+) =dy{(1+p?}?/p}. 
Hence, by (4) and (5), 


2 2 
a 2a? dy 2a? dy 


{4at—(y2—h?2+2a2)}4 (h2— y)? {402 —(h2 — y2)? $ 
or if we put y=/cos 4, and integrate from y=0 to y=A, that is from p=ċ3r to p=0, we 
get, for the whole length of the curve from one inflexion to the next, 

cal 7 aot DONA Bag es, Oe Weer ere (8) 
o (1—Rsin2)2 
where K is the complete elliptic integral of the first kind to modulus 4=h/2a. 
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For any arc specified by the limits 0 and ¢, we have 


s=2a f" pal ae 32 RO Aa A lol: (9) 
o (1—k?sin?ġ)? 

If the term (dy/dx)? be omitted from (2) the differential equation becomes that of à 
curve of sines, and it is generally assumed that when the slope of the curve is very small 
a curve of sines will give, for a fixed distance from inflexion to inflexion and a given 
value of a, a sufficiently close approximation for practical purposes to the ordinates of the 
elastica—the deflections of the bow from the straight. This assumption is quite warranted 
provided the maximum ordinate of the curve of sines is chosen equal to that of the elastica ; 
it is not so however if the lengths along the two curves from end to end are exactly to 
agree. 

The exact length of the elastica is given by (8), and the reader may easily prove that 
the exact length of the curve of sines, 


extending from +=0 to z=7~a, and having /’ as maximum ordinate, is 
s=2(a2+h2)2E [mod. A [(a2+h2)2], ea e ean. (11) 


where E is the complete elliptic integral of the second kind. If the s in (9) and the s in 
(11) have the same value, there is no difficulty in showing by expanding the integrands in 
K and E and integrating term by term, that approximately, when the deflections are 
small, h’=3$h. This remark is made by Mr. R. W. Burgess in a paper in the Physical 
Review, March, 1917. 

This however does not vitiate the approximation, under the condition specified above, 
of equality of maximum ordinates, and of distance from end to end along the bowstring. 
The lengths of the curves will no doubt differ slightly, the curve of sines, which has 
slightly longer ordinates, will exceed the elastica in length by about zh?/16a, which is 
only a small fraction of 2a. For slightly deflected elastic rods, for example flexible shafts 
rendered stable by rotation, it will be possible under proper conditions to neglect the 
factor 1/{1 +(dy/dx)y}* in the expression for the curvature. 

From (2) we have, neglecting the multiplier (1+ prt on the right, 


dy 1 
qat qi =o 
This gives the curve of sines, y=hsin (240), 


where y=0 when w=0 and when w=/. As we have seen, this agrees with the elastica 
closely when the deflections are small and the maximum ordinates are made the same. 
The terminal conditions are fulfilled if a=nz and l/a+a=(n+1)z7. Thusl/a=z. Hence 


erate or Sr b 
Thus the distance ¿ along the chord will diminish if S be made greater than 7?B//?, and 
increase if S be brought below this limit. Hence when the bar is straight the value of S 
required to produce any bending at all is 7?B//?. 

It follows that a bar, acting as a pillar supporting a load S, must not be longer than 
42(B/S)3, if the lower end is vertical. 


5. A thin bar bent into a helix is analogous to a top in steady motion. 
We now consider a thin bar bent into a helix and held in equilibrium by 
a force S applied at the free end along the axis of the helix, while the other 
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end is held fixed. More generally the force system applied at the free end 
includes the couple G, the axis of which is coincident in direction with S, 
so that the system is a wrench about the axis of the helix. Let us now 
suppose that the two principal flexural rigidities of the bar are equal. 
Since there are no forces except those applied at the ends, the equations of 
equilibrium are 


oe d 


(C—A)éé=0, Bao. ae 


The third of these shows that ¢ is the same at all points, just as the axial 
spin of a top remains constant in the absence of a retarding or accelerating 
couple. 

The two first equations give 


AlE Se CONS, ace eer aeaee en a (2) 


that is, the curvature is the same at all points; in other words the form, 
being in three dimensions, is a helix. 
If p be the radius of curvature, we have 


aes —(A—C)nt=0, A? 


z= (eat) Ai ish enstetes OLE lek E o 


The bending about the z-axis gives convexity at the element ds with 
respect to the positive direction of the y-axis, and similarly, the bending 
about the y-axis, convexity with respect to the w-axis. Thus the direction 
cosines of the normal at a point P are yp, — êp, 1, while those of the 
binormal are £p, np, 0. These are the projections of unit length of the bi- 
normal on the axes. At a distance ds along the curve, at P’, the values are 
Ep+d(Ep), np +d(np). At this latter point the axes have been turned from 
their directions at P, through the angles €ds, yds, ds about the axes, 
P(x, y, z) [that is the axes P(A, B, C) of Fig. 113], respectively. The 
projections of the binormal at P’ on the axes at P are 


Ept+d(Eo)—npfds, np+Ad(np)+éo¢ds, 0. 


The direction cosines with reference to the axes at P have therefore 


arp des d(p)-np¢ds, d(np)+ &p¢ ds. 
The angle d8 through which the binormal has turned is given by 
dB?= {d (Ep) — not ds}? + {d(np) + p6 ds}?. E 


But the angle ¢ between OD and OA in Fig. 118, p. 491, is the na we between 
the binormal and the axis PA, and so we have p =cos ¢, yo= —sing. Thus 


agr=(—Sb4¢) as or Swe PG sag odvungeisecsee ne) 


The binormal is carried round the axis of the helix at angular speed 
dvy/ds, with the plane containing it and the axis of the rod. Thus if 0 be 
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the inclination of the axis of the rod to the axis of the helix, we have 
dB/ds=cos 0. dyy/ds. Hence 


c= ey 


COS Oy acter nevis a e e O) 


This exactly corresponds to the ake 
n=Ħġ +% cos 6, 
which holds for a top, supported at O [see Fig. 118] with its axis OC 


Fic. 118, 


inclined at an angle @ to the vertical OZ, while a plane through the axis 
turns with angular speed ¢ with reference to the plane ZOC, and this latter 
plane turns at the same time round the vertical with speed y. As already 
stated, the angle ACD in the diagram is ¢. 

Multiplying the first of (1) by y, the second by Ê and subtracting the 
second product from the first, we get 


A(n EEG) = A-ONE), 


: dp C-A 
that is seb eee ‘a 
d A 
Hence FERIER E deren O (6) 


which, as we have seen, is the rate of turning of the binormal per unit 
distance along the curve. This rate is constant. 

The preceding discussion can be briefly summed up as follows. Take two 
axes PE, PC in the tangent plane to the curve at the element P (Fig. 113). 
Then for the helix we have PC turning at constant rate dy-/ds about the 
axis of the curve (the “‘vertical”). This gives a rate of turning dy//ds.cos 0 
about: PC, which obviously is the rate of turning of the binormal, the 
tortuosity. Besides this there is the turning of an axial plane fixed in the 
bar, with reference to the plane CPZ, so that (=d¢/ds+dvy/ds.cos 0. 
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Again the rate of production of the analogue of A.M. about the axis 


OD is 
aS +(Of— A eos 0) Oe in de 0. 
The first term is zero, and so we get, since 0 is not zero, 
d C a 
saa oad aen eo 


We can put the radius of curvature and the torsion of the helix into 
other simple forms as follows. Let a narrow strip of paper be wound 
round a right circular cylinder so that its middle line is a helix. The paper 
is bent at each point about a generator of the cylinder. This bending can 
be resolved into two components, one across the band about a line perpen- 
dicular to the middle line, and one about the middle. The angle subtended 
at the axis of the cylinder by the element ds, in consequence of the bending 
about the generating line, is dssin 0/a, if a be the radius of the cylinder, 
The components just specified are therefore ds sin? O/a and ds cos @ sin O/a. 
Hence the curvature and tortuosity are respectively 

sin?0 sin 0 cos 0 
and carve: 


6. A helix held in equilibrium either by a couple or by axial force. The 
helix can be held in equilibrium either by a couple alone or by an axial 
force alone, applied at the free end. In every cross-section of the bar two 
couples of elastic reaction exist, one of amount Cé about the axis of the 
bar, the other A sin? 6/a, about an axis at right angles to the osculating plane. 
These have a resultant (C?¢?+ A? sint 6/a2)? = Asin O/a, the axis of which 
lies in the tangent plane to the helix and is inclined to the axis of the 
bar at the angle 0, that is, is parallel to the cylinder axis (the vertical, 
in the analogous top motion). If in addition a force S acts along the 
axis of the cylinder we have the wrench specified above. But particular 
cases are that in which the force is zero and that in which the couple 
is zero. 

When both act, the total moment about the axis of the bar is 
G cos 0+Sasin 0. Also the moment about the perpendicular to the osculat- 
ing plane is G sin 0— Sa cos 0. Thus we have the equations 


2 
G cos 0-+Sa sin 0=C¢, Gsin@—Sacos 0 = A 
Hence Sparc et G=0¢cos0+A 2 KIEA 377° 


If the force is zero we have 


Asin 0 cos 0 sin 0 A 
Ceres G=A a ~ psin ð coses coe cee ces vec vce (2) 


XXII WHIRLING OF SHAFTS, CHAINS, ETC. 493 


If the couple is zero we have 
EAO s3 sin? 0 (3 
=- E E E, ) 
It follows from the first of (1), that if the step of the helix be very small 
(that is if @ is very nearly 47r) and a be not small, the axial force depends 
almost entirely on torsion. An ordinary spring balance works by torsion. 


7. A gyrostat on an overhanging flexible shaft. Equilibrium of the shaft. 
So far we have been dealing with a bent and twisted bar in its analogy 
with the motion of a top. We now suppose the bar, loaded in some definite 
manner, to be subjected to rotation about a specified axis. To fix the ideas, 
we take first the practical problem of the 
motion of a gyrostat mounted at the free 
end of a flexible shaft. In the case of 
steady motion the shaft is bent at each 
instant in one plane. We shall suppose 
that the slope of the curve from the 
straight position is everywhere small. 

The diagram shows the directions of 
the axes chosen. First we consider the 
bending. Denoting as before the flexural rigidity by B, supposing that 
a couple of moment L and a force Y act in the directions shown by the 
arrows, we have for the cross-section S, 

Bevery (1) 
The couple L we shall see is due to gyrostatic action. But since the motion 
is steady and the centroid of the gyrostat moves in a circle of radius a, with 
angular speed u, the shaft must exert an inward pull on the gyrostat of 
moment Mya, where M is the mass of the gyrostat, and therefore the 
gyrostat exerts on the shaft an outward force of the same amount. 

dy 


Hence (1) becomes B ga =L +Mp’az. s A T ESNA (2) 


Fie, 119. 


Integrating we obtain BÝ =Le+ Mua? +c, A EAP eer) 


where c is a constant. But when z=}, dy/dz=0, and so 
c= —Ll—4Mp al’. 
Hence when z=0, that is at the attachment of the gyrostat, 
By Ca Oe LF Me al eekan e iseasi ter (4) 
Integrating (3) from z=0 to z=1 we get 
— Ba=4Ll?+4Mp2al?+ cl, 
that is Ba A SAMO. cecusensncadsixvedsasessoseceooee(O) 
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From (4) and (5) we can eliminate L, and obtain 


_2a 1Mwa? 
tan 0=7 -5 B` 


.....(6) 


8. Determination of the gyrostatic couple. We have now to determine 
the couple L. For this we consider the rate of growth of A.M. about an 
axis perpendicular to the paper through the centre of the flywheel. If Cn 
be the A.M. of the flywheel about its axis,C the moment of inertia'of the 
case about the same axis, A the moment of inertia of the flywheel, and A 
that of the case, about a transverse axis through the centroid, we have, 
considering the turnings about the axes indicated, 


(A+A’—C’)u2sin 0 cos 0— Onu sin ĝ0= L. ow... eee (1) 

Substituting in (4) and (5) of 7, we get the two equations 
—B tan 0+ {(A +A’ — C’) u?sin 0 cos 0 — Cnu sin 0}1+5Mp2?a=0, ...(2) 
4{(A +4 — C’) xê?sin 0 cos 0 — Cnu sin 0} — (B— 4M l)a =0. ...(3) 
If 0 is very small, as indeed it must be, since we have supposed the curva- 

ture to be d?y/d2?, these equations are 

[-B+{(A +4 C) — Cn} 0+ dM pla =0, oinen (2’) 
${((A+A’—C) u? — Cnu} l0 — (B—Meb)a=0. 000... 2 (8) 

From (2) and (3), or from (2’) and (3’), we see that if the equations are 
independent they are satisfied only by 0=0, a=0. If however they are 
not independent their determinant vanishes, that is we get, from (2’) and (3) 

(B-3Mp2)[-B+ {(A+.4/—C)2— Cru} ] 
+ 4Mplt{ (A+ A’— OC’) u?-— Crp} =0. ............(4) 
We may write this in the form 
(A+A’—O’) u — Cnu = eea 

If, as is usual, u be very great, the right-hand side reduces to 4B/l, and we 
see that the quartic has two roots not differing much from the roots, one 
large and one small and of opposite signs, of the quadratic to which (5) 
approximates. 

These results have been obtained on the supposition that the flexible axis 
turns freely in its bearings. If however it were a piece of untwistable steel 
wire prevented from turning and held fast at one end in the direction from 
which 0 is measured, we should have for the terms in C’ the expression 

'u? (1 — cos 0) sin 0 [see terms in C (not C’) in (4), 21, XIX], which, since the 
angle 0 is small, would be approximately zero. Thus (5) would become 
36B ) 
*73—12B/" 


14+ apo TB): ry 


3 B 
(A+A) u? — Cnu = (4+ ye eca O) 
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We have therefore a quartic equation which gives values of u consistent 
with any values of 0 and a, which have the ratio 
one $Mp2l? k3 2B—2M p}? (7) 
a B—{(A+A’—C’)p?—Cnp}l {(A+4 — C0) — Cnu} 
For a value of the speed given by a root of this quartic the position of the 
axis of the gyrostat is indeterminate; but if such speeds are avoided the 
values of 0 and a are zero. The rotating body is then self-centring. 
If A, A’, C, C’ are so small as to be negligible, we obtain from (5), by putting 
the expression on the left equal to 0, 


Mp2l3 = 3B, 

that is a critical speed is given by 
3B)? 
a 


a result which will be found in accordance with results set forth in the next 
article. The purely gyrostatic action is in general of only secondary 
importance. 

These results and those which follow are of great importance for the 
running of rapidly rotating machinery, such as high-speed turbines. A 
flexible shaft is used, and critical speeds [those which satisfy conditions 
analogous to (7)] are avoided. The rotating body then revolves stably 
with perfect balance of centrifugal forces. 


9. A rotor carried midway between the two bearings of a flexible shaft. 
If the flexible axle is held on two bearings, with the gyrostat or wheel 
attached midway between them, we may have one or other of two arrange- 
ments. In the first the ends, though fixed in position, are free as regards 
direction, in the second the bearings are made to maintain the directions of 
the ends in coincidence. If we neglect the inertia of the shaft itself we 
obtain at once the deflections of the shaft in the two cases from the theory 
of the bending of a thin rod. If the deflections produced by the turning 
be y—Y, where y, is the initial deflection from the straight at the mid- 
point, the deflecting force be F, and the distance from bearing to bearing 
be 2l, we have for steady rotation in the two cases 


B(y — Yo) =F FV, B(y—Y) =a FL. pene ve phn cavek eee) 
But F=Mw’y, where M is the mass of the flywheel or rotor, and w, is the 
speed at which the wheel is run. Thus 


yY 
y= Hir or y= ME 5 Pohl cE te (2) 
1-3 pe l-r B w 


These two equations give infinite values of y for œ = 6B/M} and œ? =24B/M}, 
respectively. Of course the condition for small strains is deviated from 
long before these speeds are reached, and the equations must not be taken 
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as holding except for small strains. But they indicate speeds that must 
not be approached if there is to be safety, and, which is of great 
importance, show that speeds very much higher than these critical speeds 
[(6B/Mz)?, (24B/ MIs) ] are consistent ‘with small deflections, which approach 
zero as the value of w is increased beyond limit. 

In practice serious deflections of the flexible shaft are avoided by means 
of stops, and the speed is quickly and safely run up to a high value, at 
which extreme smoothness of running is obtained. De Laval chose for his 
turbines w=7,, where w, denotes the critical speed. 

Take fixed axes Ow, Oy of coordinates in a plane at right angles to the 
line of bearings and containing the centre of the wheel: the equations of 
motion of the centroid are 


EAS (@— £) = 00g Fy — 2) = Or ave cae ee ce 
where £ 7 are the coordinates of the point of radial coordinate y, or 79, 
which we shall assume is made to revolve about the line of bearings with 
angular speed w. For steady turning we have just found 


F=65 (r-r) or F=24 7 (r-n). mpl erin emer” 

We may express both these results by 
E= Ma (Pa Tay 5) e E ony E) 
so that Mo t= Mo (r= m). eae ok Savings O) 
From this result we assume that f(æ— ê) =w? (x— £), f(y—n) =2(y—n), 
so that (3) becomes OAO AVA E TEE T E E T RE (6) 


But the point £n, from which the displacements œ — £, y— n are measured, 
goes round in a circle with angular speed w. Hence we write (6) as 


EA wPH=Tywe? Cos wt, YHo Y= WSN WE. veeeceeecreveeeeee (7) 
If we put z=x+1y, we can write (7) in one equation, 
ZH 07S =T ye? (COS OL HAESIN Wl). earren eese ieeen erener oS) 
For the forced vibration in period 27/w, we assume 


z= A (cos ot +7 sin wt). 


2 
Substituting in (8), we get INE; ee 
We" — W 
The complete solution is thus 
2 
z= À cos wt + B sin woot +7) — (cos wt Hi sin wt). ............(9) 
If A=a+ia’, B= 8+7’, we have 
2 
L= aH COL wt +B sin wt try = z COS wt, 
We — wW 
PS With SUN Sen (10) 
Y = acos wet + B'sin wot +r) sin wt. 


We" Si w 
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We see thus that there is vibration in the period 27/w, about the circular 
motion of period 27/w. These vibrations may die out, but they are renewed 
again with every irregularity of running. This circular motion will not 
remain of small radius 7w,?/(w,.?—w?) if œ approaches w? in value. But for 
large values of w? we have 


2 
. w, 
L=q COS wet + 6 sin wt — ro ept] 
Wi We 


2 
Š w, . 
Y = acos wet + B’sin wt — ry -m sin ot 
WO —We 


The forced vibration becomes opposite in phase to the free vibration when 
the value w?=w,? is overpassed. 


10. Free period of an oscillatory disturbance is the period of revolution 
at the critical speed. It will be observed that it follows from (6) or from 
(11) that if the flywheel be displaced in any way from the steady revolu- 
tionary motion, provided there is no tilting of the wheel, the period of the 
oscillatory disturbance set up is 277/w,, that is the period is that of revolution 
at the critical speed. This result was given by Greenhill for a whirling 
shaft in a paper entitled “On the strength of shafting when exposed both 
to torsion and to end thrust,” in the Proceedings of the Institution of 
Mechanical Engineers, 1883.* Clearly it is a general result which might 
be predicted without any calculation. For the rotation in period 277/w is a 
forced oscillation which, when performed in the free period 27/w,, will be 
continually augmented at the expense of energy derived from the driving 
motor. 

The effects of torsion and end-thrust on the behaviour of shafts are dis- 
cussed by Greenhill in the paper cited in 10 above. The lateral oscillations 
of the shafting itself are considered also: in the discussion above the inertia 
of the shaft has been treated as negligible. If the speed of rotation is 
continually increased, one critical speed of the shaft after another is 
passed, one for each mode of lateral vibration. Each mode gives a musical 
note, and these notes show the frequencies of the modes of lateral vibration 
of which the shaft as mounted is capable. 

With regard to actual dimensions of shafts, the choice will depend on 
the particular case. Of course shafts of sufficiently great cross-section are 
required for the transmission of power, which is done by torsion in a 
propeller shaft, and indeed in all cases in which a motor does work and 
is driven by pulleys at some distance on the shaft. For gyroscopes weigh- 
ing from 1 kilogramme to 4 kilogrammes, Dr. J. G. Gray uses steel wire 
2 millimetres thick, and about 10 centimetres in length. These shafts are 
eased round loosely by tubular guards to prevent damage from disturbances 


at the critical speed. 


* See also articles by Sir George Greenhill in Engineering, March and April, 1918, 
G.G. 21 
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11. Quasi-rigidity of a moving chain. Equations of motion. The 
quasi-rigidity conferred on a flexible chain by motion is, like gyrostatic 
action, of much interest in connection with possible kinetic explanations of 
the properties of bodies. The equations of motion of a perfectly flexible 
inextensible chain, of very small links, are easily found by the method so 
often employed above. Let mu ds, mv ds be the momenta of an element ds 
along the tangent and the normal at the element, and ¢ the angle which 
the forward direction of the tangent at the element makes at the instant 
with a fixed direction in the plane. The angular speed with which the 
tangent is turning round is then ¢: we shall suppose this to be positive. 
The rates of production of momentum along the tangent and normal respec- 
tively are m(u—vd)ds, m(v+ud¢d)ds. The forces in these directions are 
Sm ds+dT/ds.ds, Nm ds, where T is the traction in the chain and S, N 
are the tangential and normal applied forces, per unit of mass of the 
element. Thus we get at once the equations of motion, 


m(i—vp)=mS+5-, m(i-+-ug)=mN-+5, ws L) 


where R is the radius of curvature. 

There are two kinematical equations. Since the chain is inextensible the 
tangential speed is the same at all points. Consider then the distribution 
of velocity as it exists at time ¢, and imagine a particle to pass along the 
curve supposed kept in that position, taking at successive elements the 
values of u,v at time t. The change of wù between the two ends of 
the element ds is (du/ds—v/R)ds [since ds/R is the angle between the two 
ends], and this must be zero. Hence we have for a given instant 

du v 
P «Rae EEE C2) 

Again the rate at which the element ds is turning round is clearly 
(v+dv—v)/ds+u/R. For the angle d¢ turned through in an element of 
time dt by the direction of motion of a particle of the chain is dv/ds . dt+ds/R 
=(dv/ds+u/R)dt. Hence we have (again at a given instant) 

domun 
PIR aaa ca a ane eee 

This angular speed ¢ is not to be confused with u/R, which is the rate of 
change of direction due to the curvature of the chain. The two ends of the 
element are moving at different rates along the respective normals, and the 
rate of turning dv/ds is due to this. In steady motion however there is 
not at any element a component of speed along the normal and so dv/ds=0. 

If the chain be in steady motion, that is move uniformly without change 
of figure or change of position of its curve in space (except uniform trans- 
lation as a whole), then ù=ù=0, and v=0. Also ie Equations (1) 
are now dT mu? 


mS +z =O; M —mN = 5. -. dus a a a aera 
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If the chain be under gravity and the inclination of the normal to the 
upward vertical be 0, we have S=g sin 0, N= —g cos 0. Thus we have 

mg sin 645° =0, m(e+g cos 6) => ene rere ei) 
The chain moves in the equilibrium curve of the chain at rest. The only 
difference is that T exceeds its value for stationary equilibrium by mu?, 
If the speed u is very great the value of T is very great in comparison 
with the applied forces, and therefore these forces have little effect on the 
figure of the chain. 


12. A bend in a moving chain is not carried along the chain by the 
motion of the links. Thus, if a chain [Fig. 120] hanging over a rapidly 
rotating pulley in a vertical plane be struck by a 
hammer, the indentation caused by the blow will aS NN 
remain in the same position with respect to surround- 
ing bodies, and be very slowly obliterated by the action 
of gravity. The moving chain is stiff and bends under | 
the blow like a solid inelastic bar. 

The experiment may be made with an ordinary \ 
curb chain weighing perhaps half a pound per foot. 
The pulley may be a foot in diameter, be deeply 
grooved, and be driven at a high speed by a suitable 
motor or by a counter-shaft arrangement. The chain 
may be 10 or 12 feet long, and should be struck by 
a hammer-head capable of rotating about an axis transverse to the chain 
when in the act of striking. 

Some experiments with lighter chains are interesting as showing rigidity 
imparted to a flexible chain by motion of its parts. An overhanging vertical 
pulley carried by a whirling table has a shallow groove round its edge. In 
this is laid an endless chain only a little longer than the circumference of 
the pulley. Just under the pulley is arranged a plane sloping slightly 
downwards in the direction of motion of the top of the pulley. When the 
chain has been got into rapid motion it is knocked off the pulley by a sharp 
tap with a pencil delivered sideways, and drops on the inclined plane, along 
which it runs for several feet like a rigid hoop before it collapses in a flaccid 


heap. 


Fic. 120. 


13. Theory of a stationary bend on a moving chain, or of a moving 
bend on an otherwise stationary chain. To understand how these effects 
take place, let us suppose that there are no tangential applied forces. The 
value of T is then mu?. For let the chain move without friction through a 
tube of any shape under no forces except those applied by the sides of the 
tube. Thus no force along the chain is applied by the tube, and the 
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stretching force is not affected by the tube. This force is equal to the pull 
applied at and in the direction of the ends of the tube where the chain 
is free. But if T=mu? there, as it must be by (4), 11, that equation gives 
N=0 everywhere, that is no action is exerted on the chain by the tube. 


We have T\3 
u=(=) 


Let the diagram represent an open loop on the chain imposed by the 
shape of the tube, and let the ends of the chain be straight and in line. 
The chain enters the loop at one end A and emerges at the other B, 


=> <—« as 


- Fic. 121. 


with speed u in each case; and as we have seen there is no action between 
chain and tube. This fact will not be altered if the whole system of chain 
and tube be moved with speed w in the opposite direction to the motion of 
the ends of the chain. Thus we have the straight parts of the chain 
brought to rest, and the loop or bend is made to travel along the chain 
with speed u= (T/m)?. Since there is no action of the tube it may be 
removed. 

Thus the speed of propagation of a bend of any shape along a uniform 
flexible chain or cord under stretching force T is (T/m)?. This is the result 
given by the ordinary mathematical theory of the propagation of waves of 
transverse displacement along cords or chains, where, however, to avoid 
mathematical difficulties, the transverse displacements are supposed to be 
small—here no such limit is imposed. 

Again consider a flexible tube through which runs a stream of a fluid, 
such as water, which completely fills the tube. If at rest, the tube will 
apply, per unit of its length, at any cross-section at which the bend 
imposed by the tube has radius of curvature R, a force mu?/R to the fluid. 
This will arise if there exist a stretching force T=mwu? in the tube 
applied by external action. The combination of stretched tube and flowing 
water therefore imitates the quasi-rigidity of the moving chain. 


14. A revolving chain under no forces. General case. We consider 
also in this connection the problem of a uniform chain revolving with 
steady angular speed n about an axis Oz while under the action of no 
forces. Let x,y,z be the coordinates of an element ds of the chain, m the 
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mass per unit length, T the tension at ds. The equations of relative 
equilibrium are 


d (de vA d (ply 5 d [mt _ 
(TS) teme=0, za as )+n my =0, a(t =) =0. senna) 
These give at once, since (dx/ds)? + (dy/ds)?+ (dz/ds)?= 


aT da, dy 
T tema ds T ‘> x 
dT/ dy dx dy de 
ai AG ads I Ae S ds? y)=0. 
Hence we obtain the three first integrals of the equations (1), 
T+4n2m(a2+y2)=H, T( ty _y 2) N, To =%, shh? (2) 
where H, N, Z are constants. 
The second and third of (2) combined give 
Pee dæ af 
a Sea hier Te peones wivcisine cies vec ets esececccuvscces (3) 


the so-called equation of areas, If the radius vector, drawn from the 
chosen origin to the projection of ds on the plane of a, y be p, and the 
vectorial angle be y, we get for (3) the polar equation 


P We ee g cp Not eats (ek wen h staged siarapeans neato.) 
Again we have 


(CE) =e) +) ea 


_ 2f (48 \— NE 
Zk (N - Í Jei 
But ds/dz=T/Z. Hence it is found that 


dp? at 1 NEM, 2 
E eae w 
A 9H\? Z ae 
= fipe Go ENS P E E A PGA A OS, 
if S=4tp {( =n) 4 (n?mp)? (5) 
Thus we obtain by integration 

Le |= Teter nye nee alan qlee 

“nm gt 
Also, eliminating z from (3’) by the relation 

dz= oes Eps 

nm ge’ 
2N [dp 
we get Ami T e aee e ea e ee C.) 


502 GYROSTATICS CHAP. 


15. Revolving chain in a plane containing the axis of rotation. We 
have thus obtained the equations for a revolving chain in the general case 
in which the chain lies in a tortuous curve. If however it lies at each 
instant in a plane containing Oz, we have an example of a revolving 
catenary. Each particle moves in a circle about Oz, and if we project on 
the plane of æ, y the paths of two particles which are on levels slightly 
differing, so that points on the same radius have coordinates a, y, æ + dz, 
y +dy, we see that y/x=dy/dx. Hence by (2), 14, N=0, and 


S=4%{ ny -4(2) | Os 


ea (de) CN (y sts a et ater 1° 


‘ 2 pn'm 2 H-Z 
If we write y = 3(H—Zy’ k =p emer (3) 

we obtain from (2), after a little reduction, 

nm? (H+2Z)? = dy 

nee hee os 2 29/2) 13. 

2 ((1—y*) (1 —k’y’)} 
XH -7 
T e eae, oe A pee nde E 
nm 


The curve may lie in a plane perpendicular to the axis Oz, and in this 
case dz/ds=0, so that Z=0. Hence, by (7), 14, 


2N dp? 


x=. E (5) 
2H \* NG 
2 geo ae = es 
P fio (0 im) 16 (=) } 
If we write ¢ for p?, this becomes 
2N d 
x= TS E N 


Pn 


an expression which is capable of being dealt with at once by the Weier- 
strassian elliptic function analysis. 


16. Remarks on a more general problem of the motion of a chain. 
The more general problem in which the chain is supposed to be in motion with some 
uniform tangential speed v, in a definite plane path, while at the same time the path as a 
whole is whirled with constant angular speed » about an axis Oz at right angles to the 
path, is interesting, but has little practical bearing on gyrostatics. Its solution, and the 
determination ‘of possible paths, involve difficulties of integration which do not appear 
when the motion is whully due to the uniform rotation about Oz If, for example, it is 
attempted to deal with the problem, with or without special conditions, by the method 
of revolving axes, then it is to be noticed that besides the rotational speed n about the 
axis Oz, each element has a rotational speed v/R, where R is the radius of curvature at 


XXII WHIRLING OF SHAFTS, CHAINS, ETC. 503 


the point of the trajectory at which the centre of the element is situated at the instant. 
But R varies from point to point of the trajectory, and so in the integrals for the deter- 
mination of p and y, this varying radius, which is introduced in the calculation of the 
accelerations along and at right angles to the moving tangent, makes the problem almost, 
if not entirely, intractable. It is however an excellent example of the theory of moving 
axes to calculate these accelerations. -We shall find first the normal acceleration. 

If p be the length of the perpendicular from O on the tangent to an element with its 
centre at a point P fixed relatively to the trajectory, so that with axes Ox outward from 
O and parailel to the normal at P, and Oy drawn from O forward parallel to the tangent 
at P, then x (=p) and y are the coordinates of P. The velocities U, V along fixed 
directions coinciding with the axes are given by 


; v j v 
U=p-(n+2)y, Vag+(n+2)p. 
The acceleration towards the centre of curvature is 
: v = v\, yÈ v\? 
-U+ (n+) v= —p+2(n+p)y- v+(ntZ) pP. 

This is the acceleration of a particle of the chain ; the acceleration of a point such 
as P fixed relatively to the trajectory is a different matter, and does not involve the 
variation of R. 

For the reduction of the expression thus found we note that if ds be the length of an 


element of the path, the time required by a particle to traverse it is dsv. Thusd/dt=vd/ds. 
Hence ý =v dy/ds, and this is easily seen to be given by 


: A 
while p=v f =vg, 
since dp/y=ds/R. Substituting, we find after reduction 
: v ae 
-U+ (n+ 2) Va ht mrp +2ne. 
Hence we have the equation of motion 


v2 T 
m( Z +n?p+ anv) =F: ASE TO A E A (1) 


The same process gives for the acceleration along the tangent the value —n*y. This 
must be produced by the excess dT of the tractive force in the chain at the forward end 
of ds over that at the other end, so that 


TPES DIEU Es aor c tice OO Y O OT (2) 
But, as a diagram will show at once, p dp=y ds, and we get 

dT = —mn’*p dp. 
Integrating, we obtain Me — Rie peat Higirie ale ocvie tale» je sa/veleasjasin sais gaeisa'ee (3) 
where H is a constant. 

We have seen, (1) above, that £ =2WR+ pR +0, 
so that 1 (Z -e)-20R+pR. 
n? \m n 


Replacing R by its value pdp/dp, and writing h for 2(T/m—v*)/n’, we obtain, by 
integration, hno=2wp +npp +O, vcrcrscsevencenereseeceeceeseseeerens (4) 
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where C is a constant, the value of which depends on the origin chosen for the integration, 
Let us suppose that the integration is started from a point on the trajectory where the 
radius vector of length p,, say, is normal to the curve, and is therefore equal to the 
length p, of the perpendicular from O at that point. Hence we obtain for C the value 


— (np? + 2vp,”)+hnp,. 
We have thus the cubic equation 
np? + 2up? —hnp — np, — 2upy?—hnpy =O seevecesereceees BOD TIOGOOAG (5) 


for the determination of the locus of the points at which the radius vector is normal to 
the curve. No generality will be lost by supposing x to be positive. Equation 5 would 
appear to give three circles which must be touched by the curve. There are three cases 
of real roots, (1) all three of one sign, (2) two positive and one negative, (3) two negative 
and one positive. In (1) the direction of v is either with or against that of p,n at all 
three circles, in (2) and (3) v and pn either agree or are opposed in sign at two circles, 
while they are opposed or agree.in sign at the third, as the case may be. For three real 
and positive roots the quantities 
2v 


Zp? T% Mp + 2vp?—nhp, 


must all be positive, that is v and n must have opposite signs (in other words the motion 
v must be opposed to that due to the rotation 7), and 4 must be negative, that is v2>T/m. 
Also since for three positive roots np,°+2vp,2?—hnp, must be positive, and p, is 
positive, np,2+2vp,—nh must be positive (=#*, say). Thus, for the avoidance of complex 
values of p, for all possible values of £, v?/n?+h must be positive, that 1s 
ak 


Going back to (4) and differentiating with respect to p, we get, after reduction, 


ldp_4v+2np_ 1 

pdp n(h—p*) R 
Thus the curvature is infinite if h=p*. If A is negative, as it is for three positive roots of 
the cubic, no point of infinite curvature can occur. 

From (4), with the value of the constant of integration found above, we obtain 
pn-+2v= —(pyn+20)(p,2—h)/(p?=h), 
ldp_1_ 2 (pyn+2v)(p,?—h) 
pap Ro nm (p?-hy 
Hence R is zero, that is the curvature is infinite if p?=A. This cannot happen if / is 

negative, 

For three real and positive roots the curve would appear to resemble the horizontal 
projection of the horizontal projection of the curve of motion of the spherical pendulum 
as given in Fig. 80 [2, XV, above]. For the curvature at the different circles is given by 
the insertion of the proper values of p? in the denominator of the expression on the right 
of (7). In each case it is necessary, in order that the curve should be concave towards 
O, that v should be negative and|2v|>p,n. It is clear that the curve must be thus 
concave at the outer circle ; and if it were to become convex at a less distance from O 
R would have to change sign, which the expression on the right of (7) shows is 
impossible. 

There remain the cases (2) and (3). In case (2) np,3+2vp,2—nhp, is negative, in case 
(3) it is positive. 

There are different possible sub-cases, which we cannot discuss here. The following 
general fact may however be noted. In cases (2) and (3) there will be loops which touch 


so that 
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one circle. Points of inflexion must exist if the loops touch the outer circle, but not if 
they touch the inner circle. An enumeration and description of all the cases would 
occupy much space. 


17. Calculation of the-vectorial angle, in terms of the radius vector, for 
the curve of the chain. Returning for a moment to (2), 16, we consider the 
case in which T, and also H, varies as n*, Using now v in the sense of the 
tangential speed due to the rotation about Oz, we have v=np, where p is 
the length of the perpendicular on the curve from O, for the point con- 
sidered. But now the components of force on an element both involve n? 
in the same way, and thus the direction of the element does not depend 
on n? From (6), 15, it appears that in this case the vectorial angle also 
does not depend on n?. 

As before, we put ¢=p’%, and also write v?/n?={’. Thus we have 
h+2¢’ =2H/mr?2, and as we shall see presently, (h+2¢’—€) &? = 4N?/(n?m)?. 
Hence (6), 15, can be written 

ag 


= (n+ 2¢'— 6) 64] — M 
O42 OE JoeB BER HO +2 — EGE 
With regard to the substitution for 4N?/ ay it is to be noticed that by 
the second of (2), 1, we have Tn /v=N, or T, é? =N, where T, is the tension 
of the chain when p?=p,?=¢,. But by iie first of (2), 1, we have 
gmn?(h+2¢ — wer =N, which is the substitution. 
Writing the cubic expression in the denomination of the integrand in (1) 


as Talent) (CAEN CE) i ee SS) 


we shall suppose that & > >, where p,?=¢. The variable € must 
lie between €, and ¢,, so that according to the supposition made &, & 
are the squares of the radii of two limiting circles between which the 
path lies, 


18. Integration by elliptic functions. The integration indicated in (1), 17 
can be carried out in the following manner. Writing z+% for (in the expression for 4Z 
we obtain 


AZ = 4 (z+ bP 8(h+ 2C') (2+ BP A(A+ LECH) -4HE =O) oriens: a) 

Expanding this, and choosing & so that the coefficient of 2? is zero, we find 
AZ = 423 — 3k?2+B—4(h4+20'—G)G, B=R(ALQC’). eserse (2) 

Thus 4Z has been converted to the Weierstrassian form 42 — g2 — g3, with 
Ga OR ee — ed (Wet Caria) Garencacesssovesiaccactseadesnnessase (3) 

Putting wu for z, and e, for zz, we have in the usual notation, 
Aer an v= a RL (4) 
a (4P — 920-95)? g (49 -9,9—9,) 


Thus -dauz —— E, 
(49 — 92 — 93) 
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so that we get for the integral BF se, 


i/ -t fas, sisted ad engl E eee (5) 


if we write —k=(v. The limits are the values of w To z=Qu and z=e; respectively. 
Now we have = o(u—v) 
Gus = gj uto tog Ea ’ 

or taking the integral between my Hie stated, 

du =f a o(w,—v)o(u+v) 6 
E E 2(w,—u) ( +log Fas reat) ace ce seat EE (6) 

The value of 1/0’v can be calculated by the equation 

— Qv =(40%v — 9,0 — 9)? Tiled asine tue slegdeeouen sles eatin treet (7) 

These problems are of some interest in the theory of rotation, but they are not direct 
examples of gyrostatic action. Further particulars will be found in Greenhill, R.G.T., 
pp. 78, 198. 


CHAPTER XXIII 


EXAMPLES OF GYROSTATIC ACTION AND ROTATIONAL MOTION 


1. A gyroscope mounted on the earth. A gyroscope is mounted on the 
earth so that the axis of the flywheel is constrained to remain in a plane fixed in the 
earth. It is required to find the motion. 

Referring to Fig. 12, we take OEC as the plane in which the axis is free to move, and 
Oz as the projection on that plane of the earth’s axis of rotation. The axis OD is at right 
angles to the axes OE and OC. If the angle between the axis of rotation of the earth 
and Oz be a, and w be the earth’s angular speed, the components about Oz and OD are 
wcosa and wsina respectively. We denote the angle COz by x. The angular speed 
about OC due to the rotation of the earth is thus w cos y cosa, and that of the wheel of 
the gyroscope is $+w cos y cosa (=n, say). The angular speed about OF is wsin X COS a. 
It is supposed that the system has no gravitational stability. 

The rate of production of a.m. about OD is made up of Ay due to acceleration, 
Cnw sin X cosa due to the turning of OC (with its associated a.m. Cn) about OE with 
angular speed w sin y cosa, and — Aw? cos? asin y cos x due to the turning of OE (with the 
associated A.M., Awsin y cosa), with angular speed wcos x cosa about OC. Thus we gét 


AX +(Cnw — Aw? cos a cos x) cos a sin X=0. 
Since w is small this gives small oscillations of OC about Oz in the period 
27 (A/Crw cos a), 


that is in the period of a simple pendulum of length gA/Cnw cos a. 

It will be noticed that if a=0, that is if Oz be the direction of the earth’s axis, the 
equilibrium position is that in which the axis OC coincides with the earth’s axis. The 
apparent speed of rotation of the gyrostat is (if x is taken an acute angle) n Ł w cos x cos a, 
according as the gyrostat axis points towards the south or the north end of the earth’s 
axis. [Quet, Liowville’s Journal, 1853.] The discussion (loc. cit.) is carried out by means 
of the general equations, and is very long. The instability which exists when the 
gyrostat points south is noticed. It will be seen that this is another example of the 
instability described in 7, VIII. 

To find the constraining couple required to keep the axis in the plane fixed in the 
earth we notice that the rate of production of a.m. about OE due to the motion, and 
calculated by the method exemplified above, is ( — Cnw + Aw? cos a cos X)sina. This must 
be balanced by the couple of constraint. 


2. A gyroscope with its axis of spin a generator of a cone fixed in the 
earth. In papers by Quet and Bour (Liowville’s Journal, 1853 and 1863) the previous 
problem, rendered more general by the condition that the axis of spin is constrained to 
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remain in contact as a generator with the surface of a right circular cone fixed in the 
earth, is discussed. The following is a brief direct solution from first principles. 

Draw a line ON, to represent the earth’s axis of rotation, through the vertex of the 
cone O, and let OC be the position of the spin-axis. Take a section of the cone at right 
angles to the axis of the surface. Then w, the earth’s 
angular velocity, can be resolved into two components, 
one wcos 8 about the axis of the cone (where B is the 
inclination of the cone-axis to the axis of rotation), and 
the other wsin 8 about an axis through O parallel to C'N, 
since OC’ and C'N are mutually at right angles. 

The a.m. of the gyrostat about OC can be resolved 
into two components, Cn cose about the cone-axis OC’, 
and Cnsine about an axis parallel to C’C. We now 
resolve the angular velocity wsin B, which has» been 

A found for the axis parallel to C'N, at right angles to 
the radius C’C of the section of the cone. Denoting the 
angle CCA by % we get wsinfsins’. The rate of 
production of a.m. about an axis parallel to C’C is thus 

- Cnwsin Bsins. The wheel will therefore turn about 
A ATTRA an instantaneous axis parallel to C’C with angular 
va speed 7, and we shall have, measuring 7 round from A’ 
O towards C, tangential to the cone, 
Ayn —Cno sin B sin %=0. 

But if Z denote the length OC, we have lj =}sin e. S, and therefore the equation just 

written becomes = in B 


N 


Fic. 122, 


If we measure 7 and $ round the other way, that is from A to C, we get 


AS + Ono S Ban = 0) 
sın € 
‘The top will therefore oscillate about the generator OA as the equilibrium position. 
The period of a small oscillation is therefore 
2n( A sine Me 
Cno sin B 

It will be noticed that if B=0, that is if the axis of rotation of the earth coincides with 
the axis of the cone, we have 3 =0, and the spin-axis moves continuously round the cone. 

The period found agrees with that in Example 1. 

To find the couple constraining the spin-axis to remain on the cone, the reader may 
calculate the angular speeds and momenta about (1) OC, (2) an axis OE, at right angles 
to OC in the plane COC, and (3) an axis OD at right angles to this plane. The time rate 
of change of the a.m. about the moving axis OD, together with the rates of production of 
A.M. about OD, due to the motion of the other axes, gives the total rate of production 
of a.m, which must be balanced by an applied couple, if the spin-axis is to remain on the 
cone. 


3. A gyroscope on gimbal rings. Equation of energy. A gyroscope is 
mounted symmetrically so that it can turn about an axis I, fixed diametrically in a 
circular ring. That ring turns on an axis I,, at right angles to I}, pivoted similarly on 
a second ring. The second ring turns about a diametral axis Iz, at right angles to I,, 
and fixed in space. 
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We denote deviation of the plane of the first ring from planarity with the second by 0, 
and the angle through which the second ring has been turned about I, by y. Thus 6 
and y correspond to the angles so designated in the theory of the top, as set forth 
above. 

We denote the moment of inertia of the flywheel about its axis af figure by C, and 
abeut a transverse axis through its centre by A, and similarly the moments of inertia of 
the rings by C,, A,, Cy, Ag. 

It is easy to prove that the energy equation is 

2E=(A+A,)62+(A sin? 6 + A, cos? 6)y¥2+(C,sin?6+A,)¥2+ On. 
Also the a.m. about the axis I, is 
{(A +C) sin? 6+ A, cos? 6+ Aj$~+Cn cos 6=G, 


where G is constant. Thus we have 
sja Q- Cn cos 0 ui 
~ (A+C,) sin? 9+ A, cos?6+ A, 
Substituting this value of y in the energy equation, we obtain the relation 


(G — Cn cos 6)? 
(A+(C)) sin?6+A,cos?6+ A, 
from which ¢ can be found in terms of 0 by integration. 

This result was given by Lottner in 1857 [Crelle, 54, 1857]. It was found however by 
investigating the differential equations of motion for moving axes, and from these finding 
a first integral. It is instructive to work out for two axes corresponding to OD, OE of 1, 
IV above, and then integrating. OD is at right angles to the vertical plane containing 
the spin-axis OC of the flywheel, and OE is in that plane and at right angles to OC. 
The three axes OD, OE, OC form an ordinary system of axes. 


(A+A,)@+ =2E —Cn?, 


4. Differential equations of motion for example 3. We can find the 
differential equations of the last example for the axes OC, OE, OD as follows. A little 
consideration shows that the components of a.m. about these axes are as follows: 

about OC, Cn + (A, +Ay) ¥ cos 6, 
about OK, (A+A,+C,) Y% sin 0, 
about OD, (A+A,)6. 
The angular speeds of the systems of axes are 
Ycos@ about OC, sin 8 about OE, 6 about OD. 
Hence we obtain by the method so often employed above the rates of growth about 
these axes; and we equate these rates to zero, since there are no applied couples. The 
equations of motion are therefore respectively 
(A, + A,)¥ cos 0+(C, —2A,) Oy sin 0=0, 
(A+A,+(C,)Ysin 0+(2A+C,)6y cos 0 —Cn0=0, 
(A+A,)0-(A-—A,+C,)¥sin 6 cos 0+ Cny sin 0=0. 
Multiplying the first of these by cos 0, and the second by sin 6, and adding, we get 

(A sin? 6+ A, cos?6+C, sin?6+A,) ¥+2(A —A,+C,)6y sin 0 cos 0- Cn Åsin O=0. ...(2) 
Multiplying this equation by y, and the third of (1) by 6 and adding, we find 

(A+A,)00+(A sin?0+ A, cos?6+C,sin?6+A,)Y~+(A—A,+C,)6¥*sin 0 cos 0=0. ...(3) 
This gives the integral 

(A+A,)@4{(A+C,) sin? 0+ A,cos?6 + Ag} Y?=2E — On, .....ecceeeeeeeees (4) 
where E is, as before, the total energy. 
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Equation (2) can be integrated at once, and gives the constant value G of the a.m, 
about the vertical. 

Thus we obtain again the results already established for this arrangement of gyrostat 
and rings, 


5. A gyroscope in a spherical case hung by a string. A gyrostat consists 
of a heavy symmetrical flywheel mounted in a heavy spherical case, and is suspended 
from a fixed point by a string of length Z fixed to a point in the case. The centres of 
gravity of the flywheel and case are coincident. The whole revolves in steady motion 
round the vertical with angular speed u. Find the steady motion equations. 

Let a, b be the coordinates of the point of attachment of the string to the case, measured 
along and at right angles to the axis of rotation, a, 8 the inclinations of the string and 
axis of the top to the vertical, M the whole suspended mass, Cn the a.m. of the flywheel 
about its axis,and A the moment of inertia of the whole about an axis through the centre 
of the flywheel at right angles to its axis. 

We have, referring to the motion of the centre of gravity of the whole in a circle about 
the vertical through the point of support, Mgtana for the inward pull towards the 
centre exerted by the cord. But the radius of the circle is /sina+asin 8+% cos £. 
Hence equating the two values of the centreward acceleration which we thus have, we get 


p?(lsin a+a sin B +b cos B)=g tan a. 


The pull in the cord is clearly Mg seca., Hence the total couple about the centroid 
applied by the cord is, as a figure will show at once, 
Mg sec a{a sin (B — a)+b cos (8 — a)}. 
This is equal to the rate of production of a.m, about an axis through the centre of the 
flywheel at right angles to the vertical plane containing the axis of rotation. But we 
have many times seen that this is (Cn — A u cos B) usin B. Thus we obtain 


(Cn — Apu cos B) usin B=Mg sec a {a sin (B—a)+b cos (B -a)}, 
and the motion is completely determined. 


6. A gyrostat suspended by a string. A gyrostat is suspended from a fixed 
point by a string of length a fastened toa point P in the axis of rotation, and is in steady 
motion with the axis horizontal. Prove that if a be the angle which the string makes 
with the vertical, n the angular speed of the flywheel, 4 the distance of the point from 
the centre of gravity of the gyrostat, M the mass of the gyrostat, and C the moment of 
inertia of the wheel about its axis, 

M?;? 
Cn? 

The string applies a horizontal force Mp?(h+asin«), and the gravity couple is MgA. 

Thus p?=M?9%h2/C?n*, and so the horizontal force applied by the string is 


M39?h?(h +a sin a) / Cn? 
The ratio of this to Mg is tan a. 


tan a=g 


(A+asin a). 


7. Constraining couple required for rolling of a body-cone on a 
space-cone. A uniform solid has a figure of revolution, and moves about a point so 
that its motion may be represented by the uniform rolling of a cone of semi-vertical angle 
a, and fixed in the body, upon an equal cone fixed in space, the axis of the former being 
that of revolution. Show that the couple necessary to maintain the motion has moment 

4? tan a {C+(C—A) cos 2a}, 


where w is the resultant angular speed, and A and C the principal moments of inertia 
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about the axis of revolution and a transverse axis through the point, respectively, and 
that the couple lies in the plane of the axes of the cones. 

The resultant angular speed here is that of the rolling cone about the generator in 
contact with the fixed cone. Hence the angular speed about the axis of revolution of the 
body is wcosa, and we have Crn=Cwcosa. Moreover, the angular speed p about the 
axis of the fixed cone is wsina/sin2a. The only rate of production of a.m. is that about 
an axis through the fixed point at right angles to the plane of the axes of the cones. 
And by the equations used frequently above this rate is 
sin a 
sin 2a 


(Cn — Ap cos 9) u sin 0= ( Co cos a- Aw 2 cos 2a ) w 
z sin 2 


n za 


sin 2a 


= $w" tan a{C+ (C -— A) cos 2a}, 


8. Pseudo-elliptic case of the motion of a top. A top moves about a fixed 
point in its axis of symmetry. It is given a spin (AMg}32)Ż/C about its axis, and then 
left to itself with its axis of figure at rest inclined at the angle cos- (1/32) to the down- 
ward vertical. Show that the axis will describe the cone 


2.23 4 } 
a As ae 0), 


where y as usual denotes the azimuthal angle turned through about the vertical [Math. 
Tripos, I, 1894]. 
By (1), 11 and 5, 13, of V above, with B=bn, we have, if z refers to the upward vertical, 
dy bn (a -2)2 
de gh bn? \ + 
— 22 (ne 7 pie EEN E 
(1 ay cali (2 2) 5 


sin? 0 cos 2y = 


But since b=C/A, a=2Mgh/A, the data given convert this equation into 
l agire mif otro SP isisa 
de (1=2){(22+33)(38-9)}3 
It can be verified by differentiation that this gives 
2y =tan—[3#2-1( -z — 1/34)% —2+32)8(22 +34) 4), 


which can be identified with the result stated above. 

Note.—The value of y is obtained here directly in terms of ordinary functions for the 
case in which 6?n?z,=3a. Another and simpler case is that in which b?n?z)=a, so that one 
of the roots of 1—z*—6n?(z—z)/a is zero, and the other is 1/z. For a full discussion of 
these pseudo-elliptic integrals, see Greenhill, Proc. Lond. Math. Soc., 25, 1894, and R.G.T., 
Chap. V. The case in the problem above appears in § 84 of the Z.M.S. paper cited. 


9. A symmetrical shell containing a gyrostat and rolling on a hori- 
zontal plane. A symmetrical shell contains a gyrostat the centroid and axis of which 
coincide with those of the shell. The gyrostat has a.m. K about its axis of spin, M is the 
mass of shell and gyrostat, A the moment of inertia of the two taken together about a line 
through the centroid transverse to the axis, C the moment of inertia of the shell about its 
axis, æ the distance, measured parallel to the axis, of the point of contact O of the shell 
with the supporting plane, from the centroid, b the distance of O from the axis,and 0 the 
inclination of the axis to the vertical. It is required to prove that if the motion is steady 
and the centroid moves in a circle of radius c with angular speed Q about the centre, the 
equation of motion is 


K0Q+{C(asin 0+c)— Ab cos 0+ Mbe(a cot +6)! 0? —Mgb(a—b cot 6)=0. 
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We take axes (1) OD at right angles to the vertical plane containing the axis of 
symmetry and the point of contact O, (2) OC’ parallel to the axis of symmetry, (3) 
OE at right angles to OC’ and in the vertical plane. 

Let L be the centre of the circle (radius æ) in which the point of contact O moves on 
the shell, OE intersects this circle in a diameter. If n be the angular speed of the shell 
about its axis the speed with which L is moving in space is bn: it is also (e+asin 0) Q. 
Hence c+asin 0 

n= GETAN Q. 
The angular speeds of the axes are 2. cos 0 about OC’ and Q sin 0 about OE. 
The speed of the centroid in the circular path is cQ. Hence the components of A.M. are 


as follows: i 
i a.m, about OC'=C2T4508 94 MaN +K, 


A.M. about OE= AQ sin 0 — MacQ. 
The rate of production of a.m. about OD is therefore 


— (AQ sin 0 — MacQ)Q cos g+ S (0n | moc)o+K|Osin 0. 


The couple applied by gravity has moment Mg(asin ĝ0—bcos 6). Equating this to the 
rate of growth of a.m. and reducing, we obtain the relation stated above. 

The problem here discussed is a Cambridge Tripos question made more general by 
restatement. The case containing the gyrostat was supposed to be a prolate ellipsoid of 
revolution, but clearly this restriction was not necessary to simplify the solution, and in 
fact is not represented in the result. The reader will be able, with the help of the 
equation just indicated above, to write down the complete equation of motion and find 
the period of a small deviation from steady motion. It is only necessary to add the 
proper acceleration term. 


10. A cylinder rolling on the circular edge of one end. A homogeneous 
right circular cylinder, whose altitude is twice the radius of the base, rolls on a rough 
horizontal with its axis inclined at an angle of 45° to the vertical. If n be the angular 
velocity about the axis, prove that in steady motion the vertical plane through the axis 
turns round a fixed vertical line with an angular speed p.=30(2)8n/31. Show that the 
instantaneous axis divides the axis of the cylinder in the ratio 31:29. Prove also that 
the period 27/X of the small oscillations about the steady motion is given by 

12(2)? g 1800 

we fa 
where b is the radius of the base. 

We notice that the value of p is given by the last example if we put a=b, 0=45% 
C=3M??, A=M(4b?+ 402). The quantity asin 0 — b cos 6 is zero, and c=b in- p (2)2/2}] 


Thus we find after reduction 5 7 " 
Sn- (ae n 
or p= 2 22n, 


The instantaneous axis passes through the point of contact. The angular speed about 
the vertical contributes to the angular speed n about the generator through that 
point. The independent angular speeds are thus 30 (2)2n/31 about the vertical, and 
n — {30(2)2n/31}(2)2/2, or n/31, about the generator. Thus we have the two rectangular 
components, about the vertical and horizontal, respectively, 


4 4 
‘i eke. Ja and Le 
31/2)? 
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Hence, if ¢ be the angle which the instantaneous axis makes with the horizontal, we 
have tan¢=61, If O be the origin, the equation of the instantaneous axis is y=61%, 
and that of the axis of the cylinder is 
a+b(2)2 =y. 
These lines intersect in the point 
ome. by. a 22% 
60° 60 5 


Hence, since y=61 (2)2b/60, the portion of the axis, intercepted between the point of inter- 
section of the axis of the cylinder produced with the horizontal plane, is y (2)? =61b/30: 
But y(2)2 —6=316/30. The point v, y thus divides the axial length of the cylinder into 
the two segments of lengths 316/30, 296/30 respectively. 

The last part is left as an exercise in finding the complete equation of motion. 


11i. A hollow cone revolviny about a vertical generator: motion of a 
sphere on the surface. A hollow cone rotates with uniform angular speed Q about 
a vertical generator. A sphere is in contact with the diametrically opposite generator 
and spins about the common normal with angular speed w, and is prevented by friction 
from slipping down. If a be the radius of the sphere, R the distance of the point of 
contact from the vertex, + the radius of gyration of the sphere about a diameter, and å 
the angle of the cone, show that the point of contact will remain at rest on the sphere 
ee ee v=(1+%)2sina -23 Qsin a tan a+. 

Consider axes OD, OC’, OG, at right angles to the diametral plane of the cone through 
the point of contact O, along the generator through that point, and along the diameter 
of the sphere, respectively. If the angular speed w is such that the rate of production 
of a.m. about OD is equal to the moment Mga cosa about that axis, the sphere can rest 
in relative equilibrium. 

The angular speeds of the axes, about an axis through the centroid parallel to the 
generator in contact, and about OG, respectively, are Qcosa and Qsina. The speed of 
the centroid is (Rsina—acosayQ,. The a.m. about OC’ is therefore 


MFQ cos a — M (R sin a — a cos a)aQ, 
and that about OG is Mw. The rate of production of a.m. about OD, computed by 
the ysual rule, is 
MZ Q sin a cosa+M(Rsin a — a cos a) aQ? sin a + Mw cos a. 


Equating this to the gravity couple and solving for w, we get the equation stated above, 

If the spin w about the axis OG is too great to give the balance here considered, the 
sphere will roll upwards or downwards along the generator. Consideration of the signs 
of the quantities concerned shows that if Q be in the counter-clock direction about the 
upward vertical, and w be also in the counter-clock direction to an observer looking from 
beyond G the sphere will roll upwards if w be too great. 


12. A horizontal circular disk turning about its axis of figure: 
motion of a sphere on the surface. A circular disk capable of motion about a 
vertical axis through its centre perpendicular to its plane is set in motion with angular 
speed Q. A uniform sphere is placed on the disk so as to touch at an eccentric point : 
prove that, if there is no slipping, the sphere will describe a circle on the disk, and that 
the disk will revolve with angular speed 7 M#?0/(7MZ2+2mr?), where MA? is the moment 
of inertia of the disk about the centre, m the mass of the sphere, and r the radius of the 
circle traced on the disk by the point of contact. 

G.G, 2K 
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It is obvious that the sphere will trace out a circle about the centre of the disk. For 
the friction between it and the disk will set it impulsively in motion in a plane at right 
angles to the radius through the point of initial contact, and will further constrain it to 
revolve in a plane at right angles to each successive radius of the disk with which it 
comes into contact. 

Let P be the impulse initially applied to the sphere by the disk. Then we have by the 


reaction on the disk PrN O sc ocSacagldtesc\dadesavon scale seein (1) 
where w’ is the angular speed of the disk after the impulse has acted. 
Also, transferring P to the centre of the sphere, we have 
DADE o a a dooaecec cee neta (2) 
where v is the speed of the centre of the sphere in the direction of motion of the disk, 
Hence Net me EL = Gh). A E T een (3) 
Again, we have for the angular speed w of rotation of the sphere 
GP 2A O RA tse R R a E ets sates (4) 
and clearly v=rw' — aw, so that by (3) 
TAT OO) -MELE 6) ee nrc de eE oE EAEAN (5) 
Now (4) gives w= P/2ma, and by (1) this is MÆ(Q — w')/Zmar. This value of w substituted 
ia gires mre! — $M(Q - w')=MK(Q- w), 
2 
or o= E EA e E e E E A EE (6) 


which was to be proved. 


13. A sphere rolling on a vertical plane which turns about a vertical 
axis. A sphere rolls without sliding on a vertical plane which revolves with constant 
angular speed v about a vertical line in itself : to find the motion of the sphere. _ 

Take an origin O on the vertical axis of rotation, an axis Ow horizontal and fixed in the 
revolving plane, an axis Oy drawn outwards from the plane on the side on which the 
sphere is situated, and an axis Oz downward. Denote the radius of the sphere by a, and 
the angular speeds about axes through the centre of the sphere parallel to the axes 
specified by w,, wy, w, Since there is no sliding, we get by considering as usual the 
growth of the components of the vector of A.M., 

(+a?) d,—nhwy=9u, @y+Nnw,=0, Kd, talon- 1) =O, ees (1) 
with, for the velocities in the instantaneous directions of Ox and Oz, 
W101 IAs Oe E a a e » seite stele cei sterere E (2) 
The first equation can, by the second of (2), be written 


(+a)? — nkwy=ga. Nabi Rusosticantestwacpeguacemicer cats (3) 


Differentiating this and using the second of (1) in the result, we obtain 


WE TAW =O; daw cualen ce sete E a OO (4) 
where m?= n?h?/(k* + a?). 
From (3) we find by integration WEA RIN Mes GOR e e e e e A E HOON (5) 


if the time be reckoned from an instant at which the vertical motion of the sphere is zero. 
Integrating again with respect to the time, we have, since A is a constant, 


e= fw grani — cos mt). 
m 


Thus the vertical motion is oscillatory, and the sphere rises and falls on the vertical 
plane in simple harmonic motion, 
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Substitution of ù [obtained from (5)] in (3) gives, since w =0 initially, A=ga?/nk(l2+a2)?- 


Thus a 
ve= p! CONTIG) a ae AN e a taen (6) 

For a uniform sphere £?= 3a”, and therefore in that case 
nz=$9{1 — cos (2n2)2t}, e a Adee OE ae aE AE (7) 
The utmost distance this sphere can descend from the position of relative rest is therefore 


5g/n?. 

It will be observed, from (3), that it is the turning about the axis parallel to Oy, the 
spin, that is, of the sphere on the turning plane, which prevents continuous motion of the 
sphere downward. This spin, by the second of (1), grows up at rate —nw,. The gravity 
couple is occupied, in degree varying from zero to the whole value, in turning the axis 
of spin Oy round in azimuth. 

Example 11 is another illustration of this effect of spin. 


14. The vertical plane of last example, turning also about a normal 
axis. The vertical plane of last example revolves with angular speed 7 as stated, and 
also spins with angular speed u about a normal, intersecting in a point O the vertical 
axis about which the plane turns. Prove that the position of the centre of the sphere at 
any time t will be determined by the equations 

7Z+2u(é+n2x) + 2n72=0, 
Të —2pz—5n?x=0, 
where x and z have the meanings stated in the preceding example [Routh, Adv. Rigid 
Dynamics, 6th edn., p. 208]. 
The equations of motion of the centre of the sphere are 


U=L—-an, v=&n, wk, e as ee ine Aue aN (1) 
with L=pz— WM, t= -paetu~a;!) 
Sait Gh ree oe a dae (2) 
w= —pet+oa=g+F’; 


with the rotational equations 


PP (@; = 70,)— — FG, Oy Nid, =0,, ha = BOs isne secs eenanetousdeae (3) 
From the third of (2) and the first of (3), eliminating F’ and differentiating, we get 
AWA s) Wert hoe Wr —On © sienmeseasge vas: cisnseseeeees (4) 
But we have i= — uë + i4, so that 
w+pe . wtps 
= E . 
a a 


Thus, since w=z and w=Z, we obtain, after a little reduction and putting 4?=2a%, instead 
of (4), UD ee OLE FIs) — Opmsee tense E (5) 


which is the first of the two equations stated above. 
We have also, by the second of (2) and the third of (3), with the relation aw,=pz—4, 


a(&é—.0n*)+ h Lr KE 0, 
a 


that is Wl CID OAT ome an nat ACO OSD HOD AOL PROCES IASG suck 6a) 


the other equation. 
The sphere is set into rotation impulsively at the beginning of the motion. The 


components of rotation have initial values 


5 po 
Pi ee i ee Tt 


Wy 
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For the surface in contact is suddenly started in one case with speed uzo, and the centre 
of oscillation which is at distance fa from the point of contact is instantaneously at rest- 
Similarly the other case is dealt with. Besides the rotation due to the impulse, w, con- 
tains also the angular speed n. Hence, from the equations 


B= — plot W4, %y=p%— 0,4, 
we obtain for the initial values of 4, 4, 
Tag+ 2 Ly V (Lg 1 — OIL. 2p == Orn E E esse cons (8) 


15. A rigid body turning about a principal axis, while another 
principal axis lies in a plane through the former and a fixed line. 
OA, OB, OC are the principal axes of a rigid body which is in motion about a fixed 
point O. The axis OC has a constant inclination 0 to a line OZ fixed in space, and 
revolves with uniform angular speed u round it, and the axis OA always lies in the plane 
ZOC. Prove that the constraining couple has its axis along OB, that its moment is 
(A—-C)p? sin 6 eos 0 [Routh, Adv. Rigid Dynamics, 6th ed., p. 208]. 

A diagram for this is furnished by Fig. 4, p. 48 above, if OA is put for OE, OB for OD, 
and OC is retained as shown. The angular speeds about OA and OC are psin 0, pcos 6, 
and the a.m. Ausin 0, Ap cos 0, respectively. In consequence of the motion of the axes 
there is a steady rate —Apsin 0. cos 0+Cp cos 0. usin 0= —(A—C) p?sin Ocos @ of 
growth of a.m. about OB. This must be balanced by a constraining couple L, since the 
A.M. about OB must remain zero. Hence we have 

L-(A-C)p? sin 0 cos 0=0. 


16. A heavy flywheel with added eccentric weight carried round in 
uniform precession. A heavy flywheel is pivoted at the extremities of a horizontal 
diameter AOB, and this diameter is carried round a vertical axis through its centre O 
with uniform angular speed u. At a point P at distance a from the centre on a diameter 
at right angles to AB an additional weight w is attached. Find the equation of motion. 

Take as axes OA, OP and the axis OC of the wheel drawn from O on the other side of 
the vertical from OP. If 0 be the angle of inclination of OC to the upward vertical, 
the angular speeds about OP and OC are usin 0 and pcos 0, while the a.m. are Awsin & 
and (C+ wa?) cos 9. The total rate of growth of a.m. about OA is therefore 

(A + wa?) 6+ (C+wa?— A) p? sin 8 cos 0, 
and the moment of applied force is wga sin 6. The equation of motion is therefore 
(A +wa?) 6+(C+ wa? — A) p2sin 6 cos 0— wga sin 6=0. 

The equation of motion for OP is found in like manner. The a.m. about OA is(A +a?) 6, 

and the rate of production of a.m. about OP is 


A Ž (usin 6) —(C+ wa?) pcos 0. 6+(A +a?) 6. u cos 6. 


Hence, since there is no couple about OP, the equation of motion is 
Ajisin 0- (C- 2A) 6p cos 0=0. 


17. A top constrained by two vertical planes parallel to the axis. 
A top is set in rapid rotation and is placed on a frictionless horizontal plane with its axis 
inclined at an angle 6, to the vertical, and is constrained by two smooth planes parallel 
to the angle 4, so that its axis must remain in,that plane. Prove that the top must fall. 

No action of the constraining planes can alter the energy of rotation, or the angular 
speed 6. If 6=0 when 0=6,and A be the moment of inertia of the top about a hori- 
zontal axis through its centroid, we have the energy equation 

3 (A+ MA? sin? 0) 6?=Mgh (cos 6)—COS O). ..ceseceesseceeseeeeees (1) 
The left-hand side is positive, so 0 must be greater than 0p. 
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This result will be clearer perhaps if the equation of motion for the axis OD is con- 
sidered. The usual equation is 


AO+(Cn— Ap.cos 6) wsin O=MgAsin O. ccicececescscscsceeseeees (2) 
But by the constraining planes u is made and kept zero. The equation is therefore 
ROZMIR Os. Ate E b (3) 


so that angular speed 6 grows up and the top falls. 
The constraining couple which added on the right of 2 gives (8) is thus 
(Cn — Ap cos 8) usin 0, 
and acts about OD. If is equal and opposite to the gyrostatic couple. 

[It is important to remember that any constraint must affect the stability of a top or 
gyrostat. Conclusions, for instance, derived from the behaviour of a top mounted on a 
tray, as in 7, VII, where a certain diameter of the flywheel is constrained to remain 
horizontal, cannot be regarded as necessarily holding for a top perfectly free to precess. ] 


18. Stability of a ring of wire spinning on the top of a sphere. A ring 
of wire of radius c rests on the top of a smooth fixed sphere of radius a, and is set rotating 
about the vertical diameter of the sphere with angular speed n. Prove that the motion 
is unstable if n?ct < 2g (2a? — c?) (a? — cya [Math. Tripos, 1885]. 

Since the ring moves on the surface of the sphere it may be regarded as a top turning 
about the centre of the sphere. It is proved in 17, II, that the top is unstable unless the 
inequality Cn? > 4A Mgh cos 0 
is fulfilled. In the present case we have 

6=0, C=Me?, A=4Me2+M(a2-@), h=(@- e}. 


Hence we obtain the result stated. 


19. A gyrostat sliding freely between two rods the plane of which 
revolves. Two intersecting rods are at right angles to one another. One is placed 
vertical, the other can turn in a horizontal plane about the lower end of the first. The 
ends of the axis of a gyrostat slide freely on these rods, and the axis (of length 2a) is 
initially inclined at an angle 6, to the vertical, when also the horizontal rod is turning 
with angular speed $o. If at time ¢ the inclination of the axis to the vertical be 0, and 
the azimuthal speed y, prove that 

(Ma?+ A)(W sin? 6 — sin? 6) +Cn(cos 6 — cos 6))=0, 
(Ma?+A)6+{Cn—(Ma?+ A)y cos 6} sin 0- Mgasin 6=0, 
where M is the mass of the gyrostat and C and A are its principal moments of inertia for 
axes through the centroid. [The moment of inertia of the case about the axis of symmetry 
is neglected, and the gyrostat is supposed to be midway between the ends of the axis. ] 
The first equation is clearly of constancy of a.m, about the vertical through the point of 


contact, and requires no proof. 
The second equation is that which is at once obtained when the motion is referred to 


axes through the centroid as explained in Chapter V. 


20. A sphere started spinning about an axis parallel to the earth’s axis, 
and constrained to keep the axis of spin in the meridian. At a point P 
on the earth’s surface a sphere has its centre fixed, and is spinning, in the direction of the 
earth’s rotation and relatively to the earth, about a diameter OC with angular speed ¢. 
The axis OC is constrained to move only in the meridian. Show that if the sphere be’ 
disturbed the axis OC will oscillate in the meridian in period Qar|(hw)?, where w is the 
angular speed of the earth about its axis. 
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Let a small deviation 0 of the diameter OC from the direction of the earth’s axis be 
imposed, and the sphere be then left to itself. The equation of motion for the axis OD, 
so often used above, becomes for this case 

A6+(Cn—Apcos 6)psin 0=0, 
where w=. But here also C= A, and @ is small, so that we have 
6+(n—w)wO=0, 
that is 6+ dw. 6=0. 
The period of oscillation is therefore 27 /( dw)? as stated. 


21. A body supported at its centroid and under the action of a 
constant couple. A body is supported at its centre of inertia and has an initial 
velocity of rotation Q about an axis at right angles to that of symmetry. A constant 
couple of moment N is applied about the axis of symmetry ; show that the cone described 
in the body by the instantaneous axis has the equation 
eh VOOR IN 

2 IN A wy? 


tan 


The equations of motion are 


AG, —(A—C)o03=0, Beek Se i A beh ibis beds (1) 

E N, 
The third equation gives ORT IN o e e E E E (2) 
and the first two combined H ge Ad mre A E ONE N N (3) 


Also, multiplying the second equation by 7 and adding to the first, we get 
A (6, +49) =(C— A) (0, Hiwa) i NÉ, 


S d ; C-A iNt 
that is | Gyles (oi tiw) = — oy GERD (4) 
Hence we obtain by integration 
l y j ZA iNe 
og (w; +2, p A 2C , 
CENNE 
or E E EN E E E E E TS (5) 
Psa TO CANE 
This gives tan Mu CL aa (6) 


To find the equation of the cone described by the instantaneous axis we have (since 
alo =y/v=z/w=(42 +4210), so that Nz?2/2C = CQ?2/2N (2+ y2). 
E S O10 oda. 
Hence, by (6), tan s A 2N x+y” 
which is the equation of the cone required. 


22. A spherical gyrostat contained within a rolling sphere. A sphere 
rotates within a spherical concentric light shell of radius a, which rolls without slipping on 
a horizontal plane about an axis through the common centre: find the motion. If @be the 
inclination of the axis to the vertical, w, the velocity of rotation of the sphere about 
the axis, and Y the angular speed of the vertical plane through the axis, prove that 
y sin” 0+ w,cos @ is constant. 

Show that a state of steady motion is possible in which the centre of the sphere describes 
á circle of radius 7 with speed v, while spinning with angular speed w, if the axis is 
inclined to the vertical at an angle a given by the equation 


ksin a(vcos a. — 10) =VaIr aiite me AS E eres (1) 
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where % is the radius of gyration of the sphere about a diameter [Besant, Dynamics, 
2nd edn., p. 420]. 

The reader will observe that this is a particular case of the problem treated in 14, XVI 
above. The inertia of the containing shell is neglected, and the internal gyrostat is a 
sphere. The first result to be established is that the a.m. of the internal sphere about the 
vertical is constant, which obviously is expressed by the equation stated. 

The result also as to the radius of the circle in which the centre of the sphere moves in 
steady motion agrees with (7), 14, XVI, when properly modified. We give here a solution 
of this simplified problem from first principles. 

We obtain by the process set forth in 16, XVI, the complete equation (2) of that article, 
which, since we may put K=/?w, A=k?, we can write 


(+a?) Ü+ (otan) sin 0- (+a?) URE o he once (2) 
For steady motion, putting p for Ņ%, and a for 0, we get from this the relation 
Boran = (ka jp cosa en e e a A a (3) 


a ansin a 


But p=v/r, and we have = : Es 
r r+asinacosa 


Eliminating and yu from the steady motion equation (3), we obtain equation (1). 


23, The ordinary problem of a rapidly spinning top. The angular speed 
of a top is communicated to it by unwinding rapidly a string from the axis when the 
inclination of the axis to the vertical is 6): prove that if the angular speed is great the 
inclination @ at any time ¢, reckoned from the starting of the top, is given by 


9= b +r sin 6)(1—cos pt), 
and the azimuthal angular deflection at time ¢ by 


W=pt—rsin pt, 
where 7=Ap?/Mgh and p=Cn/A. 
Hence show that the axis describes very nearly a right cone round its position in the 
steady motion, in the same direction as the axis rotates. 
Find also the forces applied to the apex (the peg) of the top: also find the arc described 
in a half-period by the centroid. 
The first two paragraphs of this example are fully dealt with in 14, V above, and a more 
exact discussion is given in 1... 3, V1. 
The last part is dealt with in substance in (3), 1, V. The forces there denoted by Y 
and Z come out in the present case as 
` Y= —MA{6 cos 6—(6?+ 2) sin 0} 
M?29?h? 
= -M} frp sin 0 cos 0 cos pt — r?p? sin? 0 sin? pt — sin 0 -~= nE J 
Z=Mg — Mhrp? sin? 0 (cos pt +r cos 0 sin? pt). 


As regards the surface described by the axis of the top,,we may add that the angular 
deviations from the steady motion at time ¢ are —rsin Ocospt and —rsin pt, the former 
in the vertical plane through the axis of the top, the latter about the vertical. Thus, if A 
be the distance of the upper extremity of the axis from the apex, the linear displacement 
are —Arsin 0 cospi and —Arsin @sin pt respectively. Squaring these, we get for the re- 
sultant —Arsin 0, which is independent of 7. The amplitude r is very small, and therefore 
the axis describes a cone as stated. It is easy to verify that the direction is that specifie 

The arc described in any time dt is, if a be the steady motion value of 6, 


Asin a(p? — 2upr cos pt +p)? dt, 
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which, since r= Ap?2/Mgh, p=Cn/A, reduces to 24sin asin ġpt. dt. Hence 
Arc FE eh, E : zni To poy 
a apecified =2puh sin af sin $pt. spre sin a. 
The are described in time z/p in the steady motion is clearly muhsin a/p. Hence the 
vibration increases the distance in the ratio 4/7. 


24. The arc described by a point on the axis of a rapidly spinning top. 
A symmetrical top is set in motion on a horizontal plane with an angular speed n about 
its axis of figure, which is initially inclined to the vertical at an anglea. Prove that 
between the greatest approach to and recess from the vertical the centroid describes an 
arc AB, where (p—cosa)tanB=sina and p=Cn?/4AMgh. 

In the notation explained in 10, V, but with a’ and 8’ for the a and 8 there used, we 
get from the equation of energy 

+? sin? 0=a' —acos 0. 
But if x be the rate at which the axis of the top is changing direction, we have 
Na (2+ y* sin? O= (a —acos 6)2. 
By the equation of constancy of a.m. about the vertical we eliminate ¥sin? 0, and get 
with z=cos 6, ju OE az)(1 —2)—(— E 
Eliminating dż between the two last equations, we find, after a little reduction based on 
the initial values 0=a, =$ =0, which lead to a’ =acosa, B’=bn cosa, 
sin 0d0 
dx= ) 
(sin? 0+ 2p cos 0 — 2p cos a)? 
where 2p=b’n2/a. If we write z?=(p-— cos 6)? and c?=1—2pcosa+p*, we get 


iin de 
(2- PAH 
p10 = 00871 {2 -(p?- 2p cos a+1)}} 
Thus B= [ sina z] 
edga 
that is B=}r -sin na ee 
(1 — 2p cos a +p?) 
This last result gives cos 8= p—cosa ) 
(1 — 2p cos a+ p?) 
and therefore tan B=——*_, 
p- cosa 
x (p—cos a) tan B=sin a, 


the relation stated in the problem. 


25. A top supported on a horizontal plane without friction. If the 
top be supported on a plane which offers no resistance to the horizontal displacement of 
the point O, and if no horizontal force act on it, its centroid will continue in its united 
state of rest or uniform motion. This case of motion may be discussed by means of the 
equations set forth in 1, V. [See also 27, XIX.] 

We take axes GD, GE, GC drawn from G the centroid in the directions so many times 
specified above. If F be the vertical reaction of the plane on the point O of the top, 
we have AG+(Cn—Awcos O)Wsin O=FASIN O. ...cccccesccccsecesseesseesees (1) 

The speed of G vertically downwards is AO sin 6, and therefore 


M Z (Ad sin 6)=Mg-F, 
or F=Mg —MA(sin 0. 0+ 0080+ 0). s..ccsccceoseceesconseessucveneees (2) 
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This value of F substituted in (1) gives 


(A+ MA? sin? 6)6+MA?sin 6 cos 0. +(Cn— Ay cos 6) sin 9=Mgh sin 6. ....... (3) 
The equation of a.m. about the vertical has the usual form 
CREOB OAV EIN E E R r (4) 


where G is a constant. 
The kinetic energy in the present case is 
}{MA?sin?29. 62+ A (02+ sin? 6)+ Cn}, 
and the potential energy is Mg% cos 0, so that we have 
(A+ MA? sin? 6)@+ Ay? sin? 6+ Cn?+2Mgh cos O=2E. oececeeeeeeeeeseees (5) 
Cn is constant, and we can write by (4), 
Y=(G—Cncos 6)/A sin? 9, 
Thus the equation of energy can be written 
l i 2 
(A +M}? sin? 6) 624 E Oncor OP 
The second term on the left of (6) can be put into different forms convenient for 
calculation [see 4 and 19, XII]. Another form of (6) which is of practical importance is 
A{A + MA%(1 — 2)}2= —(G—Cnz)?+2A(ce— Mghz)(1 —2*), ....sseeeeeeecones (7) 
where z=cos@ and 2c=2E—Cn?, so that ¢ is the whole energy of the top, minus the 
energy of spin. 


+Cn?+2Mghcos 0=2E. ..............06. (6) 


26. Motion relative to the earth. Considering the earth as a rotating body 
with its centroid at rest in space, find the equations of motion of a particle with reference 
to axes Ox, Oy, Oz drawn from the centroid parallel to the horizontally southward, the 
eastward, and the vertically upward directions at a point P, on the surface. 

The coordinates of P, are thus 0, 0, a, where a is the vertical distance of P, from O, 
approximately the earth’s radius at the point. Let the direction of the gravitational force 
G, on unit mass at P), make a small angle 0 with the vertical. The components of G at 
P, are G cos ($7 + 8) along Ox, zero along Oy, and Gcos 0 along Oz. The angular speeds 
about the axes are 7 cos À, 0, n sin À, if n be the angular speed of rotation of the earth, and 
À the geographical latitude. The coordinates of any other point P with reference to these 
axes are 4, y, z, and the components of force there are X +G coș (4r + 0), Y, Z -G cos 0, 
where X, Y, Z are due to the constraint imposed (e.g. in the case of a pendulum by the 
suspension cord). If there are any other forces besides these and the components of 
gravity, they may be denoted by X’, Y’, Z’. The equations of motion are 

` #¢-Qny sin A+n?sin A(zcos X\—wsin A)=X+X’—-G sin 0, 
ij + 2ni sin A — 2nż cos À — ny =Y +Y", 
Z—2ny cos A — n? cos À (z cos À — z sin A)=Z+Z'—G cos 6. 
The reader will note the terms in @, ġ, 2. which are in form gyrostatic terms, arising from 
the motion of the earth. If the equation of relative energy is formed these terms 
disappear. 

If, as is generally convenient, the axes be taken in the directions specified, but from P, 
as origin, it is only necessary to substitute z—a for z in these equations, and to add, on 
the right, components of force equal and opposite to those required to give the acceleration 
nacos À of a particle at P towards the earth’s axis of rotation. 


27. Theory of Foucaults pendulum experiment. Apply the equations of 
last example to a simple pendulum suspended from Py, and executing small oscillations 
under gravity. 


522 GYROSTATICS CHAP. 


Change the origin to Po, as explained in the last example, and then neglect terms in 

nx, n?y, nz. Then, if F be the pull applied by the thread to the bob, 
X=-Fafl, Y=-Fy/l, Z=—-Fel=F. 

These are the only applied forces besides those due to gravity. 

Verify that the third equation gives -F=G cos 6=g, nearly, where g is the apparent 
force of gravity on unit mass. 

Verify also that if w be written for nsindX and Gsin@ be neglected, the first two 
equations of motion are g g; 

#—-2uy+9a=0, ğ+2wt+5ý=0. 


Show that these equations are satisfied to terms involving w? by 
xz=acos mtcoswt, y= —acosmtsin wt, 


where m?=g/l. Hence, when ¢=0, v=a, y=0, and at time ¢, 
n= (22 +42)È =q cos mé, tant = TOt. 


The plane of vibration therefore turns round, relatively to the axes Ox, Oy, in the 
direction opposed to the earth’s rotation, with angular speed w=”sin A, an effect which is 
due to the turning of the earth under the pendulum. 

This is the theory of Foucault’s celebrated pendulum experiment for demonstrating the 
earth’s rotation experimentally. After some preliminary trials it was carried out on a 
large scale at the Panthéon in Paris in 1851. The pendulum there consisted of a ball of 
lead weighing about 28 kilos., carried by a steel wire 67 metres long. Underneath the 
pendulum, with centre vertically below the point of support, was a circle of wood 6 metres 
in diameter, divided to fourths of a degree. Round part of this was placed a thin ridge 
of sand, which was cut through by a spike projecting below the bob, and gave a register 
of turning of the plane of vibration relative to the earth. A smaller concentric circle 
enabled the turning to be traced for a longer time, about five or six hours in all. 

The period of turning at the latitude of the Panthéon is theoretically 31h. 47 m. 14°6s., 
and the pendulum appears to have shown a period of about 32 hours. The experiment 
was repeated successfully immediately after in the cathedrals of Rheims and Amiens, and 
at other places. Extreme care is necessary to make the suspension perfectly symmetrical 
[see Travaux Scientifiques de Foucault, Paris, 1878]. 


28. Analogy of Foucaults pendulum to a gyrostatic pendulum. Show 
that in a complete form the equations of motion of the pendulum (origin at Py) are 


#—Qwy+ (2- ot) z=0, Y +2wt+ (4-07) y=0, 
and prove that they are satisfied by e=acos mt, y=asin mt, where m is a root of 
m+ 2wm -24 u=0. 


Show that the motion of the bob is in a horizontal circle, in one case in the direction of 
the earth’s rotation in period 2r jig- 0}, in the other in the opposite direction in 
period 27/{(g/)? +o} 

These periods, it will be seen, exactly correspond to those of the circular vibrations of a 
gyrostatic pendulum. The rotation of the earth has thus the same effect on the apparent 
motion of the pendulum as the spin in the bob has on the actual motion. Thus again we 
have an analogy to the circular motion of an electron in a magnetic field [see 3, VIII and 
9, IX above]. 

The reader may refer to Gray’s Dynamics for the application of the equations of 
Example 26 to find the relative motion of a falling body and the deviations of a projectile. 
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29. Revolving balance showing the earth’s rotation. The beam of a 
balance can turn about a horizontal axis through its centroid O, and is symmetrical about 
a longitudinal axis. The whole arrangement is made to turn at uniform angular speed n 
about the vertical OZ. It is required to find the motion of its axis about the horizontal 
position, under the influence of the earth’s rotation. 

We suppose that the moment of inertia of the beam about the axis of symmetry is C, 
and about any transverse axis through O is A. If A be the latitude of the place, and w 
the earth’s angular speed, there are two components of w, one wsin À about the upward 
vertical at the place, and the other wcosA about a line drawn northward horizontally 
from O. 

We take three axes of coordinates, one OC along the rod, inclined at an angle 0 to the 
upward vertical OZ, and two OA, OB at right angles to OC, and turning with the system. 
Of the latter we take OB as coincident with the horizontal axis about which the beam 
turns. The reader may make a diagram. OC may be indicated sloping upward and 
away from the observer. OB is directed somewhat towards his right, and supposed to be 
horizontal, while OA is drawn so as to suggest that it is at right angles to the plane BOC, 
and therefore nearly vertical in the plane of the angle 6, when @ is nearly 90°. 

Let the vertical OZ have been drawn, and a horizontal line, OD towards the reader and 
in the meridian, indicated in the diagram. This line may be taken as drawn northward, 
so that DOA is an angle nt in azimuth towards the west from north, if ¢ be reckoned 
from the instant at which OA coincides with OD. But OD is turning about the vertical 
with angular speed wsin A, if w be the speed of rotation of the earth and A the latitude 
of the place. The earth’s rotation gives also a component w cos À about OD. 

We find the a.m. about each of the axes in the order O(B, A, C). The angular speeds are 


respectively 6+wcosrcosnt, (n+wsin d)sin 0+ cos À sin nt cos 0, 
(7+w sin A)cos 0 — w cos Asin nt sin 0. 

The angular momenta about O(A, B, C) are the angular speeds multiplied by the corre- 
sponding moments of inertia A, A, C. If there is no applied couple the equation of 
motion for the axis OB is 

A(§—nw cos Asin nt)—3(C—A)[{(m+ sin A)? — w?cos?A sin?nt} sin 20 
+2(n+wsin À)w cos À sin nt cos 20]=0. ......(1) 

If we suppose, as we may, that n is great in comparison with w, we may neglect the 

terms in w?, and obtain 
A(6—nw cos À sin nt) —}(C— A){(n? + 2nw sin A)sin 20+ 2nw cos À sin nt cos 20} =0. ...(2) 
So long as the beam is nearly horizontal sin 26 is very small and cos 20 is nearly — 1. 


Then we have. AO=(QA=C)ne COS ABI NERO. eae E a (3) 
If the beam is long and slender C is negligible in comparison with A, and this equation 
becomes Hie COB: D PLDT RO aes) a aae 7 ata ah E OAT (4) 
Thus, when the beam is nearly horizontal, the angular speed with which it is turning 
about the axis OA is given by Dos DOCI h COM tae A IIE CAs RAR Mesa (5) 


There is no constant of integration, since we reckon ¢ from the instant at which @ is zero. 

We may now suppose that the turnings about the different axes are resisted by air- 
friction couples which are proportional to the angular speeds relative to the air. The 
angular speed about the vertical is n+wsin A, and is unvarying. The angular speed 
about OA relative to the air is 6, hence we assume that a couple of moment £6 resists the 
variation of 0. The equation of motion for a nearly horizontal position is now 


NOSNO COS A sik WY FEO HO, eree ics ccccctencosscecnceoss (6) 
on the supposition of course that £6 is great in comparison with the quantities neglected 
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in arriving at equation (4), for example in comparison with An?sin 20, or with Aw. For 
this, as a little consideration shows, the balance must be made small. 
From (6) we get by integration 
A(0+20 cos A cos Nt) PLOSO RA Ahea a E NE (7) 
or, neglecting AO, kO+2Aw cos À cos nt=0. .......000. e e tetas .(8) 


Thus ĝ is the simple harmonic function of the time given by (8). 

Assuming the approximations, the whole matter could be put in a very brief common- 
sense way as follows. The axis OB is in advance of the meridian by the angle nt. Con- 
sider a perpendicular axis also horizontal, which is r — nt behind the meridian. About 
this the horizontal revolution of the earth’s speed of rotation gives an angular speed 
wcosAsinnt. This turns the nearly vertical axis OA, about which the a.m. is, approxi- 
mately, Az, so as to increase the angle between it and the instantaneous position of OB. 
Hence a.m. about OB is being produced at rate —AnwcosAsin né. [The reader will see 
that the other turnings produce no effect on the whole.] But if no couple acts this must 
be balanced by the rate of change of a.m. due to acceleration. This is 

A(@—nw cos A cos né), 
since the angular speed about OA is 6+wcosd cos nt. Hence we get as before, on the 
hypothesis of no couple, 6 —2nw cos A sin nt=0. 


The couple — £6 can now be introduced and the solution completed as above. 

We have thus found that under the influence of the resisting action of the air, and the 
periodic disturbing forces due to the rotation, an oscillatory variation of @ is produced 
the period of which is 2r/n (the period of the imposed rotation), while the amplitude is 
2Aw cos A/k, that is twice the result of dividing by 4 (the damping coefficient) the product 
of the earth’s horizontal component of the earth’s angular velocity by the moment of 
inertia A. 

This case of motion is interesting as an example of rotation, and as affording a new 
method by which it may be possible to observe the rotation of the earth. The method 
was suggested to its inventor Baron Eötvös, of Budapest, by variations found in records 
of measurements of gravity at sea, and due undoubtedly to effects of the velocity of the 
ship, according as it was directed east or west, on the apparent value of gravity. 

The apparatus is described in a general way, without details of dimensions and masses, 
with some particulars of the method of experimenting, in a paper by D. Korda in the 
Archives des sciences physiques et naturelles, of Geneva, for Nov. 15, 1917. The theoretical 
amplitude quoted, without proof, by M. Korda agrees with that found above. 

The question of the accuracy of this result has been raised [see an interesting paper by 
Mr. C. V. Boys in Nature for March 21, 1918, in which attention was first directed to the 
device], but there can be no doubt that, under the conditions stated, the theory given 
above is correct. The action of the device is gyrostatic, and is in no way dependent on 
the variation of apparent gravity with direction of motion.* 

It is to be noticed however that a very slight varying couple is neglected, that due to 
the difference between the apparent gravity on the end moving west and that on the end 
moving east. But the balance was small and the period of revolution was about a minute, 
so that the action of this couple is entirely negligible in comparison with the effect taken 
account of in the equations found above. To bring the centrifugal force effect into play, 
it would be desirable to make the beam of the balance long—a thin rigid rod tipped with 
massive spheres would be best—and run it at as high a speed as possible. The theory of 
such an arrangement is not difficult, and the effect might easily have been included in 
the discussion given above, if it had been worth while. 


* This has also been pointed out by Professor J. B. Dale, Nature, June 27, 1918. 
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Bicycle, steering of, 146. 
BOoBYLEV, problem of a rolling ball containing 
a gyrostat, 349. 
Body-cone and space-cone, 77. 
Boomerang, the motion of, 291 et seq. 
returning, 293. 
propeller action of twist of arms, 293. 
difficulties of theory of, 294. 
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returning path, with multiple loops, 295. 
Boys, special case of diabolo, 458. 
revolving balance of Eötvös, 523. 
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spheres, 273. 
Chain, of gyrostatic links, 182. 
theory of stretched, 183-186. 
vibrational motion of, under thrust or under 
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helical gyrostatic, 187. 
more general discussion of, 189. 
train of carriages regarded as a, 191. 
instability of, 191. 
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quasi-rigidity of moving, 498. 
theory of stationary bend on moving, 499. 
revolving, under no forces, 500. 
revolving with independent tangential 
motion, 502. 
CHANDLER (S. C.), observations of latitude, 15. 
Coordinates, relations of systems of, 71-75. 
generalised, 405. 
ignoration of, in a holonomous system, 414. 
in a not holonomous system, 415. 
Couple, applied to gyrostat, effect of, 4, 5. 
gyrostatic couple, 64. 
genesis of, 65. 
Cyclic systems, dynamics of, 404-432. 
Cylinder, motion of, in infinite perfect fluid, 
269-272. 
containing a gyrostat and rolling on a hori- 
zontal plane, 357. 


DARBOUX, Poinsot motion of a top, 467 et seq. 
Darwin (Sir George), equations for changing 
body, 336. 

Diabolo, the motion of the top called, 458. 
Dipping needle, gyrostatic, 133. 
Disk, motion of, in air, 291. 

trajectory of, 293. 
Drift of a rotating projectile, 272. 

action of friction, 275. 

graphical representation of, 276. 
Dynamical explanation, elementary, of gyro- 

~ static action, 6. 

Dynamics, principles of, 39. 

of gyrostatic and cyclic systems, 404-432, 


Earth, as a spinning top, 10, 199. 

precessional motion of, 11. 
conical motion of axis in, 12. 

“ diameter ” of axis of, 13. 

nutation of axis of, 14. 

periodic changes of latitude on, 14. 

discussion of precession and nutation of, 
199-208. 

free Eulerian 
226-238. 

axis of figure, instantaneous axis, and axis 
of resultant A.M., 227. 

precession for, as rigid as steel, 229. 


precession of, 212-214, 
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sion, 231. 
change of position of axis of resultant A.M., 
337. 
Effort, centre of, for airship, 278. 
Elastic solid theory, bearing of, on Eulerian 
precession, 228. 
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a top, 486 et seq. 
Electron, motion of, in a magnetic field, 197. 
gyrostatic analogy, 197. 
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Lamé’s equation, 318. 
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body-cone and space-cone for, 211. 
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connection of, with Klein’s parameters, 
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analogy of, to motion of a top, 482 et seq. 
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top, 489. 
Fluid, turning action on a body in, 149. 
FoucauLT, gyrostatic observation of the 
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pendulum experiment, 521. 
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288. 
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theorem of Bravais, 321. 
hodograph for the motion of a top, 478. 
different forms of energy equation, 480. 
R.G.T., passim. 
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motor driven, 3. 
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effect. of couples on, 4, 5. 
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precessional motion of, 5, 7. 
two possible precessions of, 8. 
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theory of, 265-269. 
experiments with a, 18-33. 
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physical applications of gyrostats, 126. 
Kelvin form of, 127. 
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according to direction of azimuthal 
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a point of the axis, 139. 
hung by steel wire, 164. 
with two freedoms, both unstable, without 
spin, 167. 
with two freedoms, both stable, without 
spin, 170. 
on trapeze with bifilar suspension, 171. 
effects of spin on stability, 171. 
H. A. Wilson’s arrangement of, to be 
doubly stable or doubly unstable, 173. 
rolling ball containing a, 353. 
rolling cylinder containing a, 357. 
on overhanging flexible shaft, 493. 
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hung by a string, 510. 
spinning freely between two rods at right 
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pendulum, 25. 
bicycle rider, 29. 
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Hess-Schiff equations for, 370-376. 
Hodograph for the motion of a top, 482. 
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411 et seq. 
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sentation of motion of a top, 476 et seq. 
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430. 
solution of top problem by Hamilton’s prin- 
cipal function, 431. 
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gyrostatic balance and dipping needle, 133. 
method of demonstration of earth’s rotation, 
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Kinetic potential, 411, 417. 
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sentation of the motion of a top, 113. 
parameters of, 241. 
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241. 
air-friction on rotating body, 288. 
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dynamical equations, 404 et seq. 
Lams (H.), “intrinsic equations ” of a top, 82. 
motion of a ring in a fluid, diagrams, 284. 
LAMÉ, equation of, 318. 
Latitude, periodic changes of, 14. 
causes of, 16, 212-214, 226-238. 
systematic observations of, 235. 
diagrams and tables of, 237. 
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theory of, 265-269. 
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explanation of magneto-optic rota- 
tion by, 196. 
Motion, equations of, for moving axes, 46. 
simple rules for forming, 51-53. 
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Motion, steady, of a symmetrical top, 57. 

different cases of, 59. 

principal equation of, elementary discus- 
sion, 67. 

elementary analysis of, for a top, 68. 

equations of, for a top in different cases, 80. 
for a gyrostat supported at a point of its 

axis, 82. 

for an aeroplane propeller, 83. 
symmetrical, 85. 

of a top, under different conditions of start- 
ing, 106. 

of a liquid in an ellipsoidal case, 265-269. 

of a cylinder in infinite perfect fluid, 271. 


of a ring 3 3 % 278 
et seq. 
elliptic integral discussion of vibrations 
of, 283. 


stability of, 278. 

of a spherical pendulum, 297-325. 

of particle on a surface of revolution, 325- 

331. 

of. a frame of axes (¢.7. an aeroplane), 332. 

of a gyroscope mounted on the earth, 507. 
with axis of spin a generator of a cone 

fixed on the earth, 507. 

of a gyrostat in a spherical case hung by a 
string, 510. 

of a top, pseudo-elliptic case of, 511. 

of a symmetrical shell containing a gyro- 
stat and rolling on a horizontal plane, 
611. 

of a cylinder rolling on one end, 512. 
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with sphere rolling on the surface, 513. 
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513, 514. 
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sphere, 517. 
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517. 
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parallel to the earth’s axis, 517. 

of a body under a constant couple, 518. 

of a spherical gyrostat within a rolling 
sphere, 518. 

relative to the earth, 521. 

Motor-armature, for gyrostat, 3. 
Moving frame, dynamics of, 332. 

general equations for, 332-334. 

case of expanding orcontracting body, 334. 


Newcomps, effect of elastic yielding of the 
earth on changes of latitude, 16. 
Nutation, of the earth’s axis, 14. 
mean solar and lunar couple producing, 217. 


Oscillations, of a ship, free and forced, 175. 
of gyrostats, 167, 170, 171, 173, 175-180. 


Paddles of a steamer, gyrostatic action of, 
33. 
Path, of a point on the axis of a top, 96. 
cusps on, 97. 
Pendulum, gyrostatic. 
with altazimuth suspension, 157. 
with flexible wire suspension, 
158, 423. 
analogy of motion of bob of, to 
that of an electron in a mag- 
netic field, 197. 
Perforated solid (a ring), motion of, in perfect 
fluid, 278. 
use of Lagrange’s equations for theory of, 
278. 
equation of energy, 279. 
impulse of motion, 280. 
Permanence of direction of axis of gyrostat, 2. 
PornsoT, motion of a body under no forces, 
448. 
Poinsot movement in the motion of a top, 
462. 
Polhode and herpolhode, 450, 451. 
in motion of a top, 467. 
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of the'earth, 11. 
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Projectile, drift of, 148. 
stability of, in a fluid, 158. 
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flight of a projectile, 271. 
dissipation function, 437. 
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of a top on its support, 129. 
Resistance, gyrostatic, 64. 
elementary analysis of, 66. 
centre of effort of, for a body in a fluid, 152. 
Rifling, table of, for projectiles, 156. 
Rigid body containing a flywheel, 156. 
motion of, 156, 157. `; 
Ring-guide on space-cone, reaction of, on{a 
top, 91. 
Rise and fall of a top, 96. 
Routh’s graphical construction for, 102. 
when started with iritial precession, 105. 
theory of rising, 391-399. 
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Rolling ball, containing a gyrostat, 35. 
oscillations about straight line motion, 354. 
solution by first principles, 356. 

Rovutu, graphical construction for rise and fall 

of a top, 102. 
ignoration of coordinates, 416. 


SAINT-GERMAIN (M. de), proof that azimuthal 
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discussion of reaction of spherical surface 
on particle under gravity, 316. 

proof that herpolhode has no point of 
inflexion, 456. 

ScHLICK, gyrostatic control of the rolling of 
a ship, 35, 175-180. 

Screw of a steamer, gyrostatic action of, 144. 

SERSON, gyrostatic artificial horizon, 129. 

Serson-Fleuriais, artificial horizon, 129. 

Shaft, flexible, equilibrium of, 493. 

Ship, turning action of the water on, 151. 

why a ship carries a weather helm, 151. 

SIRE, experiment of “successive falls” of a 
top, 89. 

Solar couple on the earth, 204. 

regarded as due to “‘ sun and anti-sun,” 204. 
55 » mass of sun distributed 
round earth’s orbit, 205. 
Solid, perforated (a ring) : 
moving in a perfect fluid, 278. 
equations of motion for, 280. 
vibrations of, in a fluid, 283. 
quadrantal pendulum, 282. 
elliptic integral discussion of finite vibra- 
tions of, 283. 
stability of, 285. 
Space-cone and body-cone, 77. 
Spherical pendulum, theory of, 297-325. 
equations of motion, 297. 
azimuthal motion, 299. 
angle from one limiting circle to the other, 
inferior limit, 300 ; superior limit, 304. 
when nearly vertical, theorem of Bravais, 
302. $ 
period between limiting circles, 303. 
force along supporting cord or rod, 311. 
special case, finite motion of simple pen- 
dulum, 312, 314. 
reaction of surface on particle, 314. 
elliptic function discussion of motion, 316- 
320. 
determination of azimuthal motion, 320. 
proof of Bravais’ theorem, 321. 
discussion of special cases, 323. 
Stability, of motion, meaning of, 94. 
of a gyrostat or top, 94. 
of rotational motion of a liquid, 17,265 et seq. 
of a rotating projectile, 153. 

STÄCKEL, discussion of unsymmetrical top, 
379. 

Steam-engine governor, 343-347. 


“ Strong ”’ and “ weak ” tops, 100. 
stability of, 113. 
periodic motion of, when nearly upright, 
119-126. 
stable motion of, between two limiting 
cireles near pole, 123. 
interpretation of apparent discontinuity for, 
125. 
Sun and ‘‘anti-sun,” solar attraction re- 
garded as due to, 204. 
Surface of revolution, motion of particle on, 305. 
under gravity, 305-307. 
on a developable surface, 305. 
elliptic function, discussion of, 325. 
case of a paraboloid, with axis vertical, 
326. 
rolling ball on surface, 328. 
reaction of surface on, 330. 
SYLVESTER, determination of time in Poinsot 
movement, 450. 
Systems, separately unstable, 
stable, 180. 
stability in presence of dissipative forces, 
180. 
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Tart (P. G.), on the flight of golfballs, 273. 
Terrestrial spheroid, ellipticities of, 226. 
period of free precession in terms of, 227. 
Top, symmetrical, motion of, 48. 
spinning under gravity, 55 et passim. 
with hollow rim containing balls, 63. 
reaction of ring-guide or space-cone upon a, 
OIF 
rise and fall of a, 96. 
cusps, and loops, on the path of a, 96, 97. 
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Gallop’s energy criterion, 396. 
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Top, symmetrical, energy relations, 402. 
motion of, represented by Poinsot move- 
ment, 473 et seq. 
analogy between steady moving, and bent 
and twisted bar, 486. 
pseudo-elliptic case of motion of, 511. 
constrained by vertical planes parallel to 
axis, 516. 
are described by point on axis of, when 
spinning rapidly, 520. 
spinning on a horizontal plane without 
friction, 431, 520. 
Top, unsymmetrical, motion of, 358-384. 
equations of motion, 358. 
stability of, spinning about vertical 
axis, 359. 
lines of curvature of surface not parallel 
to central principal axes, 361. 
effect of oscillations of body, 365. 
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azimuth only one way, 364. 


Top, unsymmetrical, Hess’s, Kowalevski’s 
and other particular solutions, 367- 
369. 
Tshapliguine’s integral, 369. 

TSHAPLIGUINE, particular solution for an un- 
symmetrical top, 369. 

Turbines, gyrostatic action of, 145. 

Turning action, of a fluid on a moving body 
immersed, 150. 7 

of the water on a ship, 151. 

WALKER (G. T.), theory of the boomerang, 

294, 
motion of stone celts, 364. 

WATT, steam-engine governor, 343-347. 

WEBSTER (A. G.), photographs of path of bob 
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WEIERSTRASS, elliptic functions, 316 et seq. 

Witson (H. A.), arrangement of gyrostat to 
be doubly stable or doubly unstable, 
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MECHANICS OF THE GYROSCOPE 
The Dynamics of Rotation 


by Richard F. Deimel 


Applications of gyroscopic phenomena are stressed in this elementary 
general treatment of the dynamics of rotation. Discussion of the subject 
begins with fundamentals; and while an understanding of college physics 
is assumed, no knowledge of vectors is required. 


Velocity on a moving curve — rotating axes — acceleration of a point — 
Euler's equations — the inertia ellipsoid — and other fundamental topics 
are covered in the first three chapters. Important theorems are introduced, 
along with numerous practical exercises. The remainder of the book takes 
up gyroscopic phenomena and apparatus such as artificial horizons — free 
gyros — tops — motion of discs — the damped gyro — and many others. 
A 46-page chapter is devoted to the gyro-compass, while a final chapter 
discusses stabilizers as applied to ships and monorail vehicles. 


“Remarkably concise and generous treatment of gyroscopic theory,” 
INDUSTRIAL LABORATORIES. “This exceptional treatment of a complex 
subject well merits a place for this text in the laboratory of the practicing 
engineer,” PROFESSIONAL ENGINEERING NEWS. 


Index. 75 figures. 135 exercises. ix + 192pp. 5% x 8. 
S66 Paperbound $1.60 


THEORETICAL MECHANICS: STATICS AND 
DYNAMICS OF A PARTICLE 


by William Duncan MacMillan 


Beginning with elementary concepts and postulates peculiar to me- 
chanics, this exceptionally clear and comprehensive text carries the 
student through vectors and their applications, to a thorough exposi- 
tion of the statics of a particle and an intermediate level exposition of 
particle dynamics. Each new concept is carefully defined and then 
illustrated through the solution of hundreds of basic problems in astron- 
omy, ballistics, transmission of power, stress and strain, elasticity, and 
related topics. 340 practise problems and many examples fully worked 
out in the text make it possible for anyone with a working knowledge 
of calculus and differential equations to test and extend the principles 
developed in the text while 200 key diagrams make the exposition 
clear and explicit. 


Partial Contents: PART I. Vectors, Velocity. Acceleration. Mass and 
Force. Work and Energy. Center of Gravity. Moments of Inertia. 
PART Il. Statics of a Particle. Statics of Rigid Bodies: 1. Displacements. 
2. Moments of Vectors. 4. Virtual Work. 6. Frameworks. Statics of 
Deformable Bodies: 1. Funicular Polygons. 3. Elastic Solids. PART 
lll. Motion in a Straight Line: 1. Gravity and Gravitation. 2. Harmonic 
Motion. 3. Conservative Forces in General. Curvilinear Motior. Cen- 
tral Forces: 3. The Newtonian Law with a Fixed Center. 4. The Two- 
body Probiem. Constrained Motion: 1. Linear Constraints. 3. Tauto- 
chrones and Brachistochrones. 4. Surface Constraints. The Generalized 
Coordinates of Lagrange. The Canonical Equations of Hamilton. The 
General Principles of Mechanics: 1. D’Alembert’s Principle. 2. Prin- 
ciple of Least Action. 3. Hamilton’s Principle. 4. Gauss’ Principle of 
Least Constraint. 


Complete and unabridged. 200 figures. 340 problems (about half 
with answers). xvii + 430 pp. 5-3/8 x 8. 


$467 Paperbound $2.00 


THE THEORY OF THE POTENTIAL 
by W. D. MacMillan 


The theory of the potential is usually presented as a single chapter in 
books on applied mathematics or mathematical analysis. The republi- 
cation of MacMillan’s long unavailable “Theory of the Potential,” 
consequently, meets the current need for an extensive text in English 
designed specifically as an introduction to this increasingly important 
thoretical tool with applications in such fields as applied mathematics, 
geophysics, gravitational mechanics, electrostatics, magnetostatics, 
quantum mechanics, and particle physics. 


Both physicists and mathematicians will find this work a connected, 
well-balanced presentation of the theory of the potential. Only rea- 
sonable mathematical proficiency is presupposed and all mathemati- 
cal theorems are fully developed as they become necessary. Physicists 
will especially welcome the great wealth of examples and particular 
cases, which makes this work valuable as a reference as well as a text. 
All mathematical material is treated in extensive detail and covers 
gravitational mechanics as well as electrostatics and magnetostatics. 
Problems are included at the ends of chapters. 


The first chapter treats the gravitational attraction of finite bodies. The 
second chapter considers the Newtonian potential function. Both in- 
clude many concrete examples and illustrations. The third chapter is 
an unusually clear account of vector fields. Surface distributions are 
discussed in the next three chapters, beginning with a consideration 
of the attractions of surfaces and lines and concluding with an account 
of double-layers. The final two chapters deal respectively with the 
essential properties of spherical and ellipsoidal harmonics. 


“Obviously destined to fill a void in the American text-book literature, 
and... will undoubtedly find a prominent place among the text- 
books of first year graduate students,’’ REVIEW OF SCIENTIFIC IN- 
STRUMENTS. 


Index. 00 figures. Problems at ends of chapters. xiii + 469pp. 5% x 8. 


Paperbound $2.25 


SPINNING TOPS AND GYROSCOPIC MOTION 
by John Perry 


This well-known classic of science demonstrates, on an elementary level, 
the importance of studying the behavior of spinning tops and gyroscopes. 
It shows how a knowledge of this phenomenon can be of great value in 
scientific fields such as physics, geology and astronomy. Although it was 
written about 50 years ago, it has not been superseded as an accurate 
delightful exposition. 


The author approaches his subject informally. Employing numerous 
helpful illustrations and avoiding difficult technical language, he first 
shows how quasi-rigidity is induced even in flexible and fluid bodies by 
rapid motions. Examples cited include a disc of thin paper, a ring of 
chain, a soft hat, smoke rings, and numerous others. The nature of this 
avasi-rigidity is then explained as a resistance to change of direction 
of the axis of spinning. Reference is made to projectiles fired from guns, 
a man ona bicycle, the earth pointing to the pole star, and other examples. 


Particularly lucid explanations show why a gyrostat falls and why a top 
rises; the nature and effect on climatic conditions of the earth’s preces- 
sional movement; and the effect of internal fluidity on rotating bodies. 
There is an absorbing discussion of light and magnetism and spinning 
tops, and an Appendix describing the practical uses to which gyroscopes 
have been put, such as in ships, compasses, and monorail transportation. 


Appendixes. 62 figures. 128pp. 5% x 8. 
T416 Paperbound $1.00 


TREATISE ON THE DYNAMICS OF A SYSTEM 
OF RIGID BODIES (Advanced Part) 


by Edward John Routh 


This is an unabridged republication of the 6th revised edition of a 
standard work on the fundamentals of dynamics. It provides a full 
coverage of basic theorems, motions and forces, and applications of 
calculus to dynamics studies. It is especially valuable for its full 
demonstrations and analyses, and contains much material that has 
not been duplicated in more recent texts: application of the calculus 
of finite differences to the dynamics of rigid bodies. It is highly 
concrete and practical, with hundreds of applied situations and hun- 
dreds of full demonstrations. More than 400 problems are provided 
for the student to work ouf; in most cases instructions are provided 
for solution. A brilliant section on the calculus of variations is of 
special interest. 


“Expert handling and masterly presentation give this book its value,”’ 
AUSTRALIAN ENGINEER. “A profusion of individual problems and 
methods, such as is seldom treated so extensively and so basically,” 
FACULTE DES SCIENCES, UNIVERSITY OF INSTANBUL. “Much of its 
material has never been duplicated, of great value,” AERO DIGEST. 


PARTIAL CONTENTS. Chapters cover Moving axes and relative mo- 
tion. Oscillations about equilibrium. Oscillations about a state of 
motion. Motion of a body under no forces. Motion of a body under 
any forces. Nature of motion given by linear equations, conditions 
of stability. Free and forced vibrations. Determination of constants 
of integration in terms of initial conditions. Calculus of finite differ- 
ences. Calculus of variations. Procession and nutation. Motion of the 
moon about its center. Motion of a string or chain. Motion of a 
membrane. 


Index. 64 figures. xiv + 484pp. 5% x 8. 
$229 Paperbound $2.35 


THEORY OF VIBRATIONS 
by N. W. McLachlan 


Based upon an enormously successful series of graduate lectures given at 
Brown University, this volume presents a concise analytical coverage of 
vibration theory. Individual chapters cover linear systems with one degree 
of freedom; forced vibrations of simple linear systems; non-linear systems 
with one degree of freedom; systems with more than one degree of free- 
dom; vibration of flexible strings; longitudinal and torsional vibration of 
uniform bars and tubes; transverse vibration of bars and tubes; vibration of 
circular and annular membranes; transverse vibration of circular plate; 
sound waves of finite amplitude. 


This book differs from other texts on the subject in its free use of the 
operational method for impulses, the use of Bessel functions, inclusion of 
modern versions of certain non-linear problems, use of frequency spectra, 
considerations of electro-mechanical system. The book is stimulating and 
clear throughout, with material presented in logical sequence and in order 
of analytical difficulty. An elementary knowledge of Bessel functions, 
Fourier’s theorem, and operational calculus is desirable for the reader. 


“Of special value to the practicing engineer for its application of opera- 
tional calculus to vibration problems and for exact solutions of circular 
plates,” JOURNAL, FRANKLIN INSTITUTE. “It is remarkable that the author 
should have lucidly presented such a vast amount of information in such a 
short space,” APPLIED MECHANICS REVIEW. 


Glossary of symbols. Bibliography. Index. 99 diagrams. vi + 154pp. 
5% x 8. 


ANALYSIS AND DESIGN OF EXPERIMENTS 
by H. B. Mann 


This book is a mathematically rigorous extensive discussion of an 
important area in modern mathematics: design of experiments, or 
the analysis of variance and variance designs as statistical proce- 
dures. Emphasis is upon rigorous mathematical treatment, including 
proofs, formula derivation, and principles of statistical inference. 


The first six chapters of this book cover the theory of the analysis 
of variance, with full discussion of chi square distribution, F distribu- 
tion functions, analysis of variance in one-way and r-way classifica- 
tion, and distribution of variance ratio when the null hypothesis is 
false, with inclusion of Tang’s tables. Experimental design is treated 
in chapters on Latin squares and incomplete balanced block designs, 
Galois fields and orthogonal Latin squares, construction of incom- 
plete balanced block designs, factorial experiments, and randomized 
designs, blocks, and quasi-factorial designs. Non-orthogonal data 
are considered in a separate chapter, while analysis of covariance, 
interblock estimates and variance are also considered. 


This volume has been directed toward three groups of readers: 
mature mathematicians who wish a knowledge of the subject; 
graduate or undergraduate classes; and practicing experimenters 
and statisticians. While treatment is clear, a knowledge of proba- 
bility calculus and matrix theory will be helpful to the reader. 


“This excellent work is one which every mathematician in any way 
interested in the foundations of experimental design will find both 
useful and stimulating,” AMERICAN STATISTICAL JOURNAL. “Ex- 
position is admirably clear throughout . . . the book should prove 
both useful and stimulating,” QUARTERLY OF APPLIED MATHE- 
MATICS. 


14 pages of useful tables. 195pp. 5% x 8. 
$180 Paperbound $1.45 


THEORETICAL MECHANICS: AN INTRODUCTION 
TO MATHEMATICAL PHYSICS 


by J. S. Ames and F. D. Murnaghan 


In this book Professors Ames and Murnaghan undertake a mathematic- 
ally rigorous development of theoretical mechanics from the point of 
view of modern physics. It gives an intensive survey of this basic field 
with extensive and extremely thorough discussions of vector and tensor 
methods, the displacement and motion of a rigid body, dynamics of 
inertial and non-inertial reference frames, dynamics of a particle, 
harmonic vibrations, nonrectilinear motion of a particle, central forces 
and universal gravitation, dynamics of a system of material particle, 
impulsive forces, motion of a rigid body about a fixed point, gyroscopic 
and barygyroscopic theory, general dynamical theorems, vibrations 
about a point of equilibrium, the principle of least action, holonomic 
and nonholonomic systems, the principle of least constraint, general 
methods of integration and the three body problem, the potential func- 
tion (including simple-layer and double-layer potentials), wave mo- 
tion, the Lorentz-Einstein transformation and an illuminating article on 
dimensional analysis. 


Numerous fully worked out examples throughout the text give detailed 
analyses of such topics as the Corilis’ acceleration, applications of 
Lagrange’s equations, motion of the double pendulum, Hamilton-Jacobi 
partial differential equations, group velocity and dispersion, and 
others. 159 carefully selected problems at chapter ends give the student 
practise in the techniques developed and extend the material covered 
in the text proper. 


Slected bibliography at chapter ends. 159 problems. 44 figures. ix + 
462pp. 5-3/8 x 8. $461 Paperbound $2.00 


A TREATISE ON GYROSTATICS 
AND ROTATIONAL MOTION 


Theory and Applications 
by Andrew Gray 
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This work, eco wher was ee ar Natural Poin in ite edi of 
Glasgow, is the most detailed and most thorough book in English dealing with basic 
gyroscopic theory. Written to aid both the student of theoretical dynamics and the 
practical engineer, it ‘is generally considered the definitive study of the subject. So 
valuable is this volume to current work in missile and other guidance systems, | that 
before this edition copies sold for $25 and up on the out- of-print market. o 


A large number of problems of all sorts are dealt with either in full detal « or in ~ 
by-step summary with results. These include “classical” problems of Bour, Lottner, and- 
others, solved by formal equations, and later ones of great physical interest. As far as 
possible, each gyrostatic problem is referred directly. to first principles, with the solution 
arrived at in ordered steps so that the derivation of each stage may be understood. 
In this way, light is thrown on the formal processes, which become more alive when 
they are seen to be the result of relatively few simple primary considerations. Free use 
is made of mathematical analysis, though only as a means of obtaining and explaining 
results of physical interest, and preparing them for numerical computation. oo, 
Partial contents: ‘Dynamical Principles; Elementary Discussion of Gyrostatic ‘Action; 
Simpler Theory of Tops and Gyrostats; Vibrating Systems of Gyrostats; The Earth as a 
Top, Precession and Nutation; Calculation of the Path of the Axis of a Top by Elliptic. 
Integrals; Effects of Air Friction and Pressure; Boomerangs; Spherical Pendulum; 
Dynamics of a Moving Frame Containing a Flywheel; Motion of an Unsymmetrical Top; 
General Dynamics of Gyrostatic and Cyclic Systems; Geometrical Representation of led 


Motion of a Top; Examples of Gyrostatic Action and Rotational Motion. : 


Index. 160 illustrations. xx + 530pp. 5% x 8%. ~~ Paperbound ee 15 


THIS DOVER EDITION IS DESIGNED FOR YEARS OF USE. 


THE PAPER is chemically the same quality as you would find in books priced $5. 00 or more. : 
It does not discolor or become brittle with age. Not artificially bulked, either; this edition 
is an unabridged full-length book, but is still easy to handle. 


THE BINDING: The pages in this book are SEWN in signatures, in the methód taco 
used for the best books. These books open flat for easy reading and reference. Pages do 
not drop out, the binding does not crack and split (as in the case with many oe 
held together with glue). 


THE TYPE IS LEGIBLE: Margins are ample and allow for cloth rebinding. 


